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Abstract

Let e and ¢ be fixed coprime integers satisfying 1 < e < q. Let € be
the standard deformation of the curve y¢ = x9, and A be the discriminant
of . Following pioneering work by Buchstaber and Leykin (BL), we de-
termine the canonical basis {L;} of the tangent space of the variety A = 0.
Moreover, we give a proof of a formula giving L;log A as a polynomial of
the moduli parameters of ¢, which was given by BL without proof. The set
{L;} gives rise to a system of heat equations satisfied by the function o(u)
associated with 4 as a generalisation of Weierstrass’ result on his sigma
function, and eventually gives its explicit power series expansion. We at-
tempt to give an accessible description of the BL-theory.
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1 Introduction

Classically, the Weierstrass function o (u) is defined through the Weierstrass elliptic

function p(u) as follows:

ot o ([ [ (&~ ot

The modern approach is to define the sigma function starting from a general elliptic

curve. However, in this introduction, we treat only the curve defined by

(1.1) y? = 2° + paw + g (Weierstrass form).



(We refer the reader to [10] for the case of the most general elliptic curve.) For

this curve, we define the function o(u) by

wl

(1.2) o(u) = <2—7T> I/QAfé exp (— %w/fln’u2) ~19{

D= D=
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where A = —16(4p4® + 27ug?) is the discriminant of the curve, and ', w”, 1, and
1’ are the periods of the two differential forms

dr xdx

2 2y
with respect to a pair of fixed standard closed paths «; and (5, which represents a
symplectic basis of the first homology group, though 7" does not appear explicitly.
The last part of (1.2) is Jacobi’s theta series defined by

(1.3) 19[2](2, T) = Zexp 2mi(ir(n+0)° + (n+b)(z+a)) (a, b€ iZ).

From now on, we suppose the function o(u) is defined by (1.2). In using this
definition, it is not clear that o(u) is independent of the choice of «a; and f;.
Indeed, both of the later part (Jacobi’s theta series) of (1.2) and former part are
not invariant when we choose another pair of a; and ;. However these changes
offset each other and o(u) itself is invariant.

Using the Dedekind eta function 7(7) (not to be confused with the 7’s above
and in Section 2.1), the discriminant A of the curve above is given by A =

(i—’f)lzn(w”/w’)M, and the first terms in (1.2) can be explicitly written as

(1.4) <

Although A is invariant with respect to a change of o and 3y, both sides of (1.4)

12 '
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and w' are not invariant. The function o(u) has a power series expansion at the
origin as follows:
(pau)™ (pou®)"e
= b

o(u) =u Z (n4, m6) (14 4ny + 6ng)!
(L.5) a.1620
ub o7 LU’ ull
B + 24#6% - 36#4& - 288N4N6m +ee

where b(ny,ng) € Z. (This expansion also shows the independence of o(u) with

= U+ 24y

respect to the choice of a; and ;). In this work, the family of curves which we
will investigate are called (n, s)-curves or plane telescopic curves (see Section 2.1
for definitions). One of the motivations of a theory of heat equations for the sigma
functions is to know a recurrence relation for b(n4,ng). But, there is another
motivation as follows. For an arbitrary non-singular curve, especially a plane
telescopic curve, there is an intrinsic or axiomatic definition (characterisation) of
its sigma function (see 3.13). It would be useful to have a theorem such that the

sigma function is expressed in a similar form as (1.2). Indeed it is not so difficult to



show that the natural generalisation of the right hand side of (1.2), except for the
factor (1.4), satisfies some issues of the characterisation 3.13. Before [7], except for
curves of genus one and two, the validity of the expression including the natural
generalisation of the factor (1.4) was not yet known. We shall discuss this again
at the end of this introduction.

It is well known that the sigma function for a general non-singular algebraic
curve is expressed by Riemann’s theta series with a characteristic coming from the
Riemann constant of the curve multiplied by some exponential factor and some
constant factor. This constant factor might be a natural generalisation of (1.4).
But, there seems to be no proof of the determination of this constant factor except
in genus one and two (we mention this again later). To fix the last constant is
another motivation of the theory, which is described around Lemma 4.17 of [6].

We now review the classical theory of the heat equations for o(u). Let z and 7
be complex numbers with the imaginary part of 7 positive. We define L = 47?1'6%
and H = g—;. Then Jacobi’s theta function (1.3) satisfies the following equation,

which is known as the heat equation,
(1.6) (L—H)ﬁ[Z](z,T) 0.

Weierstrass’ result in [26], which is displayed as (1.13) below, is regarded as an
interpretation of (1.6) in the form attached to his function o(u). Strictly speaking,
he did not derive it directly, but by repeated technical integrations from the well-
known differential equation ¢'(u)? = 4p(u)® — gap(u) — g3 satisfied by the p(u),

eventually obtaining a recurrence relation (extracted from Subsection 4.3)
(1 7) b(n4,n6) = %(472,4 + 67’LG - 1)(2714 + 377'6 - 1)b(n4 - l,nﬁ)
‘ — %(ng -+ 1)[)(%4 — 2,716 -+ 1) -+ 12(%4 + 1)[)(%4 + 1,77,6 — 1)

for the coefficients in the power series expansion (1.5) of o(u) (see also [21]).
Frobenius and Stickelberger approached (1.7) via a different method. In their
paper [12], which was published in the same year as [26], using
1 92 2 93 4 92°
1. = 4+ 22 2 7L
(18) o) =25+ 50+ 58 T 1200
where go, g3 are the coefficients of the equation ¢'(u)? = p(u)® — g2p(u) — g3 given

6
u _|_...7

by go = —4u4, g3 = —4ug, and the corresponding expansion of the Weierstrass
function ¢(u) = = — [* (p(u) — &) du, with

1 1
1.9 = 60 ;g3 =140 ’
( ) g2 o %;é(o ) (n/w/ + n//w//)4 g3 o %;A(O 0) (n’w/ + n//w//)6

they obtained the formulae

992 0ga Jg3 dg3
/ " . / 2 _
w B +w B —4g9y, w " +w ~ = —06gs,
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where ' = ((u+ ') — ((u), n”" = {(u+ ") — ((u) which are independent of w,
and (see (4.4))

, 0 L 0 ~ 4 0 6 0
(1.10) Gw’ ow'" 8 g g3’
, 0 1 5,0
n O = —6g35— D4, - —92 8_93

Moreover, they obtained (p.318 in [12])
/ / " "
w'% +w”% =1, w'% +w”% =17

On p.326 of [12], they gave the same system of heat equations as in [26]. Observing
the work of Weierstrass from the viewpoint of the paper [7], the left hand sides of
(1.10) correspond to L = 47ri%, namely the operations with respect to the period
integrals 7 or {w’, w”, 7', n"} of the curve, which fit the expression (1.2); while,
the right hand sides of (1.10) are an interpretation of such operations in order to fit
the expansion (1.5) of (1.2) given by [26]. Although we suspect there are fruitful
correspondences between Weierstrass, Frobenius, and Stickelberger, the authors
have no details of these.

It appears difficult to generalise the Weierstrass method to the higher genus
cases. There is some hint in the work of Frobenius-Stickelberger to generalise the
result to these cases. In order to do so, it seems necessary to have generalisation
of relations (1.10). But we do not have naive generalisations of (1.8) and (1.9).

Recently Buchstaber and Leykin were able to generalise the above results to
the sigma functions of higher genus curves ([7], see also [4, 5, 6]). In [7], Buchstaber
and Leykin generalise (1.10) to higher genus curves by using the first de Rham
cohomology HJy of the curve over the base ring, that is the space of the differential
forms of the second kind modulo the exact forms (see Section 3.4). The paper
[7] is our main reference for our work. Understanding that paper requires some
background on the basic theory of heat equations and singularity theory, so we
will summarise their arguments and those of Frobenius and Stickelberger, with
hopefully accessible explanations.

We shall explain their method by taking the curve (1.1) as an example. Firstly,
we introduce a certain heat equation (primary heat equation) satisfied by a certain
function defined in (1.11) below, which is a generalisation of the individual terms

of the series appearing in the definition (1.2) of o(u). Let us take arbitrary element

L € Q[pa, pt6] 5— 0 ® Qpa, pr6) m—

Opta g

Thanks to a lemma due to Chevalley (Lemma 3.18), we see that a%- acts on Hg,

J
so that the operator L acts naturally on Hl;. Take a symplectic basis (g—i, %)



of Hjy with respect to a naturally defined inner product in Hjy (See (2.7)). Let

v 25 ]
-y B

be the representation matrix of this action of L (see (3.19)), which is called a
Gauss-Manin connection in [7]. Then we see that «, 3, and 7 belong to Q[u, ).
Taking integrals along the set of closed paths a; and $; which make a symplectic

homology basis of the curve, we see the action of L gives a linear transformation

W W
2= |: ’ " :|
non
dx xdzx

with respect to the basis (@, E)’ a and f3, which is also represented by I'* as

L(2) =TF 2 (see (3.20)). Moreover, we introduce another operator

2
H' =305 ]{Z iHU}—l( 362+2ﬁu—+7u +5)

of the period matrix (see (3.2))

Then the function

1
21\ 2

G(b,u, 2) = (U) exp (— in/w''u?)

X exp (27?2'( LWy b (W - V) )),

(1.11)

where b= [V b"] is an arbitrary constant vector, satisfies the heat equation
(1.12) (L — H*)G(b,u, 2) = 0.

We call this and its generalisation (Theorem 3.35) the primary heat equation. To
check the validity of (1.12) is complicated, no details are given by Buchstaber
and Leykin, and the description of this equation in [7] is not entirely consistent.
We denote the expression of the right hand side (1.2) without A~s by &(u) (see
(3.40)). According to the above equation and the fact that () is an infinite sum
of the G(b,u, £2)s for various b and b”, we see that (L — H%)&(u) = 0.

At the next stage, we shall find suitable Ls which give rise to a system of heat
equations which are satisfied by the right hand side of (1.2), including the factor
A=s. Tt is easy to see that such an operator must belong to the tangent space
of the singular locus given by A = 0 (see the former part of Subsection 3.6). We
import techniques of calculation from singularity theory to get A (Lemma 3.44(3))
as well as its tangent space. This stage is carried out in Subsections 3.6 and 3.7
and the result is given in (3.59). For the curve (1.1), the operators finally obtained

are
0 0 g 4 0
Lo = 44— +6 Ly = 6ptg=—— — = s> =——,
0 = %flq O + Ope7— O’ 2 = Opte O gHa e’

which are, of course, exactly same as those in [26] and [12]. The paper [7] uses

knowledge of singularity theory and succeeds in generalising nicely the result of
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Weierstrass and Frobenius-Stickelberger.
In summary, the system of heat equations for (1.1) obtained by Weierstrass is

(Lo — HY) o (u) = <4,u48 + 6,u6£ — ug + 1) o(u) =0,
(1.13) Ona H "

2
(L~ ) 0(0) = (Spigs = et = 3 o L) o) =0
which is reproved as (4.8). For the general curves, the corresponding results are
given as Theorem 3.71 in the text.

It is very important to determine whether the obtained system of heat equa-
tions characterise the sigma function. For the genus one case, it was seen by
Weierstrass that the recurrence (1.7) determines all the coefficients if we give an
arbitrary value for b(0,0). That is, the solution space of (1.7), as well as (1.13), is
of dimension one.

For a general non-singular curve, we consider the multivariate function o(u)
defined similarly to (1.2). We can check that the operators we obtain (of Theorem
3.71) kill o(u). However, it is not clear whether the solution space is of dimension
one over the base field. The authors could not find any reason which suggests that
the solution space is one dimensional. Nevertheless, we shall show that, for any
curve of genus less than or equal to three, the solution space is one dimensional by
giving an explicit recurrence relation from the system of heat equations obtained,
which is described in Section 4.

In the last paragraph of Section 2 in [7], there is some description on the
positive modality case. In such case we do not know how define the analogy of
the operator L, beause of lack of some p; (see (3.59).

Although our main results are in Subsections 4.6, 4.5, 4.8, and 4.7, we give
a number of useful results, which may be known by specialists but are not well
known to other researchers, with detailed proofs in Section 3 and Subsection 4.2.
Subsection 4.3 reproduces the classical result and it would be helpful to read the
following Subsections. Subsection 4.4 is rewritten in a slightly different formulation
(Hurwitz-type series expansion of o(u)) from [6].

We shall explain here a notion called modality which was introduced by Arnol’d
(see 2.4 for details). For any coprime positive integers (e, ¢) with e < ¢, we consider
the deformation of the singularity at the origin of the curve y® = z9. Then any
deformed curve is called a plane telescopic curve. The number of parameters
necessary for such deformation is less than or equal to (e — 1)(¢ — 1) that is twice
the genus of the generic deformed curve. The difference between this number and
(e —1)(¢ — 1) is called the modality of this deformation. For instance, the curve
(1.1) is regarded as a deformation of y* = 23 with two parameters py and g, which
is equal to twice its genus (i.e. 2 =1 x 2). So that the modality is 0 in this case.

It is known that the hyperelliptic curve given by deforming in the case e = 2 is of



modality 0. There are only two kinds of non-hyperelliptic plane telescopic curves
of modality 0, which are the trigonal quartic curve, the (3,4)-curve (genus three),
and the trigonal quintic curve, the (3, 5)-curve (genus four). Concerning these two
curve, we treat only the former one, the (3,4)-curve, in this paper, and we hope
to treat the (3,5)-curve elsewhere. For a general hyperelliptic curve, we give its
corresponding system of heat equations in Lemma 4.1. For any plane telescopic
curve, we gave a simple formula for its modality in Proposition 2.12.

We shall mention two additional consequences of this theory. Firstly, for hy-
perelliptic curves of genus less than or equal to three, we again prove partially the
result of [23] on Hurwitz integrality of the expansion of the sigma function. For
example it is obvious from (1.7) that b(ng,ng) € Z[3]. Similar results are shown
for the hyperelliptic curves of genus two and three. This idea was suggested to
Y.O. by Buchstaber. Secondly, this theory of heat equations in turn helps the
construction of the sigma function, as explained in Lemma 4.17 of [6] (see also
Section 3.8). The formula (1.2) is well-known for the curve (1.1), and its generali-
sation (see (3.16)) is proved for the genus two hyperelliptic curve by Grant [14] by
using Thomae’s formula. For any curve in the family we have investigated, there
is a rough explanation in Lemma 2.3 in p.98 of [5], but without using Thomae’s
formula.

We explain here that BL-theory indeed gives a method to prove such a formula
as (1.2) on the sigma functions, at least, for our curves of genus less than or equal
to three. Firstly, assuming the expression (1.2) to be the correct sigma function,
we show that it satisfies the system of heat equations. On the other hand, as
we mentioned above, the solution space of the system is one dimensional and the
system of heat equations gives a recursion relation, by which we have the power
series expansion of the solution as shown in Section 3. Especially, we see the
solution space is of dimension one. Therefore, we have a proof that the assumed
expression of the sigma indeed gives the sigma function up to a non-zero absolute
constant. (see Theorem 3.72).

Finally, one of the authors S.Y. wishes to point out to the reader that his
contribution on this paper is limited to the proof of the case e = 2 in Proposition
3.62.
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of genus less than or equal to three. We would also like to thank Julia Bernatska
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behind the genus two example in [7]. We would like to thank Toshizumi Fukui for
bringing Zakalyukin’s paper to our attention. We are grateful to an anonymous
referee for many helpful suggestions and corrections to improve the paper. This
research is supported by JSPS grant 25400010, and 16K05082.



2 Preliminaries

2.1 The curves

We shall use e and ¢ instead of n and s of (n, s)-curves, respectively. Although the
name (n, s)-curve (which comes from singularity theory) is used by Buchstaber
and Leykin in their papers, we wish to avoid confusion with the many n used as
subscripts in sections from Section 4 onward, and the use of s for Schur polynomials
in Subsection 3.1. Let e and ¢ be two fixed positive integers such that e < ¢ and
ged(e, q) = 1. We define, for these integers, a polynomial of x and y

(2.1) flay) =y —pi(@)y" = = per(z)y — pe(w),

where p;(z) is a polynomial of  of degree [21] or smaller and its coefficients are
denoted by

pi@) =Y gt (1<j<e—1),
(2.2) kijq—ek>0

Pe(x) = 27+ ue(q_l)qu + e e
Please note that the sign at the front of each p;(z) with j # e in f(x,y) is different
from previous papers written by some of the authors. The base ring over which
we work is quite general. For simplicity the reader may start by taking the field
C of complex numbers and assume the p;s to be constants belonging to this field.
Let ¢ = €71 be the projective curve defined by

(2.3) flz,y) =0

having a unique point co at infinity.

Our situation is that all the coefficients 1; of f(x,y) should be indeterminates.
We denote by Q[u] the ring generated over the rationals Q by all the y;s. Then
we shall treat € as a scheme over the Spec Q[u]. As an abuse of language, we
freely switch the standing position where j1;s are assumed to be complex numbers
or indeterminates.

This ¢ should be called an (e, q)-curve following Buchstaber, Enolskii, and
Leykin [8], or a plane telescopic curve after the paper [18]. Assuming all the p;s
are complex numbers, the genus of ¢ is (e — 1)(¢ — 1)/2 provided that it is non-
singular. We will use g to denote this quantity throughout this paper whether
the curve % is non-singular or singular as well as in the case of the p;s being
indeterminates: g = (e — 1)(¢ — 1)/2.

As the general elliptic curve is defined by an equation of the form

y? — (x4 ps)y = &° 4 pox® + puax + i,

the curves % discussed here are a natural generalisation of elliptic curves.

Now we introduce a weight function as follows. For the curve € given by (2.1),



we define the weight wt on Q[u][z,y] by

(2.4) wi(py) = =J,  wt(z) = —e,  wt(y) = —¢.

Then all the equations for functions, power series, differential forms, and so on in
this paper are of homogeneous weight. So that, we have wt(f(x,y)) = —eq.

For the fixed pair (e, q) satisfying ¢ > e > 0 and ged(e,q) = 1, we call the
&2@71) the genus of € in this paper, which is the genus (in usual

sense) of € if it is non-singular. We will extend the notion wt in Subsection 3.2.

number g =

2.2 Differential forms of the curve
We denote the Weierstrass gap sequence at co by
(2.5) wi(=2g—1), wn, -+, wy(=1).

Namely, this is the unique finite decreasing sequence of positive integers which
cannot be written in the form ae + bg with non-negative integers a, 0. It is

well-known that each term of the sequence is written in the form
wj =29 — 1 —aje—b;q,

with non-negative integers a;, b;. Especially, a; = by = 0. Then we define, for
each of 7 =1, -+, g, a differential form

x%iqybi
Y fala,y)

where fo = a% f, of the first kind and of weight w;. We define g more differential

w dx,

forms of the second kind 7_.,, (j = g, -+, 1) of weight —w;, such that these 2g
forms give rise to a symplectic basis of the space Hjg (% /Q[u]) which is explained
below. We denote w = (W, , -+ Wwys N-wys " - > M—wy ). Lhroughout this paper, we
denote Q[u] = Q[{u«}]. In this paper, we should consider the curve " and other
objects arising from % to be defined over the ring Q[u], in which the period matrix
(2 is exceptional and is defined over only the field C. It is known that the _,, s as

well as the w,, s are defined over Q[p], namely, they are of the form ;12((2’?) dx with

h(z,y) € Q[u, z,y]/(f). Assuming x, y and all the u; are indeterminates, then, it
is natural for us to define

[ e a2 (2, 9) € Qe o]/ (2. 9)) )

(2.6) Hag(€¢/Q[u]) = d(Qlul[x,y]/(f(x,v)))

We define
M(z,y) = {2y [0<i<g-2 0<j<e—2}

Then the set {%dw | h(z,y) € M(z,y)} forms a basis of Hjz(€¢/Q[4]) as a
Ql[u]-module. Here we note that the order of pole of #72¢y*~2 at oo, which is the

10



highest in M (z,y), is
e(g=2)+qle—2)=2(e—-1)(¢—1)-2=29-2,

and Hlz (€ /Q[u]) is a free Q[u]-module of rank 2g.
The space Hig(%/Q[u]) is equipped with the antisymmetric inner product

w1 = Res (/Pw>n(P)

P=o00 00

given by

for any w, n € Hiz (€ /Qu]). This is formally defined using the formal expansion
with respect to a local parameter at oo (see [23]), which is a formal interpretation
of the product w*n = ng(egso ( fo]z w)n(P) if we regard the ;s as complex numbers
and % as a non-singular curve (i.e. a compact Riemann surface). Here €° the
regular polygon obtained from the Riemann surface attached to the curve ¢ with
respect to the paths {a;, 8;|j = 1,---, ¢} which form a symplectic basis of the
homology group H,(%,Z) as usual.

We choose 71—, to satisfy the symplectic relations
(2.7) Wap; * Wy, = 0, Ny X Ny = 0, Wy X N, = — Ty, * Way, = i

The choice of 77_,,; is not unique. For a more concrete construction of these forms,
we refer the reader to [23]. Especially, as a Q[u]-module, w,,;s and 1_,, s form a
basis of Hig (€ /Q[u)).

In this paper we frequently switch between regarding the p;s as indeterminates

or complex numbers. After Lemma 3.18, we see that Hiz(%,/Q[u]) is a Q|u, 8%]—

module, where -2 stands for the set of -2-s.
o O

2.3 Definition of the discriminant
We shall define the discriminant of the curve %.

Definition 2.8. The discriminant A of the form f(x,y) or of the curve € defined
by f(xz,y) = 0 is the polynomial (up to the signs £) of the least degree in the ;s
with integer coefficients such that the greatest common divisor of the coefficients is
1, and every zero of A corresponds exactly to the case that € has a singular point.

For instance, if (e, q) = (2,3), then
fla,y) =y° — (e + ps)y — (2° + poa® + pax + pg)
and its discriminant is given by
A = —pgpn® + papuapn® + ((—ps® — 12p6) o + pa®)pn*
+ (Spspiapis + ps° + 36peps) i’ 4 ((—8ps” — 48416) ia” + 8114” o
+ (=30ps” + T2p6) pa) g + (16pspiapin® + (36p5° + 144p6013) o — s pia®)

+ (—16p5° — 64p16) pr2” + 16114 p10® + (72415° + 288 1) pua i
— 644> — 2Tps* — 2166157 — 432416°.

11



Specializing p1 = 3 = s = 0, we have the discriminant A = —16(4u,® + 2716%)
for the Weierstrass form which appeared in (1.2). For (e,q) = (2,29 + 1), as in
Section 2.4, we rewrite the equation as y? = 2297 4 ..., where the right hand side
is a polynomial of x only. Then the discriminant of this curve is a non-zero integer
multiple of the discriminant of the right hand side as a polynomial of x only. For
the (3,4)-curve, we have Sylvester’s method as described in [13] pp.118-120, as
explained to the authors by C. Ritzenthaler. However, Lemma 3.44 below gives a
much more general method, which seems to cover the (3,5)-curve and more. We
do have explicit forms of the discriminants of the curves with (e, q) = (2, 3), (2, 5),
(2,7), (3,4) which we treat in this paper. Using the resultant of two forms, we
mention here an alternative (but conjectural) construction for the interest of the

reader, though it is not used in this paper.

Definition 2.9. Let the coefficients p; of (2.1) be indeterminates, and define
Ry = sl (1stt, (£ (2, y), & (@,9) w51ty (£ (,9), & f @) )

Ry = rslt, (151t (£ (,9), £ f @) 151t (£ (2,9), £ f @) )
R = gcd(Ry, Re)  in Z[p].
Here 1slt, is the Sylvester resultant with respect to z.
Now we recall the conjecture from the paper [11].

Conjecture 2.10. Defining R by 2.9, we have the following:

(1) R is always a perfect square in Z[u) and R = A

(2) The discriminant A of the (e, q)-curve is of weight —2eqg = —eq(e —1)(g—1).
Remark 2.11. It can be confirmed that (1) of 2.10 is correct for the cases (d, q) =
(2,3), (2,5), (2,7), (3,4), and (3,5). Actually, computation by Maple for these
cases shows that R is a square of some A’ € Z[u]. It is easy to check A’ is
irreducible. Then, from the definition of R, we see A’ must be A up to the sign,
and we checked (2) of 2.10 for these cases. We prove that (2) of 2.10 is true if
ged(e—1,g—1) = 1in 3.57. However, the authors have no proof of the conjecture

in general.

2.4 The Weierstrass form of the curve and its modality

As explained in [6], the method we use here works only for hyperelliptic curves
and for some trigonal curves as explained below.

Starting from the equation f(z,y) = 0 in (2.1) and removing the terms of ¢!
and 277! by replacing y by y + %pl(:v), and z by = + %u(q,l)e, respectively, we get
a new equation f(x,y) = 0 which is called the Weierstrass form of the original
one. After making such transformations, we re-label the coefficients by p;.

For example, if (e,q) = (2,29 + 1), the new equation is

flz,y) = y2 o (x2g+1 + ,u49,2372971 + M4g74$2972 NI ,U4g+2) —0.
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and if (e, q) = (3,4), the new one is

f(r,y) = y* — (uar® + psz + pg)y — (2" + pea® + pow + p1a) = 0.

In these cases, the number of remaining ;s is 2g. However, in general, we can
have cases such that this number is less than 2g. The difference

2g — “the number of p;”

is called the modality' of the (e,q)-curve. We give here a simple formula giving
modalities and, especially, determine all the curves of modality 0.

Proposition 2.12. The modality of an (e, q)-curve is given by %(e —-3)(g—3)+
2] —1. The only curves of modality O are the (2,2g+1)-, (3,4)-, and (3, 5)-curves.

Proof. The number of p;s appearing in the Weierstrass form is

(2 [l oo
:%%_1@—1)— M tetqg—3=-(e—1(g—1)+e+qg—3— H

Therefore the modality is

29 — (%(6—1)((]—1)—|—e+q—3— ED :%(6—3)((]_3)4— EJ —1.

The latter part follows directly from this. This completes the proof. O

On the case for a curve with positive modality, there is some description in [7]
(the last of Section 2). Since it is not clear for us how positive modality causes
difficulty, we do not discuss this theme here, though we give an example of positive
modality in 3.43.

LA terminology used in singularity theory.
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3 Theory of heat equations

3.1 Materials for construction of the sigma functions

In this section, we recall the definition of the sigma function (1.2) for the general
curve €. This is now a function of g variables u = t(uwg, “++ Uy, ) and written as
o(u) = 0(Uw,, -+ U, ). It is called, analogously, the sigma function for €. To
define it precisely, we need to introduce the Schur polynomial, period matrices,
and others.

We use the classical notation of matrices concerning theta series, so our nota-
tion is transposed from the notation of [7]. Specifically, we will denote the period
matrix of a curve as (3.2) whereas Buchstaber and Leykin’s papers use the trans-
pose of this matrix. Other differences between their notation and ours will follow
from this.

Letting T' = Z?zl Uy, T, we define {pi} by pr =0 for negative k& and

oo Tn
kZ:OPka = Z o

n=0
Then we define s(u) = s(tw,, - , Uy, ) (see Section 4 in [19]) by
(3.1) s(u) = det([ puw,1_i+j—g ])-
1<i<g, 1<j<g
This is the Schur polynomial corresponding to the sequence (wy, - -, w1).

From now on in this Section, we assume all the ;s are complex numbers and
!/ "

% is non-singular. The period matrices are defined by 2 = { Y } with

W = {/ ngiﬂ}, W= {/wwgiﬂ},

(3.2) ) )

o] o]
o B

J J

non

We introduce the g-dimensional space C? with the coordinates

(33) U = t<uw97 U1y 7uw1)

for the domain on which the sigma function is defined. We define a lattice in this

space by
(3.4) A=d'79+ "7,

For any u € CY, we define v/, v’ € R by u = w'u'+w"u”. Likewise, for £ € A, we
write £ = W'f' + w"¢". In addition we write '™ t(wwg, W) = (@, @),

-1
w' " w" = [7;;], and define

P; g P
5]‘:_%%7_/ chjJrZ (/ @j) @i(P), 6= (81, , ).
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Here P; is a fixed initial point of the path ;. Then we define the Riemann constant
by [6' 6”]. Tt is well known that, for our curve &, §” € (3Z)9. The [§' ¢"] can be
taken independent of the values of p;s.

Using the above notation, we define a linear form L( , ) on C9 x CY by
(3.5) L(u,v) = "u (v +n"v").

This is C-linear with respect to the first variable, and R-linear with respect to the

second one. Moreover, we define

(3.6) X () = exp (27m'(t(5'€” — '+ %té'ﬁ")) e {1, -1}
for any ¢ € A. Let

(3.7) k:Cl— C/A

be the map given by modulo A, and Sym® € be the k-th symmetric product of €.
Then we have the Abel-Jacobi mapping

k Pj P;
(3.8) ¢ : Sym" € — CI/A, (P, ---, B) — Z (/ Wiy * ,/ wM),

whose image is denoted by ©OF. We denote © = O~ which is called the
standard theta divisor of the Jacobian variety C9/A of €. For k = 1, the map ¢

is an isomorphism from % to O, by which we identify these two.

3.2 Weight revisited

In this subsection, we assume all y;s in (2.1) are complex numbers. We denote
by €, the curve given by (2.1) and assume it is non-singular, namely, we assume
it gives a Riemann surface. Here, we shall extend the notion of the weight wt as

follows. Firstly, we define the weight of w;, a coordinate of u in (3.3), by
(3.9) wt(u;) = J.
Let ¢ be arbitrary non-zero complex number and %7, be the curve defined by (2.1)
with every u; being replaced e/ p;. Then the map
€: 6, — Cp, (x,y)— (e 2, )

is an isomorphism (i.e. an isomorphism of compact Riemann surfaces). Now we
extend the defining domain of wt to the space C? of (3.3) as follows. We take
a fixed reference point (u, u) = ({g;0}, u®) of (u, u) = ({i;}, u) of (2.1) and

(3.3), and assume €, is also non-singular. Let
(3.10) M= (PO, u©)

be the germ of the analytic functions of (u, u) at (), u(?), where we regard them
as complex variables. Let ®(u,u) € .#. We denote by ®(ep, cu) the function
obtained from @(u,u) by replacing all u; by e7p and all u; by e'u; for i = w,,

15



.-+, wi. We say that the obtained function is induced by the mapping e. If there

is a constant integer w such that
D(ep,eu) =¥ d(p, u)
for any € € C, then we say the function @(u,u) is of weight w, and denote as

wt(P(p, u)) = w.

Remark 3.11. Now we explain that the definition of wt is actually an extension
of weight defined at (2.4). The coordinates z and y of 4, are naturally seen as
functions of u, of u in (3.3) on certain restricted domain in CY for any u; € C,
which should be denoted by x™'¢(€) by using the notation (3.7) and (3.8). Then,
observing the weight of x and y as power series of u,, their weight are —e and —gq,
respectively. The function u, —  above is seen as restriction to k™ '¢(%) of the
Abelian function

(3.12) u—s 1% :

E ’lj’bl PR ’:C/Lg_l

1<i1<--<ig—1<g

where u = o((x1,y1), - -+, (24,vy)) mod A. The function (3.12) is easily checked
to be of weight —e. Under similar observation, the function u, — y is seen of
weight —¢. Summarizing the above, the notion of weight of (2.4) is completely
compatible with the former notion above as well as one on ..

Take any circuit integrals of an entry of one of the matrices in (3.2) and consider

the map €. For example, we choose Wy, Note that it is an element in .# which
@
is a function on ;s and independent of u. While the map e changes w,, to £"iw,,

as wt(wy,) = w;, the deformation of the path «; of the integral no longer affects
this change of value integral because of Cauchy’s theorem. So that, the mapping

€ induces change of the integral

/wwi»—> 5“”/ Wy, 5
(%] (e 7]

J J

for any non-zero €. Therefore, we have

wt(/ wwi) = w;.
aj

By the argument above, the weight of such a circuit integral does not depend on

0

its path of integral as well as the choice of the reference points p; )s and u©).

3.3 Construction of the sigma functions

Using the notions defined in the previous subsections, we define the sigma function

by the following characterization. Now we fix the curve ¢ = 677,

Theorem 3.13. There exists a unique function (pu,u) — o(u)=oc(u,u) having
the following properties:

16



(1) o(u) is an entire function on C9 for any fized p;s in C;
(2) Supposing that the {1;} are constants in C and A is not zero, we have

o+ 0) = x(€) o(u) exp L{u+ 0, 0)

for any u € C9 and ¢ € A, where A, L, and x are defined in (3.4), (3.5), and
(3.6), respectively;
(3) Viewing o(u) as an element in A with arbitrary reference point (see (3.10)),

wi(o(u) = 46— (g — 1)
Moreover, o(u) is expanded as a power series around the origin u = (0,--- ,0)
with coefficients in Q[u] of homogeneous weight (e — 1)(¢* — 1)/24;
(4) o(u)|u=o is the Schur polynomial s(u) of (3.1);
(5) o(u) =0 < uerO).
Definition 3.14. We call the function o(u) whose existence is granteeed by 3.13

the sigma function of the curve € .

The theorem 3.13 was proved in various ways in the literature, each version
has a slightly different point of view. It is convenient to summarise these versions

from our point of view. We define

1
. . 2m)9 N\ 2 .
iy 700D = () e (4
‘ Y exp (340" W W (n+ ")+ (4 0" (W T u+ 8),
nez9

where det denotes the determinant. Note that the arguments in any exponential
are of weight 0, so that the infinite series part of (3.15) is of weight 0 as well.
It is obvious that this function has property (1), and it is easy to show that this
function satisfies (2) using (3.21). Frobenius’ method shows that the solutions of
the equation (2) form a one dimensional space (see p.93 of [15]). Although this
function is constructed by using 2, it is independent of (2. Namely, the function
7(u, §2) is invariant under a modular transform, that is the transform of (2 by
Sp(2g,Z). Therefore, it is expressed as a power series of u with coefficients being
functions of the p;5. On the latter part of (3) and (4), we refer the reader to [19].
In that paper, &(u) times some constant is expressed as a determinant of infinite
size (see also [23]). See also the paper [20] by Nakayashiki, in which he proved
the sigma function is no other than (3.15) times a non-zero constant depending
on ;8 with emphasizing the later part of (3). It is well known that &(u) has the
property (5).

Using notation we have explained until now, we define
(3.16) 5(u) = A™55(u),

with an apropriate choice of the éth root of the discriminannt A. It is known for

g =1 and 2 that this function exactly satisfies all the properties in 3.13, namely,
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we have o(u) = d(u). For g = 1, it is shown as in [22] by a transformation formulae
for n(7) and the theta series described in pp.176-180 of [24], and for g = 2 the
paper [14] by D. Grant, in which the property (4) is shown by using Thomae’s
formula.

However, it is not know for g > 3 if the function (3.16) is the sigma function.
The paper [7] is the first one seriously attacked this problem.

In this paper, we show, following the idea of [7], that o(u) = &(u) for the
genus 3 curves i.e. for the (2,7)-curve and the (3,4)-curve This means (3.16)
satisfies especially (4) up to an absolutely numerical multiplicative constant. The
strategy of proof is as follows: We construct a system of heat equations for & (u)
and show that the solution space is of dimension one (over the base field) by
explicit construction of a recursive system for the coefficients of the power series
expansion of any unknown solution and showing the uniqueness of the solution of
this system. Then we see o(u) = d(u) up to a non-zero multiplicative absolutely
numerical constant. This is seen as a generalisation of Thomae’s formula ([25]).
Section 4 is devoted to these last steps.

We here mention a lemma which is used later.

1

Lemma 3.17. The constant ((27)7/(det w’))%A_é is of weight (e* — 1)(¢® — 1)/24,
which is equal to the weight of o(u).

Proof. The weight of As is —eq(e —1)(q—1)/8. The weight of det(w') is >0 W,
which equals

4 12

S, = cdle=Da=1) (-1l - 1)

: (D21
by p.97 of [5]. Hence the weight of the constant is *—1—=. O

3.4 Generalisation of the Frobenius-Stickelberger theory

This and the following section are devoted to explaining the theory of Buchstaber
and Leykin [7], on the differentiation of Abelian functions with respect to their
parameters, as clearly as we can. That generalises the work of Frobenius and
Stickelberger [12], discussed above, on the elliptic case of this problem.

For higher genus cases, we do not have a naive generalisation of (1.8) and
(1.9), which are mentioned in the Introduction. However, we can give a natural
generalisation of the relations (1.10) to the curve %), as explained in the next
section.

We shall consider operators in Q[u][0,]. Here we denote by 0, the set {%}.
We first explain the symbol %. To do so, we recall Lemma 3.18 below due to

Chevalley which is essentially the same as Lemma 1 in [16].

Let K be a field and R be a function field of one variable with K the field
of coefficients. We will apply this lemma for K = Q(u). Take a transcendental
element ¢ in R over K and fix it. Let D be a derivation of K over Q. By [9],
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p.112, Lemma 2, there exists unique derivation D¢ on R satisfying
De¢(a) =0 for a € Q, De(§) = 0.
We extends Dg to the space of differentials of R via

De(w) = D§<d§)d§ for any w € R d€.

Lemma 3.18. (Chevalley [9], p.125, Lemma 3) Under the notation above, let £
and ¢ be two transcendental elements in R over K. Then we have the following
relation between D¢ and D¢. For any w € R, we have

De(wd€) — De(wdg€) = d(—wD,£).

Proof. (From Manin [16]) The operator D¢ — D, + (ch)— is a derivative on R
which vanishes on Q(u) and also kills . Hence this vanishes on R, so that

(D = DeJu -+ (D) =0
Moreover (D¢ — D¢)(wdf) = (De — De)w - d€ + w - (De — D¢)d€.  Since ( is
transcendental, we see d%DC = Dcd% by [9], p.125, Lemma 1, and

d
Dedé = D §>d§ =0, Dedg = D §>d§ g(Dgg)dC d(Dc(€)).
Therefore
(D¢ — De)(wd€) = — (D 5)—§d§ w-d(D¢§) = —d(wD §)
as desired. O

For a sample usage of %, see Section 4.3. By Lemma 3.18, any element L
in Q[u][0,] operates linearly on the space Hiy (¢ /Q[u]). For complex variables
js, we let L operate firstly on the forms with variables pjs of representative in
Hiz(€/Q|u]), then we restore u;s to the original values in C. Let L be a first
order operator, namely an element in B, Q[u ] . We define T' € Mat(2g, Q[u])

as the representation matrix for the following actlon of L:
(3.19) Lw)=w TF for w=(Wu,, -, W) € Hix(€/Qlu)).

In [7], the matrix —'(T'Y) defined by (3.19) is called the Gauss-Manin connection
for the vector field L.

From here to the end of Section 3, we assume that all the p;s are complex
variables and % is non-singular. We can then use the periods w;;s and 7;;s.

By integrating (3.19) along each element in the chosen symplectic basis of
H,(%,,7Z), we get the natural action

w/ w//
(3.20) L(2)=T"Q2 of L on Q:[ , }
mon
So, we see how L operates on the field Q({w';;}, {w”s;}). Of course, since {2 is the
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period matrix of a symplectic basis, these elements must satisfy the constraint
1
(3.21) '0JQ2 =2miJ, where J = { . g}
g

by (2.7). This is none other than the generalisation of Frobenius-Stickelberger’s
relation (1.10), and is to say that (2mi)~2£2 € Sp(2¢,C). It follows immediately
that

1 1 t n _ton
(3.22) Ol= —Jltog = —{ g / }

271 2me | — t77’ L

After operating L on both sides of (3.21), using (3.20) and (3.21), we see that the

matrix 'Y satisfies
(3.23) ‘TLJ 4+ JTE =0, ie. "(TYJ)=TFJ

because L(*2) = 02 'TL, which is to say that 'L € sp(2¢9,Q[u]), the Lie algebra
of Sp(2g, Q[u]). Thus we may write

(3.24) It = {ta ﬂ], It = { =P to‘}

B~ -y B
with ' = @ and 'y = 7.
Remark 3.25. (1) We use a different notation for D(x,y, A) compared to p.273
of [7], and for Q, " and 8 compared to p.274 of loc. cit. Our ‘w equals D(x,y, \)
by transposing and changing the sign on the latter half entries. The others are
naturally modified according to this difference and taking transposes. We will give
a detailed comparison of our notation with theirs in 3.74 at the end of Subsection
3.8.
(2) In general, it requires some work to write down the given operator L as a
partial differential operator with respect to the periods w’;; and w”;; similar to the
LHS of (1.10). However, we do not use such an expression in the present paper.

Conversely, starting from a matrix

-8 a
r=| 775 | e vz e,

- B
with ‘a = o and 'y = v, we get uniquely an operator L € P, QM% such that
I'? = T'. So far, this is a natural generalisation of the situation investigated by
Frobenius-Stickelberger [12].

3.5 Primary heat equations

In this Section, we review the general heat equations satisfied by the sigma func-
tions.

If we want to find second-order linear partial differential equations (heat equa-
tions) satisfied by the sigma function, we should proceed in as general a way as

possible. Here, note that the equation (1.6) is satisfied not only by the Jacobi
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theta function (1.3) but also by each individual term of the sum in (1.3). This
corresponds a statement in the proof of Theorem 13 in page 274 of [7]. Here we
will review their theory of such equations, correcting a few minor errors, and apply
it explicitly to more general curves than considered in [7]. We shall start from this
point of view.

In this paper, we start with a first order operator as in 3.19: L € @j Q[N]%

a
Then we have the symmetric matrix —I'l'J = [ : 6] , and we also associate with
Y

it a second-order differential operator HL, given by

=g D]

g
- - 27 8u18uj J 8uj 2 J 2

=1 j=1

(3.26)

Here 0, denotes the column vector with g components %, and u the column
vector with g components u;s. The very last term comes from the commutation

relation a%iuj = uja%i + 0;;. It is then straightforward to verify the following

Lemma 3.27. If we define a Green’s function Go(u, 2) by

Go(u, 2) = (C(éfz}g/) exp (— 3 ‘un'w’™ 1u),
then the heat equation
(3.28) (L—-H"Gy =0
holds.
Proof. We have
LGy = % r(w' " L(w ))GO—%(uL(n’)w/_lu)Go—i—Q(W?/w/ 'Lw)w' " u)Go
= & [T (B — an)) + Cu (e = )™ =™ (B = ') )] G
% [Tr 7w ™+ (Cu(y =By ™ — i T B T anw T U)} Go
by using

o / " o / r " "
(3'29) FL“Q = { 5 ta :| |: w/ w// :| - |: ﬁwf +tan/ Bw// +ta77// :|
-y B non —yw' + By =y + 6y

This is the same as

o5y St al S0 e

1 .o / /—1
5[—tunw ! u]{tg i]{ u U]Go'

HoGy =

N~ N

= _Tr("8 — an/w’ Y Gy +

Here we have used the generalized Legendre relation (3.21) and the symmetry of
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n'w' L. [

Now we recall that the different terms in the expansion of the theta function are
periodic translates of one another. Analogously, to construct the different terms
appearing in the expansion of the sigma function, we act on G, by iterating an
element of the Heisenberg group. For a variable z € Q({w';;}, {w";}), and a two g-
component column vectors p, ¢ whose components also belong to Q({w’;; }, {w”s;}),

we introduce
F(z,p,q) = exp(2) exp('pu) exp(ad,).

We write its inverse operator as

F~Y(2,p,q) = exp(—"d,,) exp(— "pu) exp(—2).
Lemma 3.30. Defining F(z,p,q), L, and H* as above, the operator equality
(3.31) F~'(z,p,q)(L — H*)F(2,p,q) = L — H"
holds if and only if
(3.32) L[q] ZFLH and L(z) =

p p

for any p, q, and z. Here T't is that of (3.24).
Proof. We calculate directly that

(*pap —*qvq),

N —

F~Yz,p,q) LF(2,p,q) = F~"(2,p,q) (L(2) + L("p) u+ L(*q) 0. ) F(z,p,q) + L
=L+ (L(2) + L('p)(u — q) + L(*q) Ou ).

Similarly, we find

FY(z,p,q) H'F(2,p,q) =

N | —

s sl [T

‘B oyllu—g

P e

Matching coefficients of 9,, u, and 1, and transposing and rearranging, we see
that, respectively,

1
s =15 o). 1) =11 911). 1) =5 Coap =)
as desired. Il
Corollary 3.33. The formula (3.32) holds if
(3.34) [;ﬂ =1 [5,,] , 2=z +3'Dq,

where b’ and V" are arbitrary numerical constant vectors, and zy is an irrelevant
numerical constant, which we set to zero below.

22



/ /
Proof. We have L( Lﬂ) = L(Q) [:”} = I'LQ [Z"} =TIt {ﬂ, which is the former

relation in (3.32). The latter one is checked easily. O

Denoting the constant vector ‘[b b”] simply by b, we denote p, ¢, and z with
2o =0 in (3.34) by p(b), q(b), and z(b), respectively. We define

Gb,u, 2) = F(=(0). p(b). 4(b)) Colu, 2).

Using the Legendre relations in the form (3.22), we note that ‘pw’ — tqn’ = 2mi ‘0",

and hence we obtain
G(b,u,2) = F( (b),p(b), (b)) Go(u, 2)

(l /-1
2

q) exp(‘pu) exp(—"qn'w’u) exp(—3 "qn'w' ' q) Gy

xp(— %(2m V'w'~tq) exp(2mi VW' u) Gy

= exp(— %(2 AP W't 4 w"b") exp(27i 'V'w' ) Gy
2m)?

_ ( /-1
= (det( 5 exp (— 3 ‘un'w' ')
- exp <2m'( : D+ (W e+ ) )) :

Now, the following theorem, which is the foundation of BL theory, is obvious from
(3.28) and (3.31).

Theorem 3.35. (Primary heat equation) For the function G(b,u, {2) above, one
has

(3.36) (L —H")G(b,u, 2) =0
for any L in @; Qlul50-

3.6 The algebraic heat operators
For the coordinates of the space in which the sigma function is defined, we do not
use (uq, - ,uy) for subscripts of the variable u, but denote instead, as in (3.3)

u = (uw97 e 7uw1)-

That is, the components of u are labelled by their weights, which are the Weier-

strass gaps. As in Section 3.5, we suppose L € (P, Q[,u]a%j. Then we have the

representation matrix I'' € sp(2¢g, Q[u]). As a corollary to Theorem 3.35, we have

Corollary 3.37. Let
(3.38) p(u) =Y G(b,u, 02),
b

where b runs through the elements of any set C C?9 such that the sum converges
absolutely. Then we have

(L— HL)p(u’ 2)=0
for any L in @j@[u]a%j.
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Proof. Since both of L and H” are independent of b, each term of p(u) satisfies
(3.36). O

Remark 3.39. Assume that ¢, is non-singular. Let {2 be the usual period matrix
defined by (3.2), and § be its Riemann constant. The function defined at (3.15) is
written as
(3.40) Gu) =o(u,2)=> G5 n+d",u0Q).

nez9

'"~1" is positive definite, this series converges abso-

Since the imaginary part of w
lutely. This is a special case of p(u) of (3.37).

Because both L and H% are independent of b, there are infinitely many linearly
independent entire functions p(u) on CY satisfying (L — HY)p(u) = 0. Moreover,
since, for a fixed b, the function G(b,u, {2) is independent of L, we see that, by
switching the choice of L, there are infinitely many linearly independent operators
of the form (L — H*) which satisfy (L — HY) p(b,u, 2) = 0 for some fixed p(u).

However, because our aim is to find a method to calculate the power series
expansion of the sigma function, we need a more detailed discussion. For our

purpose,

(A1) we need to find operators in the ring Q[u][0,, 0,] which annihilate the sigma
function (3.16), and
(A2) we require that any function killed by all such operators belongs to the ring

Q[M]HUWy T ’uwl]]’

Since L is a derivation with respect to the ujs but H” is a differential operator

with respect to the u,,s, we see that, for some function = depending only on the

1S,

(3.41) (L — H*)(Z6(u)) = L2 Z6(u) = (Llog Z)= &(u).

If = 6(u) is the correct sigma function, the left hand side of the above is in Q[u][u]],
So, if we suppose that the correct o(u) is equal to d(u) of (3.16), then we should
narrow down the choice of L to one such that Llog A € Q[u].

3.7 The operators tangent to the discriminant

Throughout this section, we suppose that all the p;s, x, and y are variables or
indeterminates. In view of the approach in [7], we require that Llog A belongs
to Q[u] because of conditions (Al), (A2) and equation (3.41). Now we explain
suitable choices for I' for which L satisfies the condition. Let M (z,y) be a vector
consisting of 2g monomials of z and y displayed in descending order of weight

(i.e. ascending order of absolute value of weight) in the first g entries and in the
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ascending order (i.e. descending order of absolute value of weight) in the remaining
g entries.

For {wy, ---
by

, Wy} in (2.5) with respect to (e, ¢), we define a sequence {vj}iil

o

We denote by M,(z,y) the monomial in z and y of weight —v;. We define
M(%,y) = t[Mj<x7y) (.7 = 1727 e 72g)]7
M(z,y) ="[M;(z,y) (j=29,29—1,---,1)].

This is equivalent to saying that M (z,y) is the vector whose entries are displayed

if 1<j <y,
if g+1<j<2g.

29 =1 —wyjn

29 —1+wj_y

as the elements of the set
M(z,y) = {2y [0<i<e-2,0<j<q-2}

in the order as above. We see that all the terms {M;(x,y)} appear in f(z,y)
provided the modality of the curve is 0. We shall give here explicit values of the
data above not only for the convenience of the reader who following the detailed
calculation in Section 4, but also for those considering higher genus curves outside

the scope of this paper.
Example 3.42. If (e,q) = (2,29 + 1), then M;s are given as follows:

J 1 2 g g+1 g+2 2%
Wy—j+1 |29 —1 293 1| 1 3 29— 1| w_,
Ys 0 2 29—2 29 2g9+2 4g —2
M] (.’E, y) 1 xr ngl x9 ngFl .1‘2971
If e=3and ¢ =4 or 5, then Mjs are given as follows:
J 1 2 3 4 5 6
a5 2111 2 5 |w.
(3,4)-curve : W3-t Wj—3
Uj 0 3 4 6 7 10
Mi(z,y) |1 =y 2° ay 2%
i 123 4 5 6 7 8
(3,5)-curve : Wi |7 4 2 1 1 2 4 7w
’ v, 035 6 8 9 11 14
Mi(z,y) |1 =z y 2% a2y 2% 2%y 2%y

All these examples, and only these, are of modality zero.

Example 3.43. In contrast to the cases above, we have for the (3, 7)-curve :

7 1 2 3 4 5 6 7 8 9 10 11 12
We—j+1 11 8 5 4 2 1 1 2 4 ) 8 11 Wj—6

v 0 3 6 7 9 10 12 13 15 16 19 22
Mi(z,y) | 1 x 2% y 2° xy zt 2%y 2 2y 2ty 2Oy



for(e,q) = (3, 7). However, the Weierstrass equation of the (3,7)-curve is given by

Y’ — (por’ + ps® + pst® + pt + pna)y
=" + pex’ + pot + p1ox® + psa® + pusx + pon
and this equation does not include a term in Mis(x,y) = z°y. This curve is of

modality 1. We will not discuss this curve further in this paper.

Lemma 3.44. Let x and y be indeterminates and f; = %f, fo= a% .

(1) As a Q[u|-module, Q[u][x,y]/(fi(x,y), fo(z,y)) is of rank 2g and spanned by
M(z,y) ={29y|0<i<e—2 0<j<q—2}.
(2) The linear map given by the multiplication by —eq f(x,y)

(—eq) f(z,y) : Qullz,yl/(fr, f2) — Qlul[z,y]/(f1, f2)

is of rank 2g.
(3) Let T be the representation matriz of the map above (with respect to M (x,y)).
Then its determinant det(T) is a constant multiple of a power of A.

Proof. (From Theorem A8 in [3]) We assume p C C. We have det(T) = 0 if
and only if the rank? of the co-kernel Q[u][x,y]/(f, f1, f2) of the map is positive.
This is exactly the case that the ideal (f, fi1, f2) does not contain 1 € Q[u][z,y].
By Hilbert’s Nullstellensatz (Theorem 5.4(i) in [17], for instance), we see this is
equivalent to saying that there exists a set (x,y) € C? such that

flx,y) = filz,y) = folx,y) = 0.

Therefore the zeroes of the discriminant A and ones of det(7") coincide. So that

det(T") must be non-zero integer multiple of a power of the discriminant A. O]

Here we shall explain how we explicitly calculate 7. To plug smoothly with

the later calculation, we shall write down the definition of the entries in

T =[Ty;]

ivjzlv ) 2g‘

Namely, we define Tj;s by the equalities

29
—eq f(z,y) Mi(z,y) = Zsz Mogi1—j(z,y) mod (f1, f2)
(3.45) j=1
( Le. —eqf(x,y)M(x,y)ETM(x,y) mod (f17f2) )
Then wt(7};) = —(eq + v; — vog+1—j). The factor —eq makes later calculation

simpler. Note that the signs of the first row and column of 7" is negative. We have
the expression of T}; by using fi(x,y) = -+ —qa? +-- - and fo(z,y) = ey* ' +---.
We give the explicit ratio, an integer, of det(7")/A for the cases we look at in
Sections 4.3, 4.4, 4.5, and 4.7

Now we explain another method to construct the discriminant A and a basis

of the space of the vector fields tangent to the variety defined by A = 0 by following

2the Tjurina number at p.
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a method known in singularity theory.

However, following p.112 of [6], we also define a function
H = H((z,y), (z,w)), which is defined by®

filzv,y) = filz,w)  folw,y) — falz,w)

H:l T —z T —z
2| filz,y) — filz,w)  fal2,y) = folw,w) |
Y —w y—w

For any F' € Q|u][z,y], we define

0? 02
S F 2 F
(3.46) Hess F = | %0 9%
e, F 0
Oyox oy?

Lemma 3.47. (Buchstaber-Leykin [6], p.64) Let I be the ideal in Q[u][x,y, z, w]
generated by fi(z,y), f2(x,y), fi(z,w), and fo(z,w). The determinant H has the
following properties.

(1) H((2,y), (,y)) = Hess f(z,y).

(2) H((:L‘,y), (sz)) = H((Z’ w)’ ("L‘J/))
(3) We have

H((z, w), (x, y)) F((a:, y), (z, w)) = H((az, Y), (z, w)) F((z, w), (z, y)) mod [

for any F((z,y), (z,w)) € Qlul[x,y, 2, w].
Proof. (1) Taking limit 2 — z after subtracting the second row times 2=~ from
the first row in H, we have

fu(z,y) + fulz,w)  falz,y) + fa(z,w)
5| hzy) = fHlzw)  fey) = folr,w)

y—w y—w

where fi1(z,y) = ;—;(Ly), etc. Then, by taking limit y — w we get Hess f(x,y).
(2) is trivial.
(3) By expanding the matrix, we see that the numerator

(filz,y)fa(z,y) = fr(z,y) fa(m, w) — fi(z,w) falz,y) + fi(z,w) fo(z, w))
— (iz9) fo(z,y) = fi(z,9) fa(2,0) = fi(z,w) fa(x,y) + fi(z,w) fa(z,0))
= (fil@,9) f2(2,9) = fi(z,9) fa(z,9) = (fi(z,y) fo(z,w) — fi(z,9) fo(2,w))
— (filzw) fa(z,y) — fi(z,w) fa(z,y) + (f1(z, ) fa(z,0) — fi(z,w) f2(z, w))
= (filz, ) f2(2,9) — fr(z, w) folz,w)) — (frlz,y) f2(z,0) — fr(z, w) f2(x,y))
— (A(zw0) f2(2,9) = f1(z,9) fa(z,0)) + (fr(z,w) fa(z,w) = fi(2,9) f2(2,y))

(3.48)

is divisible by (z — x)(w — y), because the second expression is clearly divisible by
(z—), while the third expression is divisible by (w—y). Hence, H ((z,y), (z,y)) €
Q[p][z,y]. Moreover, the second expansion is equal to

(fl($7y)f2(zvy) - f1<$?y)f2(x7y) + f1<x7y)f2(x>y) - f1(27?/)f2($7y))

3Do not confuse this with the heat operator H.
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— (filz, y) folz,w) = filz,y) fo(z,0) + fi(z,y) fo(z,w) = fi(z,y) fo(z, w))
— (filz,w) fa(z,9) = filz,w) fo(m,y) + fi(z,w) falz, y) — filz, w) fa(z,y))
+ (filz,w) fa(z, w0) = fi(z,w) fa(2,w) + fi(z, ) folz,w) = filz, w) fo(z, w))
= fi(z,y)(fo(z,y) — fo(z, ) + (fr(z,y) — fi(z,0)) fo(,y)
— filz,y) (fo(z, w) — (ZJU)) (filz,y) — fi(z,)) fo(z,w)
—f1(2,w)(f2(2’, 7y)) (fl Z,w) f1(937w))f2($ay)
+f1(2,w)(f2( 2(z,w )) + (fl fl(if,w))fz(%w),
which implies that H (( ( (z,w ) w —y) already belongs to I. A similar cal-

culation shows that H ((z, ), (z,w))(z — z) € I. For F((z,w),(z,y)) = 2°y", by
using (2), we see

H((z,w), (z,y)) x%y’ — H((z,y), (z,w)) 2u?
= H((z,w), (z,y)) (29" — 2w’
= H((z,w), (z,y)) (29" — 2w’ + 2w’ — 2"w’)
= H((z,w), (z,y)) (z°(y" — ") + (2 = z")u’) €
Hence, (3) has been proved. O

Below, we will use, instead of T', the symmetric 2g x 2g matrix
V= [Vj]
with entries in Q[u] defined by the equation

t

(3.49) M(x,y)V M(z,w) = f(z,y) H

in the ring

Qlullz, y, z,w] /1.
We define [ H;; | as the matrix given by

H((z,y), (z,w)) = M(z,y) [ Hy] M(z,w).

Lemma 3.50. The matriz [ H;; | is of the form

% PR k _eq
* coe —eq
(3.51) [H;;] =
—eq
If e = 2, then we have explicitly
— _4M2(q72) —6/,&2((173) —8,[1,2((174) . _2(q o 2),&4 0 _Qq_
_6#2(,173) —8#2((1,4) _10/~‘L2(q75) . 0 —2¢
78H2(q_4) 710,[,112((1_5) 712#2((1—6) . o 72(]
—2(q —2)pa 0 —2q
0 72(]
—2¢

28



Proof. Any entry H;; belongs to Q[u] by consideration of 3.48 in the proof of 3.47.
Setting all the p; to be 0, we have

g(—x9 1 42971) eyt —we?)
r—z r—z

1
fr— q_2 q—3 q_2
2 g(zi—1—z171) e(ye—t—we1) QCI(LU x z 2 )

Yy—w y—w . (ye_Q + ye_gw + e + we_2).

It follows that the counter-diagonal entries of [ H;; | are —eq. From the definitions,
the weight of H is —2(eq—e—q) and wt(My,(z,y)) = —2¢9—14+w, = —2(eq—q—e).
Therefore the entries below the counter-diagonal must be 0. For the case e = 2,

we have
1| = e (@ D@ T b b pheg e (0 m2) 22w
2 | _a@' 21T 4 (g 2pa (@t ) b e e (2=2)  2y—2uw
y—w y—w
_ @ =2 4 (g = pa (T = 2T A A preg (7 2)
T—z
=-2(q(a"? + 2 2+ +2777)
+ (= 2pa(@ P+ a4 2T o i),
giving the desired form of [ H;; |. O

Lemma 3.53. We have det(V') = det(T).
Proof. Since
F(,y) H((2,y), (2,w)) = f(2,y) "M(z,w) [ Hy ] M(z,y)
="M(z,w) [—eiqT,-jHij] M (z,y) mod I

by (3.45), and the entries in M (z,y) form a basis of Q[ul[x, y|/(fi(z,v), f2(z,v)),

we see that V' equals —iT[H k] with sorted rows in reverse order. Since [H,i] is a

skew-upper-triangular matrix of the form (3.51), we have demonstrated det(V) =
det(T") as desired. O

Remark 3.54. It is easy to see that wt(V;;) = wt(1};) = eq — v; — v,.
We now compute the weight of T;; and Vj;. If 1 <7 < gand 1 < j < g, then,
by the definition,
wi(Vij) = wi(Ty;) = —(eq + vi — vags1-)
=—eq— (29+1—wyr1-3) + (29 + 1 + wgy1-5)
= —€q + Wyq1—j + Wgy1—j.
[fg+1<i<2gand 1< j <g, then
wit(Vij) = wt(T3;) = —(eq + vi — vag41-5)
=—eq— 29+ 1+wi—y)+ 29+ 1+ wys1-j)
= —€eq — Wj—g + Wyg1-5-
For the other i and j, we have similar formulae.

Lemma 3.55. We have wt(det V) = wt(det T) = —eq(e — 1)(¢ — 1).

29



Proof. This follows from wt(7};) + wt(T2y—i2,—i) = —2eq. O
Example 3.56. If (e,q) = (2,29 + 1), we see, for 1 <7< gand 1 <j < g, that

wt(Vij) = wt(T35) = —eq + wyy1-; + wgr1-;

= 2029+ 1) +2g+1—d)—1+2(g+1—j)—1=—2(i+ ).
fg+1<i<2gand 1<) < g, then
wi(Vij) = wt(Tij) = —eq — wi—g + wgi1-;
=—-22¢+1)—-2(i—g)+14+2(9g+1—j)—1=-2(i+j).

For the other ¢ and j, we have the same result.

Lemma 3.57. We have wt(A) = —eq(e — 1)(¢ — 1) and detT = det V = £ A if
ged(e —1,g—1) = 1.

Proof. Letting all the coefficients y; of p;(z) for 1 < j < e —1 to be zero, the
discriminant A becomes a power of the square of the difference of all the roots
of pe(z) = 0. Since the weight of any root is —e, the weight of the square of the
difference is

2+ (1) () = ~eata - ).

Similar arguments shows that wt A is —ge(e — 1) times an positive integer. By the
assumption ged(e — 1, — 1) = 1, we have wt A is —eq(e — 1)(¢ — 1) multiple of a
positive integer. The statement follows from 3.55 combined with 3.44 (3). O

Remark 3.58. The condition ged(e — 1, — 1) = 1 in 3.57 holds if e = 2 or
(e,q) = (3,4), (3,5), for which we already know A explicitly as mentioned in 2.11.

From now on we assume the modality of C' to be 0. For any v;, the coefficient
[leqg—v; appears in the Weierstrass form, which is is the reason why the modality is

so important. Let

(3.59) Z Vi,

It is natural to define Wt( ) =j and wt(L,,) = v;. Then by definition (3.26),

we have - .

=0, ,29).
]aﬂeq v (2 7 79)

9
Buwg
L a f d
Ly — 2[00 ... 0 2
1o =5l o oy e ] [ ‘B 7] Zwl
Wg
(3.60) o ; |
;;( Qi O Uy y_; Oy, | Uuy |

0
EV 3 Vid uwgﬂfiuwgﬂfj) +3Tep

Wg+1—j

+ 52'3' Uy
On the operators (3.59) and the discriminant, we have the following.
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Proposition 3.61. Any L, is tangent to the discriminant A, and (L, A)/A €
Q[u]. Moreover, any operator D € Q[u][0,] which is tangent to A is a linear
combination over Q[u] of the L,,s.

Proof. This follows from Kyoji Saito’s theorem (see Theorem A4 in [3]). See also
Corollary 3 to Theorem (p.2716) of [27] of Zakalyukin, and Corollary 3.4 in [1].
However, the statement for the cases (e, q) = (2, q), (3,4) is contained in 3.62. [

From 3.61 and the Frobenius integrability theorem, we see that the set {L,,}
of operators form a basis of a Lie algebra. The subvariety defined by A = 0 is the
maximal integral manifold of that set. The structure constants of this algebra are
polynomials in the p;, so it is a polynomial Lie algebra, as discussed in [4]. The
corresponding fundamental relations of {L,,} for (e,q) = (2,3), (2,5), (2,7), and
(3,4) are available on request.

We prove the following proposition for which there is no proof in [7].
Proposition 3.62. (Buchstaber-Leykin) Let
L= M(%,y) t[Lvl LU2 LU2g ]

Then, in the ring Q[u]lz,y]/(f1, f2), we have

(3.63) L(A) = Hessf - A.

Proof. For the case e = 2, f(z,y) is of the form y? — py(x). We denote po(z) =
p(z) for simplicity. Moreover, we denote p'(z) = %p(m) and p’(z) = 88—;2]9(:10).
In this case, Q[u][z,y]/(f1, f2) is identified with Q[u|[z]/(p'(z)) since fi(z,y) =

6 (x,y) = 2y. Let F be a splitting field of p(x). We write the factorisation of
p( )in Fasp(x) = (x—ay) - (x —a,). Then uy; is (—1)" times the fundamental

symmetric function of ay, - -, a, of degree i. Of course the ring Q[u| is a sub-ring
of Q[ay, - -+, ag]. The main idea is to consider Hejsff = —pz;,((;)) in the localised ring

(Flzl/ (' (x)))

p(z)
of Flz]/(p/(x)) with respect to the multiplicative set {1, p(z), p(z)?, --- } (see [17],
Section 4). The following calculation is done in the localised ring above, by which

we see (Flal/(0(2)) ,, = Flal/ (0 (@),

"(x) _ 2 B 2 1 1
I;(x) - Z (z —a;)(x —a;) Z ai—aj<a:—ai_x—aj>

(4.5),i<] (i,9),i<j

B q 1 B q 1 /()
_2;<;ai—a])x—a __2Z<Za’b_a])p(ai>x_ai
= - 1 1 p(z) - _ P (x) )
__Qg%ai—aj)p'(ai) v 22 P

where




Since Hessf(x,y) = —p”(z) and p(x) = — f(z,y) in the localised ring, it is sufficient

to show that
0

Ot

q
10g A = Z cjajq_i

j=1

up to a non-zero constant multiple. Indeed, if we have the formula above, we have

ZM m—logA ZM x,y) zkz:cjajq k

= ch Z MZ(ZE, y)Vikajq_k = ch f(x,y) H((ZL’, y)a (aj7 O))

j=1 ik
p'(x) —p'a;) p"(x) "
= flz,y) ) ¢ = f(z,y) = —p"(x) = Hess f(z,y).
Z J T — aj ( p(x) ) ( )
To calculate %SA)’ we remove the assumption uy = 0. Since A is some non-zero

constant multiple of
H(ai —a; )27
i<j

8/127; 15) log(A

we easily get the ¢ X g-matrix <aT> and then we get by using its inverse
J

matrix. For (e,q) = (3,4), (3,5), we know only a proof by dlrect calculation with
Maple by using explicit A and the operators L, s. O

3.8 Analytic expression of the sigma function

Before showing that the function (3.16) is exactly the sigma function o(u) (see
Lemma 4.17 in [7]), we shall first describe some heuristic arguments supporting
this result.

From the definition of Ly and 3.54, we see that

(3.61) Lo = 30— 0o

j Heg— vj
and Lo(F(p)) = —wt(F(n))F(p) for any homogeneous form F(u) € Q[pu).
Lemma 3.65. We have

Ly tw = tw =Ty lw

on Hg(%/Qlul).

Proof. For a power series expansion at oo of any 1-form of homogeneous weight w

w = Z Cj tj+w dt,

J
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where ¢ is a local parameter at co of weight 1, ¢; = ¢;(1) € Q[u] is homogeneous
and wt(c;) = —j — 1, we see

Ly < Z cthwdt) +w Z et — Z(j 1)t rdt o+ Z we; e d
J J J J

= (j+w+ et tdt = d( D e tﬂ‘*w“).
; :

j

If w is any one of w,,, which is of the form Mzy) dx with h(z,y) € Q[u|[z,y],
. f2 ('Ta y)

we see the last above is

h(z,y)  dz
(3.66) d(h(x,y) -t$>.

Since we can choose t as a quotient of monomials of x and y (see [23], Section 3),
(3.66) is an exact form. So that

Lo(w) = —wt(w)w in Hiz(€/Qlu]).

As wt(w;) = ¢ and wt(n_;) = —i, the statement is now obvious. O

The function o(u), characterized in 3.13, is a power series of homogeneous

weight, which must be written as

U(U) = u1(62_1)(q2_1)/24 . Z |:a<£w2’ - ?ngﬂ neqivn e 7neq7v2g>
{neq—vjyzwi}

(3.67) % oy o,
w1 (22) ]
j=1 i—p \U1

where the a(luy, -+, lw,, Meg—vys "+ * > Neq—uy,)’s are absolute constants and the set

of 3g — 1 variables {n¢g_,,, £u, } runs through the non-negative integers such that

(e—lq—l Zg:‘g +Zneq%_

It is obvious that the operator

g
Z ,ueq vj 8

Jj=1

—ijuwja —I—wt( (u))

Heg— v

(3.68) e 1)
e’ —1)(¢° —
ij ey 8uwj 24

kills the series (3.67).
Here, we shall give a proof along the lines of our reconstruction of BL theory
for Lemma 4.17 of [6], that is if o(u) can be written as o(u) = A~M5(u) with a

numerical constant M, then M = 1. From (3.41), we have

(3.69) (Lo — H™ + M Lylog A) o(u) = 0.
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By Lemma 3.65 and (3.26) (or by 3.55 and (3.64)) we have

HLo — Z Wy Uy, a Z wWj.
On the other hand, (3.63) and (3.51) yield that
LyA =wt(A)A =eq(e—1)(¢g— 1) - A.

Then
Lo — HY + MLylog A = Ly — H™ + M wt(A)
Z o
(370) o~ z;w] s 5,
j= J
1legle=1)(¢—1) (2=1)(¢*—1)
2< 1 12 + Meg(e — 1)(q — 1).

Therefore the operator (3.70) should equal the operator (3.68). Hence,

1 (eq(e ~D(g-1) (€ -1)(¢
12

5 1 _1)>+Meq(e—l)(q—1):

and it follows that M = ¢ as desired.

In the rest of the paper, we use the notation
H,, = H"i — 1L, log A,
where H% is defined by (3.60). Then 3.39 and (3.41) imply the following,
Theorem 3.71. We have (L., — H,,)6(u) =0 forj=1,---, 2g.

The following theorem is one of the important consequences of the BL-theory.

Theorem 3.72. The function o(u) is equal to &(u) up to a non-zero absolute
constant.

Proof. In Section 4, for (e,q) = (2,3), (2,5), (2,7), and (3,4), we will solve the
system of equations

(373) (Lvi - Hvi)gp(u) =0 (Z =1, -, 2 )

for an unknown holomorphic function ¢(u), and below we will show that the
solution space of this system is of dimension 1, and any solution satisfies the
properties of o(u) in (3.13). Hence we have proved that o(u) is equal to ¢(u) up
to a non-zero absolute constant. O

From now on, throughout this paper, we denote
I, =TIt
J
Especially, I'y = I'lo = I'Fer

Remark 3.74. As noted above in 3.25, our notation differs from that of Buch-
staber and Leykin; we denote the matrix T'; in p.274 of [7] by I'?* and we define
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the sub-matrices of —JI'" and I',,.J by

aBt (B B,
_JF?L: [ ;L (6];L)]’ Lo, J = [t J 61
/BJ f)/] (ij) fyvj

by following the notation of [7] and the present paper. Then we have
O‘;‘BL = Oy, /BJBL = t(/BUj)7 IYFL = TYv;» F?L = t(ij)

for any j.

4 Solving the heat equations

4.1 The initial conditions

For the rest of the paper, we shall solve (3.73) for (2,3)-, (2,5)-, (2,7)-, and

(3,4)-curves. we frequently switch from regarding the p;s as indeterminates to

regarding them as elements in C. We use the following two initial conditions for

solving (3.73):

IC1. o(u) € Qu[[uw,, -, tw ], and

IC2. wt(p(u)) = (e —1)(¢* — 1)/24.

Since the condition IC2 is milder than the property (4) in 3.13, there may be a

possibility to reduce the characterization in 3.13 of the sigma function, in general.
It is not clear to the authors which part of [7] shows that the space of the

solutions @(u) = @, Uy, =+ 5 Uy Uewy) € Qua][[Uays =+ 5 Unwy s Uy ]| Of (3.73) is

one dimensional. The following is a partial answer to this question.

4.2 General results for the (2, g)-curve

In this section, we discuss the hyperelliptic case e = 2. Firstly, we give the explicit
expression for the entries of the matrix V of (3.49). The authors know that the
issue in this subsection is described in p.566 in V.I.Arnol’d’s [1] and p.65 in [2].
Since they do not know any source which contains a proof, we shall give a detailed

proof here.
Lemma 4.1. We have

2i(q — j SO
Vij = —% Haift2j + Z 2(J — i+ 2m) pai—m) Ha(j+m)
m=1
2i(q - ) Bl
= ————— M2iloj + Z 21+ j — 20) poe H2(i+j—e)s
4 "
where o = 1, g =0, mog = min{i, g — j}, and ¢y = max{0,i + j — q}.

Proof. First of all, assuming the first equality, we show the second equality. To
change the first expression to the second with summation to ¢+ — 1, we use the
substitution ¢ = ¢ — m. It is obvious that the second equality with summation to
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1 — 1 is equal to one with summation to j for ¢ = j, j + 1. For the case of 7 < j,
the difference of the two is expressed as
J J

> 2(i+ = 20) pag paginjry = — B 2(i + j — 20) pagisje piae

=i 0=i
setting ¢/ = i+ j—{, it is clear that this vanishes. We see the case j < i in a similar
way. The matrix V' = [V};] is symmetric by definition. However, if the Lemma is
proved, we see this directly, by subtracting the term for £ = j from the first term.
Now, noting that in the hyperelliptic case, the M;(x,y) are independent of z, we
define M® = M@ (w) € Z[p[z] by using [H,;] of (3.52):

)_l

i—

MY (z Z g-iiMj(z,y) = 2(q+1+m—1) po-m-1) ™.
0

3
I

While we are treating f(z,y) = y* — p2(z), we denote py(z) by p(x) in this proof,
for a less cumbersome notation.

Since Q[u][z, yl/(fi(z,y), f2(z,y)) = Qul[z, y]/(p'(2), 2y), which is isomorphic
to Q[u][x]/(p'(x)), it suffice to know explicitly the residue V@ = V@ (z) of degree
less than ¢ — 1 of the division p(z) M (x) by p/(x) for 1 <i < ¢ — 1. The key to
this proof is that we actually know the quotient Q¥ = QW (x) € Q[u][x], as well
as V) of this division! Namely, we will show that, if we define functions

- 2i
O(x) = Z 2p2(3i—m) 2" + 7 i
then the expression

(4.2) V(@) = p(a) MO(2) - p/(2) QW ()

is of degree less than ¢ — 1. Moreover, we can calculate all the terms of V)
explicitly, which are no other than the Vj;s.

Let us start to calculate each term of z* of the right hand side of (4.2) for any
k > 0. We divide the calculation into four cases.
(i) The case k > ¢. In this case, M has terms only up to 2' ™' (i —1<¢q¢—2 <
q < k), and p(x) has terms up to 29 (¢ < k). Therefore, we find that the coefficient
Cy of 2% in M@ (z) p(x) is given by

i—1
Cy = Z 2(q + 1 — i +m) foi—1-m) H2(g—k-+m)
m=k—q

o Z 2(k —m' + 1) pog—1—ktmr) Ho(i—m")s

/

m/=q—1—k
where we have changed the summation index by ¢ — k+m =i —m/. On the other
hand, Q® has terms up to 2° (i < ¢ —1 < ¢ < k), and p/(x) has terms up to 297
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(g —1 < k), so we see

“Coeff. of 2" in QW (z)p/(z)” = Z 2 fa(i—m) H2(g—1—k+m)(k —m + 1).
m=k—q+1
So the right hand side of (4.2) has no term in x* for k > q.
(i) The case k = ¢ — 1. Since M® has terms only up to 2™ ' (i —1 < ¢—2 <
q—1=kFk), we see that

D 2(q+ 1 =i+ m) pai1-m) Ha4m)

i—1
=0

“Coeff. of z* in MD(z)p(z)” =

i—1 -1
= > 2(q —m') o pai-mry = D, 2(q — M) o prai-mry + 24 Hoptai,

'=0 m/=1
where we have changed the index of summation by m + 1 =i — m/. In this case
Q® has terms up to 2* (i < ¢ — 1 = k), and p/(z) has terms up to 277! (¢ = k),
we have that the coefficient Cy, ¥ in Q¥ (z) p'(x) is given by

: 2i
Cr = Z 2 fia(i—m) Ham(q — m) + glﬁ% Hoq

m=1
i—1

= Z 2 fia(i—m) Ham(q — m) + 2(q — ) fio piai + 2i ig; pho-
m=1
So the right hand side of (4.2) has no term in 277!
(iii) The case i — 1 < k < g — 1.

Since M@ has terms only up to z*~!

., we see that the coefficient Dj, of z* in
M9 (z) p(x) is given by

1—1

Cy = Z 2(q + 1+ m — ) fiag—m—1) Ha(g—k+m)
m=0
= > 2(q+m — i) fagi—m) Ha(g—1—k+m)
m=1

by rewriting m as m—1. On the other hand, the coefficient Cy, of 2* in Q¥ () p/(x)
is '
2i -
Cr = 7he (k4 1) ptg—1-r + Z 2 pa(i—my (k —m — 1) thagg—1—ktm)-
m=1

So the coefficient of z* in the right hand side of (4.2) is

i , 2i
> 2(g =1k +2m — ) pag-m) fiag—1-kim) + E(k + 1) 2 pa(g—1-k)

m=1
and Vj;, which is no other than the value of this at k=¢ —1— j, is given by

L . 2%
Z 25 + 2m — 4) pro(i—m) H2(j+m) + E(q — J) i fioj

m=1
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as desired since it < k+1=¢q — j.
(iv) The case k < i — 1. Since M@ has terms up to !, of higher degree than
7% we see that the coefficient Dy, of 2% in M®(z)p(z) is given by

k

2(q + 1+ m — 1) foii—m—1) H2(g—k+m)

Dy,

o

= 3

2(q +m — 1) fia(i-m) Ha(g—1—k+m)

Il
i

on replacing the summation index m by m + 1. Similarly, Q® has terms up to
exceeding z* again, and

“Coeff. of 2% in p/(x) QW (x)”

. k+1
21
= et + Z 2 pia(i—m) (k —m — 1) po(g—1-k1m)
m=1

with an extra term for m = k + 1 which is zero. So the coefficient of z* in the
right hand side of (4.2) is

k+1 .
. 21
> 2(q = 1=k +2m — i) fiaim) Ha(g-1-ktm) + o B Dt a1

m=1

and then V;;, which is no other than the value of this at £ = ¢ —1 — j, is given by

q—J ;
. ) 21 )
Vij = Z 2(J + 2m — 1) Pagi—m) Ha(+m) T+ E(q = J)H2i H2j
m=1
as desired since ¢ — j =k +1 < i. O

Lemma 4.3. We have L,,(A) = —2(q—j)(q+1—j)ug; A forj=q—1,q-2,
2, 1.

Proof. Since the Hessian of f(z,y) = y* — p(z) is

—p2”<l‘) 0 "
-9
' 0 2 P (@)
= ~2(glg — D+ (g - Dlg — Hpat 4 +2- 1),
this lemma follows from (3.63). O

4.3 Heat equations for the (2, 3)-curve

In this section we recall Weierstrass’ result which gives a recursive relation for the
coefficients of the power series expansion of his sigma function at the origin. We
refer the reader to (12) and (13) in p. 314 of [12] also. Here we derive Weierstrass’
result by following the method of [7], namely, following the theory described in
previous sections, but without using the general results 4.1 and 4.3, in order to
demonstrate the ideas of the theory.

Weierstrass’ original method is explained in [26] and some explanation of it is
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available in [21]. It is easy to get Lo and Lo:

0 0
Lo = 4js— + 6
dpg  Gug 0 M@,u “ﬁau
6ue —2pa2 | and o 4 , 0
6 s [/2:6/%a Rl :
Ha a/%‘

(4.4) V=

In this case, we see V' =T since

H((z,y), (z,w)) = —6x — 62 = [z 1]{_6 _6} m

Then A =2%.3-det(V). The differential forms
dx _ wdx
2y7 nN-1= 2y

form a symplectic basis of H(%/Q[u]). We have w = (w;, 7). Bearing in

w1 =

mind Lemma 3.18, we proceed by using 272 as the local parameter satisfying

0
Auy
we see 2ya%4y =x and 23/3%69 =1, so that

x =0 for j =4, 6, and we compute the matrix I" as follows. Using f(z,y) =0,

oua” 2y Opes 2y
Therefore, we have

0 1 0 0 T 0 x2
45 Loi=- 7 - I =-2 4
5 G T T 5 T o T T4 B T T
and
1 1 1 dy 1 322 + jug
d(—):——d - Y= = de =6-"—n_| +2 ,
y2 Yy y2 dCB T y2 2y X n 1+ /‘648 w1
2
do — zd L dy y—x?’x +pq
(46) a(2) =L ST gy = S dx
Yy Yy ) Yy
y 3y2—2;21;4/9c 3,“46 a 8
= 5 dr = —w1 — 4py—w1 — b —w1 = —w1 — Lowr,
Yy O Oue
2
2\ opydr —a?dy  2ay — 2?% 2y — o725
R
Yy Yy Yy Yy
> 2
_2:1:y—3x(y u4x2yu6)+u4x ]  wde MxQd +§@d
a y? Ty T T s
=mn-1— Lon—1
4,9 ) 2 1
e o % Za(t) (o s
N1t gy wn = Bpe g mwr = gpud (o ( by (4.6) )
2 1
=1n-1— Low1 — *N4d<*>~
3 Yy
Accordingly, we see
0 4 0
L277—1 = 6#6—77—1 - —M42—77—1
Opta 3" Ous
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0 4 0

= _9 —wy — —
e fha w1 M4 O

1
S o+ e d(y) ( by (4.5) and (4.6) )

_ —/ﬁ<6,u6066w1 _'_4”4%@)1) + e d(l)

1
:_%LOW1+M6d<§> Zu—w1+ﬂ6 ( )

Summarising these results, we have on H} (¢ /Q[u]) that

-1 1
Lothrotw, thwZFQtw> where FO:[ :|7 F2:[ }
1 w

/
Note that, by these equation, we have L;(? = I';{2 with 2 = [w/ wﬂ} as in
non
(3.29). Since Lodet(T) = 12det(T), Lodet(T) = 0, A = det(T), and (3.65), we

have arrived at

0 0 0
(Lo — Ho)o(u) = (4pay— +6ps5— —u—-+1 ) o(u) =0,
(4.8) Ol Oug ou
' (Ly — Hy)o(u) = (6 i_% 2i_1i2+1 w2 (u) =0
where H; = H% + {L;log A for j =0 and 2. From the first of (4.8) and the
conditions IC1, IC2, the sigma function is of the form

M4U ) (peul)"e
= b(
- Z (14, (1 + 4ng + 6ng)!

Using the second equation we then have a recurrence relation
(4 9) b(TL4, TLG) = %(4714 + 6716 — 1)(2714 + 3n6 — 1)b(n4 — 1, n6)

with b(ng,ng) =0 if ngy <0 or ng < 0. Since the term b(ny, ng) on the left hand
side has weight 4n4 4 6ng, and the terms b(7, j) on the right hand side have weight
smaller than this, all terms may be found from (4.9). Therefore, any solution of

(4.8) is a constant times the function

o(u) = u+ 2pusYy + 24p6" — 36435 — 288puapie ey + - -

4.4 Heat equations for the (2,5)-curve

In this section, we list the analogous results for the heat equations for the curve
(5“ : y2 = ZL’5 + ,u4l’3 + ,uﬁl'z + usT + 1g-

We note here that our results correct a sign in [6] the overall constant i at the 4th
line from bottom in page 68 of [6] should be —z-. Here we give the Hurw1tz series

version of the algorithm. Now, we take a usual symplectlc basis of differentials

1 T 3% + g x?
f— _d = —d 3 = d -1 = d
%] 2y x, Wi 2y Z, 7-3 2y Z, T 2y X

40



of Hiz(%/Qlu]). The matrix V for this case is given by

4414 6116 8us 10410

Y e — 203+ 8us  —Epaps + 10410 — % [afis
S8us  —Spapt + 100 —2pg + Apaps  Opapino — £ peis
104110 — 3 Hafig Opiapio — Speps  dpmops — S48

Then A =2*.5-det(V). The operators L; are given by

t _ tr o 9 d el
[Lo Lo Ly Le] =V '[fr oh o o)

While the authors have the explicit commutation relations of these L;, we shall
not include these here because their explicit forms are not needed in this paper.
However, these commutators are all in the span of the L;. By (3.62), we see that

these L;’s operate on the discriminant A as follows:
[LO LQ L4 LG]A:[40 0 12#4 4,“6]A

The representation matrices I'; for the L; acting on Hjy (¢ /Qu]) are

F s _q
-1 4
Lo = . ‘ZM ;
3 5 Ha” — 3usg —5Ha

I L spa 1

R 1 1
y=14 6 Te=| 3 3

5 fape — 6pio  —ps  pa —3He 5 Hapis  —2 o —5 U8
i — U8 % e —2 10 % M8

Therefore, we find the following operators H;:

Hy = 3U3aiu3 + uy ail 37
2
Hy = %@3—12 + u1aa3 ;lm 3861 - %N4u12 - <;M8 - §N42)“327
H, = & — ngug 0 + pauz— 0 - 1Hjamg + pguiuz + (3M10 - §M4M6> us®— fuq
Ou Ous 5 Ouy dug 5 5 ’
H, 1 0 — § i — l 2 — i — l
6= 5 Dz Ms 30, 10M8U1 + Z2p10UsUy 10N8N4 5° 2#6

By the equation (Lo — Hy) o(u) = 0 and the conditions IC1 and IC2, the sigma

function must be of the form

0<u3au1) = Z |:b(m7n4an67n8>n10)

m,n4,ne,n8,n10=20
3—3m+4n4+6ng+8ng+10n19=0

u m n4 ne ng nio
U13 (u_?%) (M4U14> (,U6U16) <M8U18> (Mloulm) ]
. 1 .

m)! (3 —3m + 4714 + 6n6 + 8718 + 107110)'

41



Let k =

3 —3m + 4714 + 6n6 + 8718 + 107110.

Then the other heat equations

(L; — H;) o(u) = 0 imply the following recursion scheme:
By (ifk>1landm=0)
b(m, ng,ne,ng,n10) = By (ifk=1and m>0)
By (ifk=0andm>1),
where the B; are given by
By = 20(ng + 1) b(m, ny, ng,ng + 1,079 — 1)
+16(ng + 1) b(m, ng, ng + 1,n8 — 1,n40)
+12(nyg + 1) b(m,ng + 1,n6 — 1, ng, n10)
—2(ne + 1) b(m, ng — 2,n6 + 1,18, 119)
+2(k = 3)(k — 2) b(m, ng — 1,n6, 8, n10)
—%(nlo +1)b(m,ng — 1,n6,n8 — 1,19 + 1)
2(ng + 1) b(m,ng — 1,n6 — 1,n5 + 1,n19)
—2(k —2) b(m + 1, n4, ng, ng, M10)
—3m(m — 1) b(m — 2, n4,ng,ng — 1,m19)
—I—%m(m ) b(m — 2,ny — 2, ng, ng, N1o)
mb(m — 1,ny — 1,06, ng, n1g),
B, = +1O(n6+1)b( —1,n4,m6 + 1,n8,n10 — 1)
(n8+1)b( —1,n4,n6 — 2,08 + 1,119)
—2(n1o+1)b(m — 1,n4,n6 — 1,n8 — 1,010 + 1)
+8(ng+ 1) b(m — 1,ny + 1,n6,n8 — 1,n19)
—+(5m—1048ns—20n5—30n19) b(m — 1,14 — 1, ng, N, N10)
—3(m — 1)(m — 2) b(m — 3, n4, ne, 1, n1o — 1)
+2(m —1)(m —2)b(m — 3,n4 — 1,06 — 1,18, 119)
+2(m — 1) b(m — 2,n4,n6 — 1,18, 10),
By = —%(1+nio)b(m — 2,04, 16,08 — 2,110 + 1)
—%(12718 40n19 — 5) b(m — 2,n4,n6 — 1,18, 110)
+20(ng + 1) b(m — 2,04 + 1,16, ng, N9 — 1)
+12(ng + 1) b(m — 2,n4 — 1,n6,n8 + 1,19 — 1)
—%(nﬁ—l—l)b( —2,n4 —1,n6+ 1,ng — 1,n19)
g( —2)(m —3)b(m — 4,n4 — 1,n6,18 — 1,0190)
g(m 2)b(m — 3,n4,n6,n8 — 1,n10).

From these, we see that the expansion of o(u) is Hurwitz integral over Z[2].

Remark 4.10. Actually the above recurrence scheme is one of several possible re-
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currence relations. However, we see any such system gives the same solution space
by the following argument. Here, of course, we suppose that b(m,ny, -+ ,n19) =0
if £k or any of the explicit arguments is negative. For any finite subset S C
{(m,ny, -+ ,n10) | k,ng,- -+ ,n19 > 0}, we take the set Eg of relations h between
{b(m,ng, - ,nip)} such that any b(m, ny, - - - ,m19) appears as a term in h provided
that (m,ny,--- ,n10) € S. For instance, if we consider

S ={(1,0,0,0,0), (0,0,0,0,0), (0,1,0,0,0), (1,1,0,0,0), (2,1,0,0,0)},

then Eg consists of the following 4 equations:

b(0,0,0,0,0) = —2b(1,0,0,0,0),

b(0,1,0,0,0) = 125(0,0,0,0,0) — 10b(1,1,0,0,0),

b(1,1,0,0,0) = £b(1,0,0,0,0) — 4b(2,1,0,0,0) — 125(0,0,0,0,0),

b(2,1,0,0,0) = £ -0-b(1,0,0,0,0).
The solution space of such a system of linear equations Eg is of dimension 1 or
larger because we have at least one iteration system as above whose solution space
is of dimension 1. Since Ey is independent of the choice of recursion system, any

recursion system must include the same solution space of dimension 1.

The first few terms of the sigma expansion are given as follows (up to a constant

multiple):
3 7 4 9 6
U U U3U1 Uy U3uy
o (uz,ur) = uz — 23 - 4M4W - 2M4T + 64N6ﬁ - SNGT
2. 3 3 1
U3~ Uy us 2\ U1
-2 — 1600ug — 408 —_—
Ho gz + Mo + (16000 ZRETY
8 2. 5 3 9
uUsuy Uz~u1 U3z~ U1
— (a4 320) =g = gt = = 2o

4.5 Heat equations for the (2,7)-curve
We take the hyperelliptic genus three curve ¢ in “Weierstrass” form

yP = f(x) = a7 + pux’ + per’ + psa® 4 paoa® + paox + pg

The discriminant A of ¥ is the resultant of f and f;. It has 320 terms and is of
weight 84. The matrix V is given by

[ 4 6 pe 8 us
6 e —7 (5pa® — 14 pug) —2 (8 popa — 35 o)
v | BHs —2 (8pepa —35m10) 7 (21 iz — 66 + T praps)
0p0 =% (paps — Tpaz) 2 (49 paa — 9 popis + 21 papio)

(14 paprr2 — 3 pept10)
(35 papt1a — 3 pigfi12)

1212 —% (4 papao — 49 paa)
14 p114 —2 piapirs

EIINES N
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10 p110 12 p2
=2 (paps — 7paz) —2 (4 pgpro — 49 pa)
2 (21 paprro — 9 pops + 49 prra) 2 (14 paprz — 3 pigpao)
2 (Tuepio — 6 us® + 14 papnz) 2 (21 popaz — 8 paops + 35 prafina)
% (21 popri2 — 8 rrops + 35 pafiia) % (7 pazps — 5 p1o? + 14 pigi14)
8 (7 popia — pi2ps) 2 (21 paaps — 5 p12410)

14 pi14
—% Hap12
2 (35 puapira — 3 pugpiaz)
% (7 poptra — pi2pis)
2 (21 paaps — 5 prazfi10)
2 (7 prapao — 3paa2?)

Here a calculation by Maple shows that A = 2°-3-det(V). Then we have

‘ro o o 0 0 0
8/14 8/16 8/18 8/110 8,“/12 a,U/14 .

t[LO LQ L4 LG Lg LlO] == V

Using (3.62), their operation on A are given by
[LO L2 L4 L6 Lg LlO](A) = [84 0 40#4 24,“6 12,”8 4/,610]A

As for the (2,5)-case, we have fundamental relations for these L; as a set of gen-
erators of certain Lie algebra, which we do not include here. The symplectic basis

of Hyp (€ /Q[u]) is

dz xdx z?dx (52° + 3ugx3 + 2uex® + pugr?)de
Ws = 7, w3 = ——, w1 = , TN-5= )
2y 2y 2y 2y
(32 + pya?)da 3dx
nN-3 = y N-1= .
2y 2y
. . —P; Oy .
With respect to these, the matrices I'; = [ Bi . J 1 are given as follows®:
= B
5
Oé():O, BO: 3 1 s ’70:03
3
Qg = ) 62 = _%,U/él 1 B
1 *%#4
— 3 (4p1apis — 354112)
Y2 = —1(8pa® — 21p18) ;
*%FM
3M4 1
ay = 1|, Ba=| —Sps .
1 *172%
2
—=(3peps — 35414) 3pi12
V4= 3p12 —8(2uape — Tpao)  ps ;
Hs *%Mﬁ

4These should not be confused with the symplectic basis of cycles a; and f; in (3.2)
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Qe = 1 ) ﬁ6 = _% us ’
1 — 8
Bpapinz — Sps? 61114 Hi2
Y6 = 6114 —Zpaps + 912 2p10 |
H12 21110 —2ps
1 Hs
ag= | 1 , Be=| —Fuo )
H12 —%ulo
6piafina + 2p6p12 — 2 pspio Hafiiz 21114
8 = Hapi12 —Spapno + 1204 3z |
24114 3p12 —2110
1
Qg = ; Bro=] 2o ,
2 —32 o
Apgpns — 2 pspnz 2 frajing
Mo = 2 papira —2 papnz 4 paa
4 p14 =1 p12

These give a set of heat equations (L; — H;) o(u) = 0 as before.

4.6 The sigma function for the (2,7)-curve
We now solve (3.73) in the (2,7) case. The initial conditions IC1, IC2 of (3.73)
in this case are as follows:

o(u) € Qlul[[us, us, u1]], and @(u) is of homogeneous weight 6.

Following [6] but in the Hurwitz series form as [26], for the (2,7) case we write any

solution (u) as

@(U5,U3,U1) = Z [b(@,m,n4,n6,n8,n10,n12,n14)

£,m,nq,n6,n8,
n10,n12,M14

: (M4U14)n4 (,u6u16)”6 (M8U18)n8 (M10U110)n10 (M12U112)n12 (M14U114)m4

VAN
AV w3
1 1

(6 — 50 —3m + 47”&4 + 6n6 + 8n8 + 107”&10 + 127112 + 147’&14)' 0'm!

’

giving a solution of (Lo — Hy) ¢(u) = 0. If we define
k=6 —50—3m+ 4ng + 6ng + 8ng + 10n19 + 12112 + 14nyy4,
the above expression is rewritten as

¢<U5,U2,U1) = Zb(evm7n4an67n87n107n12an14)
(4.11) o me me o mie . npe Us' us™ g
a4 e Mg T M1o T M12 T B4 T 5 T
0 m! k!

where we require all the integer indices k, ¢, m, ny, ng, ng, Nig, N2, N4 to be

k

non-negative.
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Note that the u-weight of this expression is kg = 6 4 4n4 + 6ng + 8ng + 10n19 +
12n45+ 14n44, which does not depend on ¢ or m. (Note also that k = ky—5¢—3m).
For fixed ny4, ng, ng, nig, ni2, n14 > 0, kg > 0 is fixed, and for non-negative k, we
require £ =0, ..., [(ko+6)/5], m =0, ..., |[(6+ko—5()/3]. As noted above, if
we insert this ansatz into the equation for (Ly — Hy)e = 0, we get an expression
which is identically zero, for any set of b(¢, m, ny, ng, ns, n1o, N12, N14)-

If we insert this ansatz into the expression for (Ly — Hs)p = 0, we get (after
some algebra, and providing k& > 0) the recurrence relation shown below, involving
20 terms (compare the equations on p.68 of [6] for the genus 2 case). We can
structure this relation by the weight of each b coefficient of (4.11) (more precisely
by the weight of the corresponding term in the expansion). We will call this P; :

_7b(£ m,n4,n6;n8,n1o,n12,n14)
+14(2 — k) b(¢, m+1, ny, ng, ns, n10, N12, N14)

—42m b(0+1, m—1, ny, ng, ng, n1o, N12, N14)
+196(n12 + 1) b(¢, m, ny, ng, ng, N1, n12+1,n14—1)
+168(n19 + 1) b(¢, m, ny, ng, ng, n1o+1, n1a—1,n14)
+140(ng + 1) b(¢, m, ny, ng, ng+1,n10—1, n12, n14)
+112(ng + 1) b(¢, m, ng, ng+1,ng—1, 19, n12, n14)

—40(ng + 1) b(¢, m, ny—2, ng+1, ng, n1g, N1, N14)

+5(3 — k)(2 — k) b(¢, m,ny—1, ng, ng, n1g, N1, N14)
—8(n14 + 1) b(¢, m,ngy—1,n6,n8, n10,n12 — 1, n14 + 1)

—16(n12 + 1) b(¢,m, ny—1,ng, ng, n10—1, n12+1,n14)
—24(n19 + 1) b(¢, m,ng—1,n6,ng—1, n10+1, n12, n14)
—32(ng + 1) b(¢, m,ny—1,n6—1,ng+1,n19, N1, N14)

+84(ny + 1) b(¢, m, ng+1,ng—1,ng, n1g, N12, N14)

—21m(m — 1) b(¢, m—2,ny, ng, ng—1, 19, N12, N14)

+8m(m — 1) b(¢, m—2,ny—2, ng, ng, N1g, N12, N14)

+16mb(¢,m—1,ny—1,ng, ng, n10, N12, N14)

—350(0—1) b({—2, m, ny, ng, ng, N1, N12—1,n14)
+40(6—1) b(0—2,m,ny—1,n6, ng—1, 110, N12, N14)

+80b(¢—1, m+1,n4—1, ng, ng, N1, N12, n14) = 0.

This relation applies only for k£ > 1, and can be written as
Py :b(£7m7 Ny, Ne, N8, N10, 1112, n14)
=2 (2 - k) b<€7 1+m7 Ny, Mg, 18, 110, 1012, n14>
— 6mb(14+-, m—1, ng, ng, ng, N1g, N12, N14)

+ “lower weight terms”,
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where the lower weight terms have coefficients which are quadratic or linear in /,
m, ng, Ng, Ng, N1g, N2, N14, times integers or rational numbers with denominators
7. Here the number 4n4 + 6ng + 8ng + 10119 + 12119 + 14nq4 for

b(& m,ny, Ng, Ng, 110, N12, n14)

is the u-weight of the term. For P, the left hand side and the first two terms on the
right hand side all have the p-weight W = 4ny + 6ng + 8ng + 10n19+ 12112 + 14n4.
The next highest p-weight terms of the “lower weight terms” are of y-weight W —2,
and the lowest weight terms are of pu-weight W — 12.

Putting the same ansatz into (Ly — Hy)p = 0 we get another recurrence P,
with 20 terms, providing m > 0 and k£ > 0. We can write this as

Py :b(€, 14 m, ny, ne, ng, n1o, n12, N14)
= —7(k —1)b(14+ ¢, m—1,n4,ng, ng, N1, N12, n14) + “lower weight terms”.
Here the lower weight terms have the same property as P. We have another
relation from the equation (Lg — Hg)p =0
PG : 6(67 m + 27 Ty, N, 18, 110, 112, n14)

+ 2b(1 + £, m, ny, ng, ng, N1g, N1, N14) = “lower weight terms”.
We can write this in two different ways which will each come in useful

Psa : b(1,m, ny, g, ng, n1g, N12, N14)
= —2b(l4+1,m—2,n4, ng, ng, N10, N12, N14) + “lower weight terms”,
Pob, : 2b(1, m, ny, g, g, M0, N2, N14)

= _b(l_17 m+27 N4, Ne, N8, 110, 112, n14) + “lower Welght terms”.

Continuing, we have two further relations, from the equations (Lg — Hg)p =0
and (Lll) — Hlo)QO = O,

Py @ b(l+1,m+1,ny,ng, ng, n1g, N12, n14) = “lower p-weight terms”,

o«

Py b(0+2,m,n4, ng, ng, N1, N12,n14) = “lower p-weight terms”,

where the lower p-weight terms have the same properties as P, and P,. The
relations Py, Ps, Pip have a total of 24, 24, 19 terms respectively. As before, we
need to normalise the expansion, so we choose b(1,0,0,0,0,0,0,0) = 1. We need
to find relations which either express coefficients in terms of ones with lower or
equal p-weight.

Clearly we must take care with our recurrence relation to avoid infinite looping.
We find that the following choice of recurrence scheme results in a sequence which

decreases the p-weight after no more than one extra step at any point in the
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recurrence :

b(€7 m,nyg, g, Ng, 110, N12, n14)
(

0 if min{k, ¢, m,ny, ng, ng, n1g, N12,n14} < 0,
1 it £=1,m=ny=mng=ng=mn1="n12="n14 =0,
rhs(Pp) if k> 1,

P,
Py if k=1,m>0,

Ps) if k=1, m=0 (and{>0),
Pg) if k=0, m > 1,

P) if k=0,m=1 and ¢ >0,
Pyp) if k=0, m=0 and ¢ > 1.

\
Note that the structure of this complicated linear recurrence relation does not
depend on the moduli ;. We have used this to calculate the terms on the Hurwitz
series for the solution up to weight 40 in u; (weight 34 in the y;). As for the (2,5)-

curve, there is another possible recursion scheme:

b(& m,ng, Ng, Ng, N10, 112, n14)

0 if min{k, ¢, m,ng, ng, nig, n12, 14} < 0,
1 if /=1, m=ng=ng=n19g="n12=n14=0,
rhs(Py) if £ > 1,
) ths(K) if £=1,m >0,
| ths(Be) if £=1,m=0and k>0,
rhs(Py) if =0, m>0andk >0,
rhs(Ps,) if £ =0, m >0 and k =0,
| ths(F2) if (=0, and m = 0.

We have used this to calculate the terms in the series up to weight 40 in {u;}, or
equivalently, weight 35 in the {y;}. The first few terms of the expansion are given

as follows (up to a constant multiple):

6 U13U3 2 10 u17u3
o(u) = o(us,uz,uy) = 16—6| —2— T 27 gty + 6dgug ot 10' + 36414 o
4 3 5 12 9
Uy U3 uUi1uUs UsUq Uy U1 us
— - 2 —512ug——— + 64
DY a3, + 2pig 5l H6 o1 + 046 9l
w162 3,3 s 7
1 Ug U1~ us Us U7
+ 16#6 6'2' - 8#63—! 8M6j + 24pe 7 + -

Further studies are required to establish whether there are other recursion schemes
which can be used to generate the series, and which recursions could be considered

the most efficient in some sense.

48



4.7 Heat equations for the (3,4)-curve
We take the trigonal genus three curve ¢ = ‘53’4 in the Weierstrass form
y* = (s + ps + pox®)y + &t + per® + pox + 2.

The matrix V is given by

t
Visae Vieas

Visis Visas ]
b

where
2 i D s 6 16
Visrs= | dps §pe* —4pops+ 8 s — 5 2’15 + 9 fio
6pe  —5pa’ps + 9o 3 poPpe + X pops + 2 s’
and
8 g 9 119
Vizae=| 15h2’s — 5 papo — 5 puspe  § 2 pe—3% po’ps—g paps®—3 e +12 paa
3 22 s — 15 paps? +12 1o 21029 — T papispe + 12 psps
12 pyo

rlz pi2® o — %Mzuws - %Mesug )
2 uo? 12 — 15 paksi + 5 ps?

and the remaining elements are given by

1 7
Via=o; p21s* + 6 popiz — 5 Hoto + 4 e,

1 7 5 3
Vie=Vis= — po? Z _ 2,32
4,5 54 = 75 M2 H5H6 + 6 Hapsis — 15 Mo 5 H6119;
1 4 5 9
Vie = Vo4 = 2 12”5 o + 3 piofig® — B p15° s + 6 pg g — 1 1197,
1 5 8 4 8
Vs = pa’pe” + 2 po’ g + 3 H2lisHy — 3 pafispis = 5 115”16 + 3 1,
1 5 5 1
Vig = Vo5 = —= pio’ 3 - — sty — =
5,6 6,5 12 2" e g + O 2512 6 M2 g g 12 K5 9 9 5 6 148
1 11 4
Vs = o1 pio” po® + 2 popspire + s> paa — o Haksto + 5 piops>.

The discriminant A of ¥ is calculated by an algorithm provided by Sylvester, has
670 terms and is of weight 72. A calculation by Maple shows A = 3 -4 det(V).
Then we have

[Lo Ly Ly Lg Ly Lig) A=1[72 0 —8us® 1215 — Bpops — ps° — Aptaps | A

As in the (2, 7)-case, we have fundamental relations for these L; as a set of gener-
ators of certain Lie algebra. The symplectic basis of H} (% /Q[u]) in this case is
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given by

dx xdx ydx S5x2ydx 2xydx 2?dw
w5:3_y2’ w2=3—y2, w1=3—yQ’ n—s_S—yQ, 77_2:3—342’ N-1= 37
The matrices I'; = [ =4 taj } are given as follows® :
=Y Bj
5
ap =0, Po= 2 ; Y0 =0,
1
[ 2
az = L], Bs 15 H2® — 5 pe —5h2 |,
|1 —§ Hsh — 3 p2’
[ 5 psps — & popg + 15 s — S popispe —pops o
V3 = —pi2pis Zpspe g2 —pe |
L Ho é p2® — pe Hs
[ %/122 1
ay = 1 , Ba=| —% pspe )
L % H2 % Hs % Hs5
[ —112 ,1122/152 + 9 uap2 + %,U5/~69 + %NGNS %,UQMQ —%Mus
V4= 2 piapto SHope +3 M8 —5uspz |
I —3 Hapis — 3 Hsh2 16
[ 1 M6
ag = o Bo= | spm’us— e —ihs |
I 3 Haps — 15 Hs° —§ Hsh
r 1,.3,.2 2,29
{Fmain s b S 3
V6 = 3 Hsis Spops — 5 s 15 pe’us — Spe |0
i 3 2 5 M2t — 5 fo 2 g
[ 1 %M5M2
ar=|1 , Br= %M22M6—%M2M8_5T§2 —5h6 |-
I 3 M5 3 Hafly — 5 Hsie —3 fiapie + 3 1
[ ] 2 piopinz + 5 pspio — peps 2 psps
Y= | 2pepiz + 3 pspo — peks S papo — 3 pspis —§ M5+ § 12’6 — 5 paks
i 2 psps — g 5% + § p2pe — 5 pops 2 pg
(71 = — 3 paps® — L pspie® + 5 paapis + 2 pspg + 5 2 pspe — & po®uspis — papichs ),
1 —% M2 g
Qi = ;. P = 31 M2 o — 15 M5 is —iho |,
L %Ms Hap12 — 157 s pg + %MGNS —é M2ty
i e 2 puapis — § pisto 3 us®
o= | 2pops — 2pspo  Apspns — Epspe —d psps 4+ & pape |
I 2 jig? — L pspis + 15 p2 o 3 pa2

®These should not be confused with the symplectic basis of cycles o; and 3; in (3.2)
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1,1
(’7;0 ] = i M23M5ﬂ9 + M22M82 - % ,u2,u52,u8 + 3 papepiie — §u2u92

— 3 Hshelto + 5 pe s + 9 pspian )

4.8 The sigma function for the (3,4)-curve

Following [6] and from the conditions IC1, IC2 of (3.73), but using the Hurwitz
series form, the sigma function is of the form

l
Z 5 ( Us
U(U5,U2,ul) = [b(gaman%n57n67n8>n97n12)u1 <u 5>
£,m,n2,n5,m6,n8,M9,M12 !

m
(25) ™)™ (r®)"™ ()™ (san®)™ o)™ Gz 2)™

/(£ml (5 = 50 = 2m + 25 + 5ns + 6ng + 8ns + 9ng + 12n12)!) |.
for the (3,4)-curve. If we define
k;:5—5€—2m+2n2+5n5+6n6+8n8+9n9+12n12,
we can rewrite the above expression as
O'('LL5, Uz, U1> - Z b<£7m7 N2, N5, Ne, Ng, Ny, n12)

¢ k
2" 15" ™0 g™ o™ 122 us ua M uy

m! k! ’

where we require all the integer indices k, ¢, m, nsy, ns, ng, ng, Ng, N1z to be

non-negative. Note that the u-weight of this expression is kg = 5 + 2nsy + 5ns +
6ng + 8ng + 9ng + 10n12, which does not depend on ¢ or m. (Note also that
k = ko — 50 — 2m.) For fixed ngy, ns, ng, ng, ng, n1i2 > 0, kg > 0 is fixed, and
for non-negative k, we require £ =0, ..., |ko/5], m =0, ..., [(ko — 5¢)/2]. In
addition, we can use the condition that o is an odd function, o(—u) = —o(u); this
tells us that if kg is even(odd) then we should restrict ourselves to m even(odd)
respectively.

If we insert this ansatz into the equation for (Lo — Hp)o = 0, we get an expres-
sion which is identically zero, whatever the values for the b(¢, m, ny, ns, ng, ng, ng, n12).
If we insert the ansatz into the equation for (L3 — Hj)o = 0, we get (after some
algebra) the recurrence relation shown below, involving 34 terms (compare the
equations on p.68 of [6] for the genus 2 case). We can structure the relation by
the weight of each b coefficient (more precisely by the weight of the corresponding
term in the sigma expansion).

Contrarily to the (2,3)-, (2,5)-, (2, 7)-curves, we could not find any approach
for the (3,4)-curve to prove Hurwitz integrality of the expansion of o(u).

We call the recurrence relation, generated from (L3 — H3)o = 0, Rs:

24b(£7 m —+ 17 n2,Ns, Ng, Ny, Ny, n12>

+48mb(¢ 4+ 1,m — 1,ng, ny, ng, Ng, g, N12)
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= —12(4 — k)(3 — k) b(¢,m, ng,n5 — 1, ng, ng, ng, n12)
—36(nsg + 1) b(¢,m,no,ns — 1,n6 — 1,mg + 1,09, n12)
+4(ng + 1) b(¢, m,ny — 3,n5,n6 — 1,08, 19 + 1,112)
+2(n12 + 1) b(¢, m, ng — 3, n5, ng, Ng, Mg — 1, M99 + 1)
+4(ns + 1) b(¢, m,ny — 4,n5 + 1, ng, ng, ng, n12)
—8(ng + 1) b(¢,m,ny — 2,n5,n6,18 — 1,19 + 1,1712)
+2(ng + 1) b(¢,m,ny — 3,n5 — 1, ng,n8 + 1,19, 112)
—96(ns + 1) b(¢, m,ny — 1,n5 + 1,n6 — 1, ng, ng, n12)
—12(ng + 1) b(¢,m,ny — 1,n5,n6, 18 + 1,9 — 1,112)
—12(ng + 1) b(¢,m,ny — 2,n5 — 1,6 + 1, ng, ng, n12)
—4(nia + 1) b(6,m,ny — 1,n5 — 1,n6,n8 — 1,09, m12 + 1)
—4(ng + 1) b(¢,m,ny — 1,n5 — 2,16, 18, N9 + 1,112)
+120(ng 4+ 1) b(¢, m, ny + 1, n5 — 1, ng, ng, ng, N12)
—12(3 — k) b(¢,m + 1,n5 — 1, ns5, ng, ng, ng, N12)
—24m(3 — k) b(¢,m — 1,n9,n5,n6 — 1, ng, ng, n12)
—8m(m — 1)b(¢,m — 2,ny — 1,n5 — 1, ng, ng, ng, n12)
+244(3 — k) b(¢ — 1,m, ng, ns, ng, ng, ng — 1,n12)
—600(¢ — 1) b(£ — 2,m,na,n5 — 1,16, 18 — 1,19, N12)
+4m(3 — k) b(£,m — 1,ny — 3, ns, ng, ng, Ng, N12)
—L(l —1)b(f —2,m,ny — 4,n5 — 1, ng, ng, Ng, N12)
+40(0 — 1) b(£ — 2, m,ny — 2,n5, N, Ng, N9 — 1,M12)
+200(0 — 1) b(£ — 2,m,ny — 1,n5 — 1,ng — 1,05, ng, N12)
+240mb(f — 1,m — 1,n9 — 1,n5,n6,n8 — 1, ng, N12)
+8mb(l,m — 1,ny — 2,15, ng, Ng, Ng, N12)
+40b(0 — 1,m,ny — 1,n5 — 1, ng, ng, ng, n12)
—20b(0 — 1,m + 1,ny — 3,15, ng, ng, Ny, N12)
+360b(¢ — 1,m + 1,n9,n5,n6 — 1,08, N9, N12)
—36(n12 + 1) b(¢, m, ng, ns,ng — 1,n8,n9 — 1,192 + 1)
—T72(ng + 1) b(¢, m,ng, n5,ng — 2, ng,Ng + 1,n12)
+288(ng + 1) b(¢, m, no, ns, ng, ng, ng + 1,n19 — 1)
+192(ns + 1) b(¢,m, ne, ns + 1, ng, ng — 1, ng, n12)
+216(ng + 1) b(¢, m,na, ns5,ng + 1, ng, ng — 1, n12).

Note the two expressions on the left hand side, which are the highest weight terms,
at weight W = 2ns + 5ns + 6ng + 8ng + 9ng + 12n15. The next highest weight

term (underlined) is of weight W — 2, and the lowest weight terms are of weight
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W —13. Putting the ansatz into the equation for (Ly — Hy)o we get another
recurrence with 27 terms, which we call Ry :
—12b(6, m + 2, m2,n5, ng, N6, N9, N12)
+ 24(4 - k) b<£ + 17 m,ng, Ns, Ng, 1ig, Ny, nl?)

= 4b(€, m,ny — 1,ns, ng, 7187”9,“12)

+166mb(f — 1,m — 1,ny — 1,n5,ng, ng, N9 — 1,112)
—140b(0 — 1,m + 1,ne — 1,n5 — 1, ng, ng, ng, n12)
+400b(¢ — 1,m, ny, n5, ng, ng — 1,19, N12)

+16m b(f,m — 1,n9,n5 — 1, ng, ng, Ny, n12)
=700 —1)b(€ — 2,m,ny — 2,n5 — 2, ng, Ng, Ng, N12)
+1080(¢ — 1) b(¢ — 2, m,ny — 1, 15,16, N3, N9, 12 — 1)
+440(0 — 1) b(£ — 2,m,ng, n5,ng — 1,06 — 1,19, n12)
+12(5 — k)(4 — k) b(¢, m, na, ns, ng — 1, ng, ng, n12)
+80(4 — k) b(l — 1,m,ng — 1,n5,n6,18 — 1,19, M12)
+200(0 — 1) b(¢ — 2,m, ng,n5 — 1, ng,n8, M9 — 1,M19)
—288(ng + 1) b(¢, m, ng, ny, ng, ng + 1,9, 012 — 1)
—64(n12 + 1) b(¢, m, ny, ns, g, Ng — 2, ng, 13 + 1)
—40(ng + 1) b(¢,m, na, ns — 2,16 + 1, ng, ng, N12)
—216(1 + ng5) b(€, m, na, ns + 1,16, ng, N9 — 1,n12)
—80(ng + 1) b(¢,m,ny — 1,n5,n6 + 1,18 — 1,09, N12)

—4(0 — 1 —ng — 8ny — 2ng + k + 2m — 2ny)

-b(€, m,ny — 2,15, 16, Mg, Mg, N12)

—104(ng + 1) b(¢, m, no,ns — 1,n6,n8 — 1,19 + 1, n12)
+14(ng + 1) b(¢,m,ny — 1,n5 — 2, ng,ng + 1,19, n12)
+14(n12 + 1) b(¢, m,ne — 1,n5 — 1,n6, 18,09 — 1,m19 + 1)
+28(ng + 1) b(¢,m,ny — 1,n5 — 1,ng — 1,18, 09 + 1, 1n12)
—144(ng + 1) b(¢, m,ny + 1,15, n6 — 1,18, N9, N12)
+16m(m — 1) b(¢,m — 2, ny, 5, ng, ng — 1, ng, N12)
+16m(m — 1) b(¢,m — 2,ny — 1,n5,n6 — 1, ng, ng, N12)
+12m(4 — k) b(¢,m — 1,ny — 1,n5 — 1, ng, ng, ng, n12).

As for R3, the two expressions on the left hand side, are the highest weight terms,

at weight W = 2ng + 5ns + 6ng + 8ng + 9ng + 12n15. The next highest weight

terms are of weight W — 2, and the lowest weight terms are of weight W — 14.
We see that the two recurrence relations have the same terms in . Hence we

can take linear combinations to get two relations, each with only one leading term
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at weight W
1

k—m+

1

L —

These S34 and T34 connect the left hand side with terms of relative weight —2

Ss.4: b(€,m,n2, N5, N8, NG, Mg, N12) = (lower weight terms) (m # 0),

T5.4: b(L,m,na,n5, N5, Ne, Ny, N12) = p- (lower weight terms) (I # 0).

and lower, down to —14. In addition we have other relations from the equations
(LG — HG)O' = O, (L7 — H7)O' = 0, and (Llo — Hl())O' = 0 that

Rg : b({, m,ny,n5,ng, ng, ng, n12) = “lower weight terms”,
R;: b(¢,m,ng, ns, ng, ng, ng, n12) = “lower weight terms”,
Ryo : b(€,m,ny, ns, ng, ng, ng, n12) = “lower weight terms”,

respectively. Here the right hand sides are linear in the coefficients b with coeffi-
cients at most quadratic in k, £, m, ng, ns, ng, ng, Ng, N12 over the rationals but
each denominator is a divisor of 24.

Rg, R7, Rip have a total of 37, 47, 42 terms respectively and connect the left
hand side with terms of relative weight —5, —5, —8 and lower, down to —16, —17,
—20 respectively.

Ideally we would like to proceed as follows. Suppose we have already calculated
the b coefficients at weight W — 2. Then we would like to use one of the above
to calculate each coefficient at weight W. We could proceed in this manner to
calculate coefficients at successive weight levels to the required number of terms.
However this approach needs some modification. Recall that the weight does not
depend on ¢ or m. Clearly if / > 1 we can use Rg, and if £ = 1, m > 0, we
can use Ry;. Similarly if £ = 1, k > 0, we can use Rg. A short calculation shows
that if ¢ = 1, one of these two possibilities holds except in the special case ¢ =1,
m=mng = N5 = Ng = Ng = Ng = N1z = 0 which is covered later. For the case £ =0
we cannot use Rg, Ry, Rio. If m # 0 and m # (k + 1) we can use S34. All the
possibilities considered so far will reduce the weight by 2. There remain the cases
m =0 and m = (k+ 1) to deal with.

The case ¢ =0, m = 0 is handled as follows. Take 48(k —m) T3 4 :

48(m — k) b(¢, m, na, ns, ng, ng, ng, n12)
=8b(¢ — 1,m,ny — 1,ns5,ng, ng, N9, N12)
+ 12k b(¢ — 1,m + 2, n9, n5, ng, Ng, Ny, N12) + * - .
Shifting by ny — ng + 1, the first term in the right hand side is expressed as
b(l — 1,m,ng, ny, ng, ng, Ng, N12)
= —6(m —k —2)b({,m,ny + 1, ns, ng, ng, ng, n12)

- %(k’"‘?) b(l — 1, m + 2,n9,n5, N6, Ns, Ny, N12) + - - -
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On the right hand side we now have two terms of non-negative relative weight as
above of relative weight +2 which comes from the underlined term in R3 and of
relative weight 0 which comes from the underlined term in R,. Putting ¢ = 1,

m = 0, we have, say Tégf, that

b(0,0,ng, ns, M6, N, N9, N12)
=—0 (k -3 + 5€ + 2m) b(1707n2 + 17”57”67”87”97”12)
_%(k_3+5€+2m>6(0727n27n57n67n87n97n12) + -

The first term in the right hand side has f =1, m =0, and kK =5+ 2ny +--- > 0.
Hence we can apply R7 to this term to give a term with maximum relative weight
+2—5=—3. The second term has / =0, m =2, and k =14+ 2ny +5ns+--- so
k+1 > 2 and hence k41 # m. For this term we can apply 554 to produce a term
of maximum relative weight 0 — 2 = —2. Hence both terms of weight > 0 can be
expressed as terms of relative weight < —2, so our chain eventually decreases in
weight. The case £ = 0, m = (k + 1) is treated as follows. Take Rj, shift by
m — m — 1, and set £ = 0 to get

(0) .
Ry -b(o7ma”2>n5,716,”8,”97"12)

= —=2(m —1)b(1,m — 2,n9, 15,16, N3, N9, N12) + “lower weight terms”.

Now the first term on the right, b(1, m — 2, ns, ns, ng, ng, ng, N12), is of the same

weight as the term on the left. Write this as
b(17 mla N2, Ns, Ne, 1L, Ny, 7112),

with corresponding k-value &'. If min(k’, m’) < 0 then this term is zero as discussed
above. If ¥ = 0, m’ = 0, it is easy to show that m’ = ny = n5 = ng =
ng = ng = nip = 0, and this term 6(1,0,0,0,0,0,0,0) cannot be reduced further.
Otherwise one or both of k¥’ = 0, m’ is positive, so we can apply R; or Rg to
reduce the term to terms of relative weight < —2, so our chain terminates or
decreases in weight. These choices, plus the requirement discussed above that
b(¢, m,ny, ny,ng, g, ng,n12) = 0 if any of the {k, £, m,ny, ns, ng, ng, ng,n12} are
negative, define all the b(¢, m, ny, ns, ng, ng, ng, n12) in terms of the so-far undefined
b(1,0,0,0,0,0,0,0). Therefore the solution of the system

(L; — Hy)o(u) =0 (j =0, 3, 4, 6, 7, 10)

is of dimension one. Choosing 6(1,0,0,0,0,0,0,0) = 1, we summarise with k£ =
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5 — 50 —2m + 2ns + bns + 8ng + 6ng + Ing + 12n15 as defined as above as follows:

b(€7m7n2>n57n87n67n97n12) =
r
0 if mln(ka£>man27n57n67n87n97n12) < 07

1 if =1, m=ny=n5=ng=mng=ng=mny =20,
rhs(Ryp) it >1,
rhs(R7) if £>0,m>0,
) if £>0,k>0,
1) if £=0,m#0andm# (k+1),
) it l=m=0,
RY)y if t=0andm=(k+1).

\
We have used this to calculate the terms in the sigma series up to weight 40 in
{u;}, or equivalently, weight 35 in the {y;}. The first few terms of the sigma

expansion are given as follows (up to a constant multiple):

o (us, Uz, tn) = s + % B U1;22 — 22 2313|2 + 30y 7 2uz2uf!24
- 2M22u;i)5| + 126 po” ﬁ +24 5U188!u2 - M5u5u32!u13 8 5u5_2'5
-2 U S e
— 2u5° fg : + 432/161111'1 +51 0,u23u11—11‘1
- “2“57“”15”5572 — Hafs u5u33 + 288415 118?2 4o
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