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Introduction

We give an analogy for Tate-Shafarevich groups of the following

Theorem. Let p >3 be an odd rational prime, i(—p) be the class number of the
imaginary quadratic field Q(+/=p). Then we have

—2By mod p if p =3 mod 4,
h(-p) = ’
27'E,s modp ifp=1mod4.
2
Here B,, is the n-th Bernoulli number, E,; is the n-th Euler number.
Moreover, the least residue of the RHS exactly equals to the value of LHS.

LHS comes from Dirichlet L-values L(l,(;)).
RHS comes from “trigonometric” Gauss sums.

Elliptic Gauss sums were already used, in order to compute numerically the
L-series attached to some elliptic curves over the rational numbers, in the famuous
original paper [BSD] by Birch and Swinnerton-Dyer themseves. We wish to use them
for investigation for L-series attached to some elliptic curves defined over an
imaginary number field.



The lemniscatic sine function

& t4n+l
= t+---
" fo Vi— 4 Z ( )4n+1

n=0

DYEEE u - t (& lemniscatic sine I EFEN t =sl(u) £EBIND. LWE
*® dx fl dt
@ = _— =2 =2.262205---
j; 2 Vx3 — 0 V1-t4
EBIFE, slw) (FEALEF (1 - 1)(DZ[1] ZROEAEH T, BFE

div(sl) = (0) + (@) — (%) - (1’—6_01) T
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slw) =u = 35"+ 130 ~ T5600" . 20
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The ray class field

LETIE o) =sl(1-i)ou) &29. (ASEBFE Z[H].)
FH (=1mod4, €Z. (=AA suchthat A =1mod (1+i).

(Z[il/(A)* ~Su-SuiSu—iS, |S|=3 B2%E
S c ZJi]
Z—DBATEETSD. LK
A=g¢(%), 6)="thering of integers in Q(i, )",

A=) H (p(%) where

res
{1, i} 3 ¥(S) =[l,csr mod A if £=5mod 8§,
{#i} 2 9(S)? =[I,cgr* mod A if £=1mod 8
EBL. ZDEE

i (-1
M=), Aco, It= (7)4/\.

Q(i,/A) [ Q@) £® conductor (1+1)3(A) @D ray class field.

(Z[/@ +i))" = 1, +i) (SER. )



Asai’s theorem (¢ = 13 mod 16 Case)
B UZ DOz HDERIEYRHI:

$H (=13mod 16. £=A7 suchthat A =1mod (1+i). x,(r)= (%)4

k= r
egs(h) =7 Y, x,(r) sl ((1 - i)cDX).
=il
ZORDSBIERBNERT, egs(\) [FRENERTHS.

Theorem. ([Asai]) AA, €1+ 2Z such that

egs(1) = Ay A5, ( A= H (p(%) )
(T egs(A) # 0. res
Proof. E(CE#ZER & Cassels-Matthews DARZEED. (ZNEHEDFRVER. )
(BSD = Rationality of EGS = Cassels-Matthews. ) O
EHEICEDT Ay Z egs(l) DFREEIES.

Remark. £®@ egs(d) DERICHWT x, & x(i) = -i TRULBIDEE x ICESH]ND
&, ZOMFBERLTURS.
BIBECRET DEANKIE (FEAL) ROTUEIDTH .



The corresponding Hecke L-series
&3 (Zl/1+iR) = (1, i) (CEELT,

X (@) =¢> for a=emod(1+1i)?, e€(l,i}

X=x.x'"
EB<. TNRBFN (A(1+1)?) D Hecke I5BERS.
nH 5853 Hecke D L &WE LG, p) [CDWT,
Theorem. ([Asai])
L1, @) = —@ (1 -1 x,(2A L egs(A).
SEBA(#2 TR B.
ERD L, p) [CRET DEMEHRIE £, y? = 2> + Ax THD Deuring [Ck(E
Le o (s) = L(s, ¥) L(s, ¥).

Proposition. If the full statement of BSD conjecture for the curve &_; : y? = x° + Ax is

ture, then #I11(£.,/Q(0)) = A1



Some Congruence on the Coefficients of EGS
W leminiscatic sine u - sl(u) DRS TOERRE%E

(s
_ dm+1 _ 1.5 1.9 11 13
Sl(”)—ZC4m+1u =U— U + gl — TEepo¥ T
m=0

EELLL,
Theorem. ([0])

; T > 1
i‘/ﬁ”](/,,v\/Q(I’)) ‘:A/\E—EC# mod ¢.

LD (iexdE) RINERILILDEDEESND (ERIEND) .
N, ROEEDHLER.
Theorem. (F518) p >3 &&THREEL, Q(V—p) DK% h(-p) £TDE,

—2Bpn modp ifp=3mod4,

h(-p) = ’

27'E,n modp ifp=1mod4
2

Z ZIC B, (& Bernoulli ¥, E, (& Euler #. 5iADR/NFRHIDLDEDEESEND.

SEOR i TN B



CCEXTOXRED

£ =13 mod 16| DBEEXIHT SHEMehIRA"
Ea: =2+ Ax

THO L1, 7) #0 dohHhDrc. Coates-Wiles DFEERBICKD
rank &, (Q(?)) = 0.

DIHE [FRGT B MR

4/\ cyP = —}IAx
ERD, BRIC rank &3, (Q(i)) =0 Thd.

ZIHB5DEE :

DIFE(E [Asa] DERD 18 % ZET egs(A) =0 &13.

LF, CogEIcEET 3.
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Our Hecke charactoers
I(f) / P(f) = “the ray class group modulo f of Q(Z) ”.
BF { O Hecke 81 ¢:I1(f) — C* T,
TEHROLE
(@) =x,(a)a provided that gcd(a, f)=1
B260EEND. BL, W)|i (i=@W)b &&L) T,
x1 o (ZL/) — ¢ &
X, (&) =€ for e € {1, +i} ZR/ESIBELTEFRSIRLN.
=5, B
(ZIE/(A))* — (ZLE/A) ) x ZLl/0)* = (Z[i]/F)* —
A

X/\(') = (X)4
ERBERICUTLN.
# NN D Hecke HBIZEIC DV T(EREZR.
R slide THIZMRNRB.
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¢ =1 mod 8 case

LIF e (XBIC {1, i} OTERITHDET 3.
D x, ZEEBD a#0eZ[i] EDWVWT

X@=¢ if a=emod(1+i)° (az0€eZ[i])
RBEEEEND.

LS

X, ) =1THD, x, = x,x, ETNELL, ZDEE ¥((@) = x,(@)a THDO,
Bl slide DUBE®ZT. £z = (A1 +i)°) THD. ZDESE

L, %) =@ x,(1+4)27 A egs(A).
BU egs(A) [FRD slide THEAT 3.

DEE

x,()=—1THD, x, = 1,7 ETNEEL, TDEZ ¥((@) = x,()T THO,
gl slide DHBE®ZT. £ f= (A1 +1)°) THD. ZDEED

L(L, %) =@ x,(1+i)27' A egs(A).
egs(A) [FRD slide TEHAT 3.
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The elliptic Gauss sum

¥ =1mod 8, &IRD.

£=A%, A=1mod 1+
X,\(V):(%)- :o)tg X\(i) :1% = +1.
4

Efz d() =sl(u+2) ZBWT, pw) =d(@-iaou) EU,

ZnshH 5 elliptic Gauss sum Z=
egs) = Y 10y(3)

veSuiS

TERID. CDEE

Proposition. ([Asai] F518)

L1, %) =@ x(1+i)27 A egs(A).
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The coefficients of EGS
We recall Asai’s following result:
Theorem. ([Asai]) Let (s = exp(2mi/8). There exists A, € Z[(g] such that
~3
egs(A) = A A~

where A, is given by

tmod 16 | x,(1+9) =1 x,(1+i)=-1|x,A+i)=i|x,A+i)=-

d

1 iV2-a, V2-a, Cg-ay iCg-a,
9 iCg-ay Cs-ax iV2-a, V2-a,
where a) € Z.

Remark. Asai observed that a; € 2Z.
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Expression of L(1, %) by an EGS (1)
L(1, %) D EGS [CX2FRTRDRDBIARERA.
HKRDZBE n=_{u+w)-lw), —ni=Cu+wi)—Cu) THDDT,
Z(2) = ((@2) - 12
[F Z[i] ZRHET2AMHEHME D, CNITFERITHTEH DD, EFBE CTIREFHEET,
BFSR Z[i] [CBWT, 1 LOBEF OIS,
1 1 1 1
2() = = -y —.

et L

f=(f) &€&
N @) 1 X (@)
L(1, ) = e - 588 @=v+uf
(@) :idealin Z[i] N(O() 5 aEZZ[i] &
ged ((@), T)=1 ged (@), T)=1
_ 1 y Y X (v)
& vmod f  peZ[i] v+ #f

ged (), £)=1

1 1 @ v

=17 X, (v) T = Xl(v)Z(—).

4fvr§1j pezz:[i]7+'“ 4fvn%;1f f
ged (), f)=1 ged ((v), f)=1
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Expression of L(1, ) by an EGS (2)

{=1mod16 £93. FRD acZ[i] &

EEFS.

ry
r
A

a=(1+iPx+Ae mod (A1 +1i))
ZZIC « [FZ[])/(N) DRERTELT—RM. ce{+l, +i}. Ih&D
1 o 1 o
@ L(l,X) - 4(1+i)3/\amOdZ/\(1+i)3X1(a)z(A(l+i)3)
(1+i)31<+)\s)

1 _— ) '
:m)(,‘(1+1) Z é)(A(h)Z( A1+ 9P

(1+i)3 k+A € mod A(1+i)3

—(1+i)—
=2y LD Y XA(")ZSZ( (1+1)3)

x mod A

Y Z(u -G fi)s) = (1~ i) () + Y(in))

:_4(14/\) @+ Y, 69 (=) (w( ) "b(%))

x mod A
1

=g ndr) Y nw (IPG) * ‘P(l%))

KESU-SUISU-IS

=500 Y (v(5)+e(5)) - 50D Y xeon3)

K € SUiS Kk € SUIS
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Arithmetic on the elliptic curve associated to the EGS for £ = 1 mod 8
(=8n+1= AN DEE, A [CHET S EGS [CXIHT B Hecke D L E#K(SHEMdhiR

(fAI

y? =x*— Ax (minimal model TIEALY)

D LEHEEDRFTHD. COHIRDEF(E ((1+i)°1)> THO (See [Serre-Tate], Thm.12),
(1 +14) [CHB(F3 reduction (& TII B,

A [ZHBF3 reductoin (& L' BTHB.
EaE 1, & Ay = “the coeff. of egs(1)” [FTERDRDMED :

¢mod 16 | Invariants | x,(1+i) =1 | x,(1+d)=-1| x,(L+d) =i | x,(1+i) = —i
Ay iV2-a, V2-a, Cs-ay iCg-a)
1 T 2 2 2 2
T(1+i) 4 4 2 2
Ay iCg-ay Cg-ay iV2-a, ‘/E'ﬂ/\
9 T 2 2 2 2
T(1+i) 2 2 4 4

Asai observed that a, € 2Z (follows from the full BSD, currently a conjecture ).

. q . 1 2
It is quite certain that (5 aA) = §I11(&)).
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The congruence for £ =1 mod 8
Lemniscateic cosine u — cl(u) DER TOERRE%E

) =1+ Z Coj 1%
=2

EBL. LT, BULERDT (=1mod 16 DBEICDWVWTIRARS. LIETO®EOD (C
£=A1, A=1mod (1 +1i)
&L, S % (Z[i]/(A))X =SU-SUiSU-iS, |5|=4l £RBRICBATEL.
TTT x,()=vT mod{ THBNS x(i) =1, THB. P(u) = l(1 - ou) EHE,
egs(A) = Z )(/\(v)l,b(%):A,\/N\S.
veSUiS

Theorem. ([O] E@HR) Z[ls] [CHWVWT, ROSARXMEOIID :
A;\ = —% CM mod £.
4

( [Asai] DF&E DHETIE LA, = -1 Cyey mod t’)

Remark. Z[(g] (& Euclid BCTH2D. LOESRERT, 6ADIEHER/NERZEFEN(L,
ZFNHEIDEDEE —HT 32 & (FHEERTHS.
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Recall

Let ¢ bea generator of the cyclic group (Z[i]/(/\))x.

egs(1)= Z X(8)) cl(glu)|

]_
£3
2

=0

Il
i il\’l8

ZDX%Z mod A

Proof of the congruence (1)

-G

Write x, = x for simplicity.

—ofl) d.- s o Sl q4
A.—@(A),A.—g(p(A) AT modAT™, A

-3

~\

t4n+1
] ] n _
u=i-io} ~ & X(g )cl(s’ %( 1) ( )4n+1)‘ (t sl(u))
- - _1\ pan+l 2m
x(g)) Cz,,,( i 1)%( 2) )
MZ:B praer njdn+1) |izp
- 1\ r4n+1 \2
= —_a t 1+ m
(g])gzm)czn ( (_1)n( 2) ) '
(/Z(; é nlan+1) |-,
TR B
v (v 1\ 4n+1 \2
= —_ t— 1+ m )

7\ o2jm n[—2 s,
mZ:‘(‘J(,:UX(g)g )C21 (;( 1)(n)4n+1) t:Amod(A T )
v (¥ = 1\ pdn+l \2

1D oim ( R A )m wn,

;;](/,:Og )sz ZS( 1)(H)4n+1 | mod (4)
@ S 1\ pdn+l \2
— m

(Gt +2m) ( _vil[=3 phn+ ) e

mZ:O ( L 8 2m ;( DA e e i mod (A T )
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Proof of the congruence (2)

r
(]
o'

. |f5-1)|(@+2) T 4

THZHB, §i slide D 2m = X!

&S 3(t-1)

-1 —1\ pan+l 7 3(¢6-1)
= Carn - -1 2 ) +1
2 = ;( )(n)4n+l t:Amod( o )
-1 3¢-1) 3D 4
= TC@ -A" % mod (A 4 )

n&o

oD, RER"s :
1
Ay = =3 Caeny mod ((4) N ZIGs]).
( [Asai] DFEE DHBTIE 5 Ay =~ Cacyy mod () nzigs) )

Ay D “EBHILE” (Asai DFEE) [CXDT mod ¢ DEEAIMFSNS.
STERR T(HEMECB T DR/NFIRN [Asal] DRETEIC—KT .

5 it (0 1) b (1D
=0
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An analogue of the congruence numbers (1)
Koblitz DARIC, ROIRIBEENRRSNTHS.

Theorem. neZ [CH L, FBABIR &.: y* = x° - n’x ZEND.
RD 3 DIFEME:

(1) Au, Jv € Q such that n? = u* -2,

() n FEREE,

(3) rank &,2(Q) > 0.
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An analogue of the congruence numbers (2)

f=1mod8:&#. €=AA, A=1mod(1+i).
BSREIERERRICSL D &, LDFEIE (Koblitz DA) DRDIRFFBUD K DIIDERIENS.

Conjecture. (BEIZDFEM) 1 RD Gauss R A (&

(%) A=-a*+p%, (a, Qi)
EEFBEE, NDZDEFICRD egs(A) = 0.

Remark. A A% (%) D = £=A1=1 mod 8.

[Asai] DFROEGE TIIMIIL THS.

[Asai] DFERT egs(A) =0 £%B3 A D55 AL =4817 BN a, p e Z[i] EBN3.

A=—a*+p%i [2DWT (x,y) = (a?i, zap) (&, & D (Gauss BFLD) BER. FbE,
B —Ax=—a%— (—a* + i) a’i = (Ba)® = 2

N, ERUKTH 2.

( Nagell-Lutz OFE Gaix) &b £(Q3) D torsion EHME {(0,0), o). )
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BSD ¥#8& EGS
CZETDIRRICDWT, EGS DEETBSD #Z(F(F

rank &) (Q(#) >0 & A =—a*+p2i B &= egs()) = 0.
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An example

Example. A = 41 +56i, £ = A = 4817 D& =,
i(1 + 2i)(2 + 3i) i7(1 + )2 + )4 + 1)
=——3 - F= 32
ETNIE N = —a* + % THD. MAGMA LK B &, TDHBED & D Modell-Weil
rank [ 2 EFBISNTHB5 UL, ZOBE(E (a?, +ap) D Z[{] BEE L TD

ARTTICRD ERENS.

Remark.

L(s, ¥) L(s, %) = Ls, 10(i)(5)
THDDT, BSD FRDT T, MW-rank of & over Q(i) (XBETH 3.
[Asai] DRICHDHDICTDVNTD MAGMA DREB(E, ENH MW-rank (F 2,
DED Z[[| BEELTD rank (E 1 [CRDTHS.
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S22 EGS & Kummer B1&E=;
A@ﬁﬁﬁ%ﬁﬁﬂf%t@?ﬁﬁbf%<
ey

cl(u) = 1+ZG2] z )l (Coj = )

TR Gy EEHT B,

BRER *=x°-x @O p [CH(FB Hasseinvariant 2 A, &H< :
A= (P-0'T O 2 O

egs(l) =0 THBZHIC(,

€'G4§(€—1)
DEDIDZENREFTNTHD I LI,
[FEAE (legs(V)| D € - o ICEELTOIDENBREENNE N EEBRNT, DE)
SEBACEThD.
PARI/gp Z{ED TOHERRICKDE, SSITRMKDIIDERIFND.
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EGS and Kummer-type congruences

Conjecture. (EGS v.s. Kummer 2&E)

%1 BDESZEES. RO 8 DDFMEIIEE.

(1) egs(A)=0

(@) €| Gy

@) €| Gy
(;g(f-l)+a(f—1)

3e- n+aw 1)

3(6-1)+a(t-1)

3(¢-1)+a(t-1)

4) BB a>0(CDVNT ¢

(5) EFEDEH a>0(CDWNT f‘

(6) ROERAHAKDILD :
Gz Gz
1D eAla =0 mod ¢.

3= Twe-
(7) (6) ZERZBRICLT (0%0 (6) BRADa=1058), HDEBRa< 3(p-1) [CHLT
. Gs +r((—
Z( )(— 0" r& =0 mod "
‘- 3e-1)+r(-1)
(8) ERDBAM a< 3(p-1) [LDVT (7) DRHABDIZID.

((7) & 8) CDWTFEHRBDOBRBKIC ERV L EEE. )
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Some observation
C%x 1 DRYB (-1 TR (€Z) &L,

-1
Cl(L, u) = Z X, (O)el(Tu)

j=0
Bl X, (0 = 4(5 De [+]1, +i} CTHRZEITER. CDE=
oo 3D ae-D)
CI(L, u) e
Za 2e-Tpatt Y3 -+a-)

ERD. INEEZE, ROEMBANTEDID, -
£

egs(l) =0 < ((%) - Ay %)Q(CI(i' u)) = 0 mod 1.

c1(€ 1)

LU CFENRZEREUD.

[O] : Generalized Bernoulli-Hurwitz numbers and the universal Bernoulli
numbers, Russian Math. Surveys 66(2011)871-932
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