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Markov triple vector : [x, y, z] ∈ Z3

def⇐⇒ x2 + y2 + z2 − 3xyz = 0,

& x > 0, y > 0, z > 0.

� x2 + y2 + z2 − 3xyz = 0

⇐⇒ x2 + y2 = z · z′, z′ = 3xy − z.

� x > y > z =⇒ x′ < y < x < y′ < z′.

M .
= “the set of all Markov triple vectors”

S(M) 3 A, J,K, Q = AK,P = A2K :

[x, y, z]A
.
= [y, z, x], [x, y, z]J

.
= [z, y, x],

[x, y, z]K
.
= [z, y′, x], y′ = 3zx− y.

[x, y, z]Q
.
= [x, z′, y], [x, y, z]P

.
= [y, x′, z].

[1, 1, 1]
Q−→
P

[1, 2, 1]
Q−→ [1, 5, 2]

P−→ [5, 29, 2]
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Markov numbers with Farey index

[1, 1, 1] = [m(−1
1
),m(0

1
),m(1

0
)] =

...
m(0

1
)

P−→ [1, 2, 1] = [m(0
1
),m(1

1
),m(1

0
)] =

...
m(1

1
)

Q−→ [1, 5, 2] = [m(0
1
),m(1

2
),m(1

1
)] =

...
m(1

2
)

P−→ [5, 29, 2] = [m(1
2
),m(2

3
),m(1

1
)] =

...
m(2

3
),

m(0
1
)=1, m(1

1
)=2, m(1

2
)=5, m(1

3
)=13, m(2

3
)=29,

m(1
4
)=34, m(1

5
)=89, m(3

4
)=169, m(2

5
)=194, · · ·

F
.
= {r ∈ Q | 0 ≤ r ≤ 1} 3 r 7−→ m(r),

...
m(r)

The Uniqueness Conjecture (Frobenius 1913)

The mapping “F 3 r 7−→ m(r) ” is injective.

Markov triple Descent ( “transitivity” )

[194, 13, 5]
A2

−→[5, 194, 13]
K−→[13, 1, 5]

A2

−→[5, 13, 1]
K−→[1, 2, 5]

A−→[2, 5, 1]
K−→[1, 1, 2]

A−→[1, 2, 1].

∴ [194, 13, 5] = [1, 2, 1]A2KA2KAKA.
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Observations : m(r)(mod N) ?

Fn
.
= {r = h

k
∈ F | 1 ≤ k ≤ n}

N = 4, r ∈ F500, ] = 76117

m(r)(mod 4) 0 1 2 3

times 0 57047 19070 0

ratio 0 0.749 0.251 0

∵ m(h
k
) ≡ 0 (mod 2)⇔ h ≡ k ≡ ±1 (mod 3).

N = 5, r ∈ F1000, ] = 304193

m(r)(mod 5) 0 1 2 3 4

times 60800 76068 45657 45598 76070

ratio 0.200 0.250 0.150 0.150 0.250

N = 7, r ∈ F1000, ] = 304193

m(r)(mod 7) 0 1 2 3 4 5 6

times 0 87945 64683 0 0 65745 85820

ratio 0 0.289 0.213 0 0 0.216 0.282
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Observations :
...
m(r)(mod N) ?

N = 7,
...
m(r)(mod 7) -table

[1, 1, 1], [1, 1, 2], [1, 2, 1], [1, 2, 5],
[1, 5, 2], [1, 5, 6], [1, 6, 5], [1, 6, 6],
[2, 1, 1], [2, 1, 5], [2, 2, 6], [2, 5, 1],
[2, 6, 2], [2, 6, 6], [5, 1, 2], [5, 1, 6],
[5, 2, 1], [5, 5, 6], [5, 6, 1], [5, 6, 5],
[6, 1, 5], [6, 1, 6], [6, 2, 2], [6, 2, 6],
[6, 5, 1], [6, 5, 5], [6, 6, 1], [6, 6, 2].

m(mod 7) 0 1 2 3 4 5 6

times 0 8 6 0 0 6 8

ratio 0 0.286 0.214 0 0 0.214 0.286

times of
...
m(r)(mod 7), r ∈ F1000

11233, 11474, 11338, 10968,
11660, 10676, 11537, 11271,
11063, 11056, 10199, 11217,
9846, 9855, 11507, 10840,
10935, 10854, 11303, 11047,
10881, 9891, 10250, 10993,
10451, 10887, 11034, 9927.

uniform ?
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Markov triple vectors mod N

MN
.
= {[x, y, z] ∈ (Z/NZ)3 | (i) & (ii) & (iii)},

(i) x2 + y2 + z2 − 3xyz ≡ 0 (mod N),

(ii) (x, y, z,N) = 1,

(iii) [x, y, z] ≡ [1, 1, 1], [2, 1, 1], [1, 2, 1]

or [1, 1, 2] (mod 4) if 4|N.

� `(N)
.
= ]MN =

∏
`(pe),

`(pe) = `(p)p2e−2 (p 6= 2),

`(p) = p(p+ 3) (p ≡ 1 (mod 4)),

`(p) = p(p− 3) (p ≡ 3 (mod 4), p 6= 3),

`(2) = 22, `(2e) = 22e−2 (e > 1), `(3) = 23.

The reduction map πN : M −→ MN is well defined

by πN([x, y, z]) = [x, y, z] (mod N).

� πN(M) = πN(MF), MF = { ...m(r) | r ∈ F}.
∵ It is shown by using some finite group action.
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Γ
.
= 〈A,K, J〉 ⊂ S(M),

A3 = K2 = J2 = I, JA = A2J, JK = KJ.

PGL2(Z)
∃hom−−−−→ Γ by

[
1

−1 1

]
,

[
−1

1

]

and

[
1

1

]
7−→ A,K and J, respectively.

∴
[
1

1 1

]
7−→ AK = Q,

[
1 1

1

]
7−→ A2K = P.

� The representation PGL2(Z) −→ S(M) is faithful.

� The actions of PGL2(Z) ∼= Γ = 〈A,K, J〉 and

PSL2(Z) ∼= 〈A,K〉 on M are both transitive.

For r ∈ P1(Q) = Q ∪ {∞}, (∞ = ±1/0 )

the indexed Markov number m(r) is well defined by

[m(r), ∗, ∗] = [1, 2, 1]S,

where S(0) = r, S ∈ PGL2(Z); being consistent

with the Farey index when r ∈ F. Also it is valid

� [1, 2, 1]S = [m(S(0)), m(S(1)), m(S(∞))].
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Similarly, Γ = 〈A,K, J〉 = PGL2(Z)
acty MN .

ψN : Γ
hom−−−→ S(MN) = S`, ` = `(N).

GN
.
= ψN(Γ ) = ψN(〈A,K, J〉) = 〈a, k, j〉.

Example. G7 ⊂ S28, |G7| = 123863040 = 210 4! 7! ,

G7 B ∃N7, G7/N7
∼= S7 ∴ kerψ7 is non-congruence.

� πN is surjective ⇐⇒ GN is transitive.

Conjecture (ver.1)

πN : M → MN is surjective for every N > 1.

or equivalently,

Conjecture (ver.2)

S`(N) ⊃ GN is transitive for every N > 1.

• Yes for N < 200. (checked by PARI/GP)

• surjective ⇒ transitive ⇒ “uniform” (?)

7



Theorem. Let p be a prime. In both the cases below,

S`(N) ⊃ GN is transitive for N = pe, e > 0.

(1) Gp is transitive and p ≡ 1 (mod 4),

(2) Gp2 ( or G23 if p = 2 ) is transitive.

Corollary.

The map πpe : M −→ Mpe is surjective

for each prime p < 300 with p ≡ 1 (mod 4),

and p = 2, 3, 7, 11, 19. ( and more !? )

π = πe+1, e : Mpe+1 −→ Mpe , (natural reduction)

Mpe+1 =
∪

X1∈Mpe

π−1(X1), ] π−1(X1) = p2.

Condition (A). ∃X0 ∈ Mpe and ∃∆ ⊂ Γ :

∆ stabilizes X0, and ∆ acts on π−1(X0) transitively.
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Proof of Theorem under (A).

Let X′
0 ∈ Mpe+1 be suitably fixed, and X0

.
= π(X′

0).

∀X ∈ Mpe+1 ,∃T ∈ Γ : π(X)T = X0 (by Ind.Hyp.)

π(XT ) = π(X)T = X0 ∴ XT,X′
0 ∈ π−1(X0).

∴ ∃S ∈ ∆ ⊂ Γ : X(TS) = (XT )S = X′
0 (by (A))

Condition (A) is satisfied when we put

Case (1) : X0
.
= [x0, y0, z0] where 3x0 ≡ 3z0 ≡ 2.

(for the existence we need p ≡ 1 (mod 4))

∆
.
= 〈Qpe

, P pe 〉. ( e ≥ 1 )

Case (2) : X0
.
= [1, 1, 1](mod pe).

∆
.
= 〈Qrpe−1

, P rpe−1 〉. ( e ≥ 2, p 6= 2 )

(2r is a period of Fibonacci number mod p )

∆
.
= 〈Q3·2e−2

, P 3·2e−2 〉. ( e ≥ 3, p = 2 )

In both cases the image of φ is abelian of type (p, p) :

∆
φ−→S(π−1(X0)) = Sp2 i.e. simply transitive.
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Sketch of the proof of Condition (A) in Case (1)

[x0, y0, z0]Q = [x0, 3x0y0 − z0, y0]

←→ (3x0y0 − z0, y0) = (y0, z0)C, C =

[
3x0 1

−1 0

]
.

∴ To obtain [x0, y0, z0]Q
n, we need a formula for Cn.

Let 3x0 ≡ 3z0 ≡ 2 (mod pe+1), and

X′
0
.
= [x0, y0, z0] ∈Mpe+1 , X0

.
= π(X′

0) ∈Mpe .

( For the existence of such X′
0 we need p ≡ 1 (mod 4). )

Then C0 =

[
2 1

−1

]
= I +B, B

.
=

[
1 1

−1 −1

]
.

∴ Cn
0 = I + nB. We need a closer formula modpe :

C`
.
≡

[
2 + `pe 1

−1 0

]
(mod pe+1), ` (mod p), e > 0.

Then we have

(∗) C`
n ≡ I + nB + `peWn (mod pe+1),

where Wn
.
=

[ (
n+2
3

) (
n+1
3

)
−
(
n+1
3

)
−
(
n
3

)] , and (∗) follows from

Wn+1 = (I +B)Wn +W1(I + nB).

10



Since Wp ≡ O (mod p), C`
p ≡ I + pB (mod pe+1) :

(?) C`
jpe

≡ I + jpeB (mod pe+1).

The right hand no longer depends on `.

V
.
= Qpe

, U
.
= P pe

= JV J. ∵ P = JQJ.

Using (?) it is now immediately observed

[x0, y0, z0]V
j ≡ [x0, y0 + ju0p

e, z0 + ju0p
e] (mod pe+1),

[x0, y0, z0]U
j ≡ [x0 + ju0p

e, y0 + ju0p
e, z0] (mod pe+1),

where u0 = y0 − z0 = y0 − x0 6≡ 0 (mod p). Similarly,

[x0, y0, z0]U
jV k ≡ [x0, y0, z0]V

kU j

≡ [x0+ju0p
e, y0+(j+k)u0p

e, z0+ku0p
e] (mod pe+1).

Thus we have

π−1(X0) = {X′
0U

jV k | 0 ≤ j, k < p },
namely, π−1(X0) is a single ∆ - orbit with ∆ = 〈U, V 〉.

The details of Case (2) are omitted. 2018.5.19 / t.a.

Reference : See the reference of Aigner’s book,

Martin Aigner, Markov’s Theorem etc., Springer, 2013.
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