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Determinant Expressions in Abelian Functions
for Purely Pentagonal Curves of Degree Six

Yoshihiro ONISHI

In this paper, we describe precise conjecture (see 9.1) of Frobenius-Stickelberger-
type formulae for purely d-gonal curves with unique point at infinity, namely, for a
curve defined by

yr =2 T At T 4 A+ N (Ajs are constants)

with ged(d, s) = 1 and d < s. In this paper we mainly proves the case (d, s) = (5, 6).
Although our proof is applicable for more general d, it seems for us that we need
a slight progress to prove the conjecture for all d. However, this case would be a
strong evidence supporting the conjecture. The expected general proof might make
the proof of this paper shorter. Expecting for the reader to find such the good
proof, this paper contains many materials which do not need for our proof of the
example. Simply saying, it seems that we need a improved Riemann singularity
theorem in order to find one of the best proofs.

Proposition 12.1 is the key of our proof. Our proof is quite different from that
for the case of hyperelliptic curves [03] It was impossible to apply the proof in
the case of trigonal curves [64] The proof of this paper starts from investigat-
ing fundamental properties of certain derivative o}, (see 12.1) of generalized sigma
function, which properties show directly the 2 variable case of the conjecture (see
12.14). In the next time we prove the conjecture when the number of variables
are exactly the genus of the curve (see 13.1). Then, we prove the conjecture by
decreasing the number of variables inductively. Finally, the cases whose number
of variables are bigger than genus are proved inductively. This final step is very
similar with those of [01], [02], [03], [04].

At the last, I would like to express my deep thank for J.C. Eilbeck, V.Z. Enolskii,
S. Matsutani, and E. Previato. The valuable discussions with them held at Tokyo
Metroplitan University in the late May, 2005, were big hints to have the conjecture.

Conventions. We denote by Z the ring of rational integers, by Q the field of ratio-
nal numbers, by R the field of real numbers, and by C the field of complex numbers.
The transpose of a vector u is denoted by “u. The symbol d°(z1, -+ , zm) = N means
a power series whose all terms are of total degree bigger than or equal to N with
respect to variables zq, - -+, z,,. This symbol does not mean that the variables 21,
.-+, zmym are all the variables contained in this power series.
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1. Schur-Weierstrass polynomaial.

In this section, we recall fundamentals on Schur-Weierstrass polynomials. The
main reference is [BEL2] and [Mac|. We assume that (d, s) is coprime pair of two
integers such that s > d = 2.

Definition 1.1 The decreasing sequence of positive integers that is not ex-
pressed of the form ad + bs with positive integers a and b is denoted by
Weier, s, and is called the Weierstrass sequence for (d,s). We denote its
elements as

Weier, s = {w,, wg_1,--- ,w1}.

The number g of this sequence is called its length.

Lemma 1.2 (Lemma 1.3 of [BEL2]) We have the followings on Weier, q:
(1) The length g of Weierg, s is (d —1)(s —1)/2;

(2) The mazimum element wy in Weiery s is 2g — 1;

(3) If w € Weiery g, then 29 — 1 — w ¢ Weiery s;

(4) If w > w and w € Weiery s, then w — w € Weiery s;

(5) Fori=1, ---, g, we have i £ w; < 2i — 1; especially, wy, = 1.

We prepare g variables

(1.3) (e ul® ) = (), ul?).

(w1)? 7wy (1) )

For 1 <k <291, let

(1.4 = ), gy =) )+l
and
U= (U U, e W )
(1.5) ui=u? +u® 4. 4@
= (U<wg>au<wg,1>7 S U )-

For each k = 0, we denote by

(1.6) (—1)kUk(U<w1>a T ,u<wg>)

the k-th complete symmetric polynomial of degree k with respect to u
If there is no afraid of confusing, we simply denote as

1
0y Ty Uy

~~

(17) Uk:Uk(U/(wl),"' ,u<wg>)_
If ’LLE{;H) — ... = ugg = O7 we denote the Uk(u(w1>7 C. ,u<w9>> as
(1.8) UIE:j] — Ul.[cj](u<w1>7"' ,uwg)) = Uk(u(l) +u(2) 4. _i_u(j)).



Definition 1.9 The Schur- Weierstrass polynomial of (d, s) is defined by
Sd,s = S,s (Ui Uz, 5 Ugzg—o)s Ugag—1))

= }Uwi—gﬂ'}lgigg,lggg'

To show that the determinant in 1.9 is no other than Sy s in [BEL2], p.86, we let

(1.10) Pj = J Uy
We introduce new variables s .y, Squwyys ***» S(w,y Which satisfy
(1.11) Pi= =Sy’ = Swy! = = sy’ (1S7S20-1).

We check that there exist such variables as follows: Let € (s) with 8 = (S(u,), S(u,),
", S(wy) be the fundamental symmetric polynomial of degree k with respect to

s;8. Then, as is well-known, that sy, S(uy), ** "5 S(w,) satisfy
—P1 1
L] TP —p1 2
(1.12) &tk(s):y : : : (k=1,2,---,2g—1).
—Pk—-1 —DPk-2 —Dk-3 -+ k-1
—Pk —Pk-1 —Pk-2 -  —D1

For the details about this fact, we refer the reader to [Mac, p.29, £. — 4 and p.28,
¢.13]. By the fundamental theorem of algebraic equations, we see that for given
value of € (s) there is the set s which satisfies (1.11). Therefore, the determinant
in 1.9 coincides with the Schur-Weierstrass polynomial Sy s(—p1, —p2,- -, —P2g—1)
just above Theorem 4.1 of [BEL2].

Remark 1.13 The u; here is different from z; in [BEL2]. The relation is z,, =
—ku . Moreover, we remark here that the direction of the integrals in (3.10) is
opposite from those of (5.3) in [BEL2]. The integrals their-selves are of constant
multiples each another.

While the determinant in 1.9 is obviously a function of 2g — 1 variables w,, %,
ey Ugag_ays Ugzg_1y, it is in fact independent of some of these variables as follows:

Proposition-Definition 1.14 The determinant (1.4) is a polynomial of only
g variables U .y, Uguyys =+ U,y SO that, we denote it as

S(U<wg>7u<wg,1>a S Uggy) = S (Wi Uiz Uiagoays Ugzg 1))

We call this also the Schur-Weierstrass polynomial of (d, s).

Proof. This is just Theorem 4.1 of [BEL2, p.86]. [
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We introduce special derivatives of the Schur-Weierstrass polynomial. We start
by the following definition:

Definition 1.15 The attached Sato weight for the k-th stratum is defined by
g—k

aw(k) =Y (w; —j+1).

J=1

The following Lemma would be useful for computing aw(k) for a small k:

Lemma 1.16

J d?—1)(s* -1
Foy-io- EY=D

Proof. Looking at the determinant expression (1.20) of S(u) for the case (d,s) =
(5,6), we see that the left hand side of the assertion is the sum of Sato weights of

its diagonal entries, and is equal to right hand side as is computed at just before
Lemma 4.4 in [BEL2]. O

We denote by O the subset of CY where a vector u? in (1.15) varies, namely,
we let

(117)  OM = {(w%u<1>wg, e CTTRCREEE 7%2u<1>wzau<1>) | uq € C} C CY.

Wg—1

More generally, we define

(1.18) O = {u® 4 4+ u™ [y e O 1 <5< n} CCY.

We define the following special derivatives of the Schur-Weierstrass polynomial
attached to each the stratification O

Definition 1.19 For 0 < k < g, the symbol 1% denotes the multi-index
with respect to the elements of Weier, ¢ that is the last one according to the
lexicographic order such that its total weight is aw(k) and that

(1.20) Sy (©™)

does not vanish.

In this situation, we have the following vanishing properties. While we do not
currently use these facts in our proof, they are interesting in the comparison with
the vanishing properties in 7.6 of oy (u), and are the natural degenerations of the
corresponding properties of oy (u).



Proposition 1.21 Let I be a multi-index with respect to the elements of
Weier, ;. Then we have the following properties:

(1) If sw(I) < aw(n), then S;(©™) = 0.
(2) Suppose sw(I) = aw(n). Then we have Sp(O"~1) = 0 by (1). In this
situation, if Sy(u) is not a zero function on O then, for u € O we have

Sr(u) =0 < ueO",
Especially, for u € O, we have
Spn(u) =0 <= ue 01,
(3) Suppose 1 <n < g, u? € OW (1< j < n), and v € O, then we have
Spner (u® + -+ ul +v)
= Sy (U 4+ u )y T 4 (d(v) 2w + ).

Proof. Because of the following three reason we do not prove this here.
(1) This Proposition is not used in our proof of the main results.

(2) This is proved by similar argument as in [O3].

(3) If we have presented the proof it would be quite long. O

We describe the case (d, s) = (5, 6) explicitly. In this case
g =10,

Weier; ¢ = {w1o, wy, ws, w7, We, Ws, Wy, W3, Wa, W1 }

=119, 14,13, 9, 8 7, 4, 3, 2, 1},

S(Waoy, Waray, 5 Wiy)
Uwo Ui Uiz Uiz Uy Uis Us Ui Ug Upg
Us Us Uz Us Uy Uyp U Uz Uiz Uwg
(1.22) Us Us Us Uy Usg Uy Uy Uin U Uss
Uo Uy Uz Us Uy Us Us Uy Us U
Uy Ui Uy Us Uy Us Ug U; Ug
Uo Uy Uz Us Uy Us Us Uy
Uo Uy Uy Uz Uy
Uy Uy Uz Us

Here the empty entries mean their entries are 0. The attached Sato weights aw(k)
are given as follows:

k r 2 3 4 5 6 7 8 9 10
aw(k) |26 19 13 10 7 4 3 2 1 0

(1.23)

S Sp Ss Spe Sps Spe Spr Sy Spe Spr (n 2 10)
S<4,8»13> S<379> 5(148> 5(37> S<7> S<4> S<3> S<2> S<1> S

(1.24)




2. Derivatives of Schur-Weierstrass polynomial of (5,6)

Any partial derivative of Schur-Weierstrass polynomial is given simply by a sum of
shifts of suitable rows. Namely, we have

O/ {\k+1 0
(2.1) = (-1) ZUT@UHT’

Ouy,
(k) >0

where we are writing simply U; = UJ[-"] (uyy). If we operate (2.1) to the determinant
(1.9) that express the Schur-Weierstrass polynomial, we get the sum of 10 terms
whose one of rows is shifted to the right by k entries. At the operation, we regard
each row is successive 10 terms of two-sides sequence

(22) Ty 0; 07 07 U07 U17 U27 U37 U47 U57

If we understand this operation as above, we can obtain the derivatives of S(u)
easily. For instance,

S(148)<u) - 8u(1>8U(4)8u(8) S(U)

Uw U Ui Uiz Ui Uis U Uiz Uig Ui
Us Us Uy Us Uy U U Uiz Uiz Ung
Uy Us Us Uy Us Uy Uy Unn Uz Uss
Uy Ui Uz Us Us Us Uz Us U
_ Uy Uy Uy Uz Us Us Us Uy
U Uy Us Uy Us Us Uz |’
Uy Ui Uy Uz U,
Up Uy Uz Uz

(2.3)

Here, the boxes |:| in the determinant above mean that we are going to shifting to
the right such as the boxed entries to be Uy. The reader should check that, except
only the unique term above, other all terms vanish. This should be sophisticatedly
explained in the future.



Continuing the calculation above, we have arrived that

Uw Unn Uip Uiz Uis Us Ug Uir Uig Ung
Us Us U; Us Uy Ui U Upx Uiz Uy
Uy Us Us Uy Usg Uy Uy Unn Uz Uss
Uy Ui Uy Uz Us Us

Uo

Uyp Ui Uz Us Us Us Us

Uy Uy Uy Us U

Uy Ui Uz Uz

Uy Ui U;

Uy Uy

Uw Ui Ui Uiz Uiw Us U Uir Uis Ui

(2.4) Us Us Ur Us Uy U Un Uz Uiz Uns

Us Us Us U; Us Ug Uy U U Uss

Up Ui Us

Uy Uy

Uo
Uww Ui Uiz
=|Us Us Uy
U, Us U

We list below the important derivatives of S(wu) by using similar calculation as
above. While only the results (2.5) and (2.6) below are important for our proof of
main results, whole the list below would be useful for the reader.

83
 OUy3, OU sy Oy
Uw U Ui Uiz Ui Us Us Uiz Uigs U
Us Us Ur Ug U Unn U Uiz Uy
Uy Us Us Uy Us Ug U U Ui
Uy Ui Uy Us Us Us U; Us U
(2.5) Up Uy Uy Us Us Us Us Uy Us
Uy Uy Uy Uz Us Us Us Uy

U Uy Uz Us U,

S<13,8,4>(u> S(u)




(2.6)

(2.7)

S o7s) (u) =

S<841>(U>

33

S(u)
Ou s 3
au(9>87;}7>1 U12 Ul}s
1
Uio o
Us Ug o
T g
. Uy U -
U
1
| Us
P §(u)
Ouyy 3
= aU<8>au(4> U12 Ul;}s
U Un .~ U7
oo o '
o U? Us -
Uo o g(l)
Uiz
Ui
Uio o ZZ
AR
4

Ui
Uy
Us
Uy

Uis
Uio
Uy
Us
U,
Us
Uo

Uie
Ui
Uio
Us
Us
Uy
Uy
Uo

Uiz
Uiz
Ui
Uz
Us
Us
Us
Ui
Uo

Uir
Uiz

Us
Uiz
Uiz
Us
Uz
Us
Us
Us
Ur
Uo

Uis
Uis

Ui
Uiy
Uis

Uz
Ui
Us
Us
Ur




(2.8)

(2.9)

Sray (1)

Siry(u) =

82

=S5 (u
B u 2
6U<3> UH [é}?
Uio o ;
Us o ;
Uy v
Uy 0
Uy o
Uiz
Ui
Uio o g;
Us o g
e
0
0_5(u)
Ou 7y o
Ui
Uio o ZZ
Us o i
0
Uy 0
Uiz
Un
o ;
5
Us
"l v ;
0
Uy

Uis
Us
Uz
Us
Us
Ur

Uiz
Us
Uz
Us

Uis
Us
Uz
Us
Us
Uy

Uis
Us
Ur

U,

10

Ut
Uy
Us
Uy

Ui
Uy
Us
U,
Us
Us

Uia
Uyg
Us
Uy

Uis
Uio
Uy
Us
Uy
Us
Uo

Uis
Uio
Usg
Us
N
Us
U

Uie
Ui
Uio
Us
Us
Uy
Ui
Uo

Ui
Uio
Us
Us
Uy
Uy
Uo

Uis
Uis
Uiz
Us
Uz
Us
Us
Us
Uy
U

Uis
Uiz
Uiz
Us
Uz
Us
Us
Us
Ui

Uiy
Ui
Uis
Uy
Us

Us
Us
Uy

Uig
Uiy
Uiz
Usg
Us

Us
U,
Uy




(2.10)

(2.11)

Sy (u) =

Ou 4

Ul 0 [[/}61
Us Us
U, Us
Us G

Ul 0 [561

Us Us

U, Us

- 5 i
0_S(u)
Ou s, .
Uio o
Us Us
U, Us
Us G
Ul 0 [561
Us Us
U, Us
Us Ui

U12

Us
Us
Ur
Uo

Uio
Uz
Us
Us
Ur

Ui
Uz
Us
Us
Ur
Uo

Uis

Uz
Us
Us
Ui

Uiz
Us
Ur
Us
Us
Ui

Uiz
Us
Uz
Us
Us
Ur

11

Uig

Us
Uy
Us
Us

Ut
Uyg
Us
Uy
Us
Us

Uts
Usg
Us
Uy
Us
Us

Uis

Uy
Us
Uy
Us
Uo

Uis
Uio
Ug
Us
Uy

Uis
Uiz
Uiz
Us
Uz
Us

U,
Uy

Uiy
Ui
Uis
Uy
Us
Uz

U,
U

Uiy
Ui
Uis
Uy
Us
Uz
N

Ui




© Ouy
Uwo Uit Uiz Uiz Uy Uis Ug Uir Uig Uig
Us Us U; Us Uy Ui Upn Ux Uz Uis
Uy Us Us Uy Us Uy Uy Upn Ui Uss
Up Ui Uz Uz Us Us Us U; Us Uy
U U Uy Uz Uy Us Us Ur Us
Ugo Uy Uz Us Uy Us Us Uy
Uy Uy Uy Us U,
Uyb Ui Uz Uz

(2.12) Us U,
Uy U

Uwo Ui Uiz Uiz Uy Uis U Ury
Us Us U; Us Uy Uyp Ui Up
Uy Us Us Uy Us Uy Ui Uy
Ugo Uy Uz Us Uy Us Us Uy

Up U Uz Uz Us Us Us

Ub Ui U,

S () = =5 (u)

Uw Unn Uiz Uiz Uy Uis Ui Uiz Uig Uig
Us Us U; Us Uy Ui Upnn Upp Uz U
Uy Us Us Uy Us Uy Uy Uin U2 Uss
Uo Uy Uz Us Uy Us Us Uy Us U

(2.13) Ug Uy U,

Uwo Unn Uiz Uiz Uy Uis Ui Uiz Usg
Us Us U; Us Uy Uy Unn Uz Uss
U Us Us Uy Us Uy Uy Unn Ure
Up Ui Uy Uz Uy Us Us Uz Ug

Upo U Uy Us Us Us Us
Uy Ui Uy Us

Uy Ui Us

Uy U,

12




3. Purely d-gonal curves with unique point at infinity.

Let (d,s) be the pair introduced in the beginning of Section 1, and let C' be the
algebraic curve defined by

(3.1) yr =2 Mt At T A+ N (A; are constants),

where we assume C' is a complete projective curve having the unique point oo at
infinity. The genus of C'is g = (d — 1)(s — 1)/2 if it is non-singular. Let

(3.2) Weier, s

be the sequence of increasing non-negative integers which are expressed as ad + bs
with non-negative integers a and b. We denote its elements by

Weier, s = {a1d + bis,asd + bas, -+ ,aqd + bys, - -}

(3.3) ={0,d,---,(s—1)d,---}.

Corresponding this sequence we consider monomials with respect to z(u) and y(u)
x%y% and the determinant

(229) ()|

154,55n

1 x(u(l)) %3 ybs (u<1)) cee ybj (uu)) . xa"yb" (u(1))
(3'4) 1 x(u(2)> anybg (u(2)> . xaj ybj (u(2)> .« xanyb’n (u(z))

1 x(u(")) xaii be (u(n)) P xaj ybj (u('n)) “ .. xan ybn (u(n))

This is so important for our main result. As is well-known, the differentials

w _ dx w _ zdx w _ rybada
(wg) =™ S d—17 “Hwg_1) T Sd—10 Mlwg2) T T 541
d g d g d
(3.5) Y Y Y .
_ x%y’idx
------ 5 w<w1> W
form a basis of the space of holomorphic 1-forms on C. For g variable points (x1,y1),
(x2,92), -+, (x4,y4) on C and the point oo, the values of integrals
U= (U<wg>au<wg,1>7 T Uy )
(3.6) (wlayl) (m27y2) (mgayg)
:(/ +/ +"'+/ )(ngwwwrm“'7W<w1>)
with any paths of integrals fill the whole space CY9. Points in CY is denoted by u, v,
u'? etcetera, and their natural coordinates are denoted as (U u,y; Ugw, 1)+ s Uguwy) )5
(Vtwgys Vewy 13" "+ s Vg ) (ui{jg),uiﬁgfl), -+, ug) ), respectively. All the values of

(3.6) with respect to closed paths of integrals are denoted by A, which is a lattice in
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CY9. The Jacobian variety of C' such that whose closed points over C is just C9/A
is denoted by J. The map modulo A is denoted by
(3.7) k:C9— CI/A=J(C).

Needless to say, A = k! ((0, 0,--- 7O)). We identify the point in J given by (3.6)
with the coset in Pic®(C) represented by the divisor (1, y1)+(z2, y2)+ - -+ (24, yg)—
g - 0o modulo linear equivalence. We embed C into J by this identification as

t: C — Pic®(C) = J,

3.8
( ) P+— P — 0.

More generally, for 0 £ k < g we have a map ¢ from k-th symmetric product

Sym*(C) to J defined by
(3.9) v : Sym*(C) — Pic®(C) = J
' (Pr- P> Pt o+ Py — k- 0.

We denote by W the image of this map: W* = ((Sym*(C). Especially, we
have W = (0,0,---,0), WM = (C), Wkl = J. We denote by [—1] the (—1)-

multiplication in J, namely

(3.10) [—1](U<wg>a T 7U(W2)7U(W1>> = (—U<wg>7 Ty T Wy —U<w1>>-
We let
(3.11) O = W™y 1w

and we call this the standard theta subset of dimension k. We note that £~1.(C) is

a universal Abelian covering of C.

Remark 3.12 If d = 2, we see O = W, In general, we have O £ W for
1<k<y.

Lemma 3.13 Ifu = (U, S Uy ) € K1(C), each Uy 25§ =

IS
g s expanded with respect to w.,, as

1wy
Uiwg) = o7 Yoo +o

Proof. We take t = 1/ as a local parameter at oo on the curve C. Then we
have that

(@.Y) pag—ji1 ybo—itidy
Wiw,y =

s dyd—l
- /t t_ajd_bj5+"‘ —d dt
(3.14) —Jy desdD) 4 gdtl
t
=/ (=9t 4. )de
0
= 1 Wi
_Wt + 7

J

14



and we have proved the statement. [

Lemma 3.15 If u = (W, Ugw, 1), " Ugwy)) € k~11(C), then the functions

z(u) and y(u) are expanded with respect to w,,, = s, as:

1 1
x(u): g +...7 y(u): 3 +...
U 1

Proof. These are proved similarly as in 3.9. [

Remark 3.16 We see that u,,, is a local parameter on £~ 1¢(C) at the origin of
C9.

The group of d-th roots of unity acts on C as follows. Let
(3.17) ¢ =e2™V1/d,
For a point (z,y) on C, the action is given by
(3.18) [Nz, y) = (2, Cy).

If we take an integer u such that (29 — 1)u (= spu) = 1 mod d, then we see

(3.16) [ gy = Ugungys [Clugy = Hug,

etcetera. Namely,

[C](Umgwuwrm e Uays Ugry)

= (Cu<wg>a§”wg_1u<wg-1>a s P Uy, CHugy ).

(3.19)

On z(u) and y(u), we have that

(3.20) 2([CJu) = z(u), y([CJu) = Cy(u).

15



4. The sigma function.

Now we are going to define the sigma function

o(u) = U(U<wg>7u<wg,1>7 C Uy)

(4.1)
= 0(Ugag—1ys Ugzg—a1y, " "+ Ugay)

associated to the curve C' according to Chapter 1 of [BEL1]. The function o(u) is
constructed by the date

—. the basis (3.5) of differential forms of 1st kind,;

—. certain special g differential forms 7y, 72, - - -, 1y of 2nd kind;

—. representatives ay, az, -+, ag, 1, B2, -+, B, of generators of H'(C,Z)
such that their intersections are «; - o; = 3; - B = d;5, o - B; = 0.

The below is according to p.68 and around the formula 1.2 in p.194 of [Bal]. We
consider the periods matrix

» = ([ ]

determined by w; of (3.5). Let us introduce

(43) (@), () = T 12 Tyt

and define differential forms n; = n;(z,y) of 2nd kind such that

00z, y), (x,y)) _ 09((.v). (+'4))

(4.4) ox ox'
' sz(ﬂf,y ni(@y)  wil@ y) ni(z,y)
P dzx x’ dz’ de

We consider the matrix of their periods

(4.5) [ "] = [/a i / ij,j—LZ

/ 1
We unify these matrices as M = [w/ C;;,, } . Since the sigma function that we want

g

to define is a function of u ., U, Uy, and M, we write

g71>, SR

(4.6) o(u) =o(u; M) = U(Umgwumg,lw T Uy M),

Here, M satisfies

(4.7) M [



(see (1.14) in p.11 of [BEL1]). This is the generalized Legendre relation. Let

& 2
(4.8) 6= 32)”
be a theta characteristic that gives the Riemann constant with respect to [w’ w”]
with base point of C' to be co (see (1.18) in p.15 of [BEL1] and pp.163-166 of
[MumTatal]). We remark here that the canonical divisor class of C' is (29 — 2)oc0
by (3.5), so that any theta characteristic is given by a vector in (%Z) 2 et

5(u) = exp(—un'w' ™" W))W uy W' W)
(4.9) = exp(—3un'w’ " ')
X Z exp 2m{1 tn+5 a 10}”(”-1-5/)-1- t(”+5/>(z+5//)}]'

nEZlO

Then, the sigma function is a non-zero constant multiple of g(u). The ratio of o(u)
by o(u) is fixed in 5.1.

In this paper, for a given u € CY, we denote by v’ and u” the elements in RY
determined by

(4.10) u=1u'w +u"w".
Then, for u, v € CY9, and £ (= V'w' + £"W" € A), we define

L(u,v) = "u(n'v’ +n"v"),

( ) —7T\/_( (tﬁ 5// tg//a/)_i_tg/g//) (G 7T\/—_1Z).

Under this situation, we describe important properties of the function o(u; M) as

(4.11)

follows:

Lemma 4.12 For any u € CY9, ¢ € A and v € Sp(2g,Z), we have
(1) o(u+ €M) = o(u; M) exp[L(u+ 1¢,0) + £(0)],

(2) o(usyM) = o(u; M),

(B) o(uy M) =0 <= ueOb .

Proof. This is a special case of [Bal], p.286, 1.22. See also [BEL1], p.12, Theorem
1.1 and p.15. O

Lemma 4.13 If we fiz M, the space of solutions ¢(u; M), that are entire in
u, of the functional equation

o(u+ M) = p(u; M) exp[L(u + 3£, €) + £(0)]

of type 4.12(1) is 1-dimensional. In other words, for a fized M, 4.11(1) char-
acterizes the sigma function up to multiplicative non-zero constant.

17



Proof. We prove the statement by using Frobenius theorem in [F|, which are
explained also in [L], p.93, Theorem 3.1. First of all, the Riemann form

(4.14) E(u,v) = L(u,v) — L(v,u)
attached to L( , ) has the following properties:

(4.15) { E(v—1u,v) = E(V/—1v,u) and this is positive definite;

E(u,v) = 2nv—1("/v" — W'"v').
These are proved similarly as Lemma 3.1.2 of [698]. Especially, the second in 4.15

shows that E( , ) has values in v/—1R, and the set of the values of this on A x A
is 2my/—1Z. So that, the Pfaffian of E(, ) is 1. On the other hand, if we define

(4.16) €o(f) = &£(0) + 3L (£, 0).

Then it is easy to show that our o(u) is belongs to

(4.17) Th(5 =L 57=5%0)

where we are using the notation of [L], Chapter VI. Therefore, [L], p.93, Theorem
3.1 shows the statement. [J
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5. The Schur-Weierstrass polynomial and the sigma function.

The Schur-Weierstrass polynomial coincide with the limit of the sigma function
when all the A; in (3.1) bring close to 0. More concretely, this is stated as follows:

Proposition-Definition 5.1 There is a non-zero constant c that does not
depend on the coefficients \js in (3.1) such that

o(u) =cS(u) + (d°(A1, Aoy -+, As) 2 1).

We define the sigma function o(u) to be the one whose c is 1. This definition
is slightly different from [02] and [O3].

Proof. This is the main result of [BEL2]. O

Lemma 5.2 The function o(u) has power-series expansion with respect to
Uiwgys " "5 Uwgys Uiwyy and belongs to QA1 -+ Ng][[Wquyys =+ s Uguyy]]. More-
over, it is homogeneous of Sato weight

sw(o(u)) = (d° —1)(s* — 1)/24.

Remark 5.3 It is plausible that the power-series expansion of o(u) above is
Hurwitz integral series with respect to ., y, -+, U,y Over Z[A1, -, Ag].

Lemma 5.4 Let ( = e2™V=1/d  Then we have
o(=[clu) = (-=1)"¢"o(w), S(=[¢lu) = (=1)°¢" S (u),

where b 1s an integer such that b = %

such that v = % mod d.

mod 2, and v is an integer

Proof. We know that —A = A, [(]A = A. The former is seen by considering the
path of integral of opposite direction for each £ € A. The later is seen from that the
action of [(] is coming from an automorphism of the curve C' and by considering
the path of integral given by the action [(]. These facts and 4.13 show that there
exists a constant K such that

(5.5) o(~[¢Ju) = Ko(u).

On the other hand, 5.2, the invariance of Sato weight by the action [(], and (3.16)
give that the constant K is of the claimed form. [J

Lemma 5.6 Let ( = e2™V=1/5_ [f (d, s) = (5,6), then we have
o(=[¢Ju) = —a(u), S(=[¢lu) = =5(u).
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6. Riemann singularity theorem.

In this Section we investigate the zeroes of o(u) and of its derivatives by using Rie-
mann singularity theorem and Brill-Noether matrix. Riemann singularity theorem
is stated as follows in our language.

Proposition 6.1 (Riemann singularity theorem) For a given u € k=1 (0l~1),
Let Py +---+ P, 1 —(g9g—1)-00 be a divisor on C that represent v modulo A.
Then we have

dimI(C,O(P1 + -+ Py_1)) =r+1

iof and only if the following two conditions hold:

(1) For all h < r and for all iy, ---, in € {wg,wg_1,- -+ , w2, w1},
Tliyiginy (W) = 0;

(2) There exists a multi-index of (r + 1) suffices (i1,42, - ,ir41), Such that
O liyigeipyqy (1) # 0.

Proof. Using the relation (4.13) of a theta series and the sigma function, this
statement reduces to the fact described in [ACGH], pp.226-227. O

To compute dimI'(C, O(P; +- - -+ Py_1)), we define the Brill-Noether matrix as
follows. For concreteness, we take local parameter ¢ around each point P on C as

y if y(P) =0,
(6.2) t=< x—z(P) ify(P)+#0and P # oo,
g~ 1/d if P = oc.

We denote by P(t) the point on the neighborhood of P on C' that corresponds to
the value t of the local parameter above. Let Q! be the sheaf of the holomorphic
differential forms. For each pu € T'(C,Q'), let

’ dZ—H P(t)

6.3 I‘w(P) =+ __ |

(6:3) WP =G [,

Though this depends on the choice of ¢, it is not important for our discussion. So
that, we do not write ¢ on this symbol. Since y is holomorphic, I*u(P) takes a finite
value at each point P. Let P;s are pairwise different points. We consider effective
divisor D := 25:1 n;P; with n; > 0 for all j. The matrix of size deg D := > n;
columns and g rows whose (ny + -+ nj_1 + £,i)-entry is I‘w;(P;) is called the
Brill-Noether matrixz associated to D, and is denoted by

(6.4) B(D),

where 1 < ¢ £ n; and w; being those of (3.5). Our calculation is based on the
following.
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Proposition 6.5 Let D be a effective divisor on C'. Then we have

dimT'(C,O(D)) = deg D + 1 — rankB(D).

Proof. For each pu € T(C, ), there is unique set of constants ¢y, - - -, ¢, € C such
that © = ciwy + -+ + cywy. If we write D = Z?Zl n;Pj, then the following three
conditions are equivalent:

(663) e F(Ca Ql<_D))7
(6.6b) §‘u(P;) =0 for all j and £ with 1 < j <k and 1 £ ¢ < nj, and

c1 0
(6.6c) B(D)| : | ="
Cq 0
Hence
(6.7) dimT(C, Q' (—~D)) = g — rankB(D).

The Riemann-Roch theorem shows that
(6.8) dimT(C, O(D)) =deg D — g + 1 +dimI'(C, Q' (- D)),
and that dimI'(C, O(D)) = deg D + 1 —rankB(D). O

This Proposition is used in 11.1 and 12.1 later.
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7. Derivatives of the sigma function and the stratification.

Definition 7.1 We define the attached Sato weight for the k-th stratum by
g—k

aw(k) =Y (w; —j+1).

J=1

The reader should compare this with (1.15).

Example 7.2 If (d,s) = (5,6), then aw(k) is given as follows:

k|1 2 3 4 5 6 7 8 9 10
aw(k) |25 19 13 10 7 4 3 2 1 0

Definition 7.3 Let I be a multi-index taken from the set Weier,, =
{wg,wg_1,--+ ,we,w1}. We ignore its order. In this paper we call such a
multi-index simply multi-index. In this paper we always indicate any multi-
index by ( ). For instance, we denote as I = (4332111). The derivative o(u)
of o(u) corresponding a multi-index [ is defined by

<MM=(H a)ﬂ@

ou,,
icl W

Of course, multiplicated ¢ € I we derivate appropriate higher partial derivative.

Definition 7.4 Let [ be a multi-index. Then we denote by sw(I) the simple
sum of the elements of I. Here sw means Sato weight.

Definition 7.5 We denote by " a multi-index such that sw(§™) = aw(n) and
that it is the last one according to lexicographic order of indices of Sato weight
aw(n) with Sy» (u) being not a zero-function on £~ (©!"). Since we use §' and
h? often, we denote these as # = f', b = 4.

In the case (d, s) = (5,6), we have the following definition (see also 1.21).

Definition 7.6 We define the following special derivatives o(u):

o O o3 Op4 Oy Oye Oyt Ops Ope Opn (n 2 10)

0(4,8,13) 0(379) 0(148) O(@37) O(1) O4) 0(@3) 0(2) (1) O

0753 03864 010,7,5 086 06 o7 g 09 010 o
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It is very plausible that the following hypothesis is true.

Working hypothesis 7.7 Let I be a multi-index. Then we have the following
assertions.

(1) Ifsw(I) < aw(n), then or(k~1(O")) = 0.
(2) Assume sw(I) = aw(n). Then oy satisfies the translational relation
or(u+€) = or(u)exp[L(u + 3, £) + £(0)]
for u € O and ¢ € A, where L(-,-) and £(-) are those defined in (4.11).
Especially, for u € O and £ € A, we have
oy (u+ £) = oy (u) exp[L(u + 3,0) + £(0))].

In this situation, we have or(k~ (O 1)) = 0 by (1), If o7 is not a zero-
function on k=1(©™), then for u € k= H(O™) we have

or(u) =0 <= uecr O
Especially,

op(u) =0 <= uecr (O ).
(3) Let 1 = n < g. Ifu € v 1O and v € Kk 1(C), then we have an
expansion of the form

g1 (w4 v) = oga (W)ve, " T 4 (A% (v ) 2 wa + 1)

Theorem 7.8 The hypothesis 7.7 is true for the cases
(d,s)=(2,29+1) (921),
(3,4), (3,5), (3,7),etc.,
(5,6), etcetera.

Remark 7.9 For (d,s) = (2,2g + 1), 7.8 is proved by [03], and for (d, s) = (3,4)
that is proved by [O4]. The similar method shows 7.8 for each case (d, s) = (3, s).
While this paper shows the case of (d,s) = (5,6), we need more improvement of
method in order to prove for any (d, s) once for all.

In this paper, we use a method which we call peeling method to prove 7.8. It
seems that the most sophisticated way to prove 7.6 requires quite precise version
of Riemann singular theorem. If we had have such theorem, then we can reduce
many things about the sigma function to the Schur-Weierstrass polynomial.

Remark 7.10 (1) We have sw(I) = 0 if and only if I = (). Therefore, 7.6 states
that o(u) satisfies the translational relation on C9 = x~1(©!9)), that o(0l~1) = 0.
These facts are no other than 4.12.

(2) We have sw(I) = 1 only for I = {1}. The hypothesis 7.6 asserts that o, (u)
satisfies the translational relation on ©¥~" and that o,,(©¥~?) = 0.

(3) For the cases sw(/) > 1 we prove 7.8 in Sections later.
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8. Table of derivatives of sigma functions

Here we present oyn(u) defined in 7.5 explicitly for several cases of (d,s) in the

following table. If d = 2, namely, if C' is a hyperelliptic curve, then we have very

simple rule of 1. If d = 3, we have not know such a simple rule.

8.1 Table of 7"
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9. Statement of The Main Result.

Conjecture 9.1 Let n = 2 be an integer. Then we have

d— . v .
o (U +u® 4 -4 ut) H1§i<j§n HV:} oy (u® + [CV]u)
[T, o2(u) @ D03
d—2

= £ () () |21 ()
1SijSn 1SijSn

where the signature “£” coincides with the signature appeared in the top of the
right hand side of

Shn =+ ’ Uwg+1_i—aw(n)+1—j ’
1Zi,55n

Especially, if n = g, then it is always to be “+”.

If 9.1 is true, then we have the following.

Corollary 9.2 (Kiepert-type formula) If 9.1 is true, then, for n = g and
u €k 1(C), we have
o o(nu)
¢n(u) T O-u(u>n(d—1)(n—1)+n

= £y ) | (@ ) (),
2<i,j<n
where © means (d/du,)?, and the signature “t” coincide with the top signa-
ture in the right hand side of
Sgn = | Vwypr_i—aw(n) 41— ‘
1Si,jSn
Especially, if n 2 g, then it is always to be “+”. Here, the determinant is of
size (n —1) x (n—1).

While we prove this for the case (d,s) = (5,6) in Section 21, general case is
proved similarly.

Theorem 9.3 The Conjecture 9.1 and 9.2) are true for (d,s) = (2,29 + 1)
for any g 20, (3,4), (3,5), (5,6), etcetera.

References are [002], [004], [005], and [O-trig]. For the case (d, s) = (5, 6), they
are proved in the following Sections.
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10. The peeling method.
We explain how to read Tables form 22.3 to 22.13. Roughly speaking,

—. Each number in the 1st column indicates the Sato weight of the index of
the corresponding function in the 2nd column.

—. Each (ij---¢) in the second column means the function o ;. .

—. In each of the 3rd column, if we have only one number there, the number
means the largest k& such that the function in the 2nd column vanishes
completely on O, If we have three numbers k, (jk---m), and c there in
this order, this means the function in the 2nd column equals to ¢ times of

O sy OF O,

For instance, the top of Table 22.4 is as follows:

Weight | Function | Stratum | (1111) | (211) | (22) (31) (4)
1 ) 8 130 [ 2212 | 0 | 1/1/3 | 0

The index (1) in the second box means the function o,. While this function is
derivation by u,,, we have its Sato weight 1 in the 1st box. The third box means

(10.1) o) =0 (for ue ).

The following five boxes means that the terms of u,,3 in the expansion of o, (u +
v) (v € ©M) with respect to vy, is of the form

(10.2) U<1>(u[7] +v)=-+ (%@1111) + ﬁU@n) + %3‘7<3>)<u[7])u<1>3 +o

Another example is the sixth column of Table 22.4:
| Weight | Function | Stratum | (1111) | (211) | (22) | (31) | (4) |

3 @1y [ 7,3),-1] o0 i [ o 0 | 0

The (21) in the second box means the function o ,,,. Whole this function is obtained
by 8%/0u 5, 0u,,, from o(u), the number 3 in the 1st box is the sum of Sato weight
of u,, and of u,. The 3rd box means that

(10.3) 0o (u) = (=1) X o5 (u) (for ue ©)

The following boxes mean the terms of u,,® in the expansion of o, (u'® + v)
(v € ©M) with respect to vy, is of the form

(10.4) U<21>(U[6] +v)=-+ %0<211>(u[6])v<1>3 +oee

We shall be attentive mostly on the 3rd column and the last row. The other columns
are written easily. Especially, the 5th column and its following columns are written
only by knowledge of Taylor expansions

In each Table from 22.1 to 22.13, the last row means the linear relation(s) of the
null space of the matrix given by the Table.
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11. Derivative of the sigma attached to the first stratum.

Proposition 11.1 For the curve C' with (d,s) = (5,6) (genus g = 10),
the hypothesis 9.6 is valid. Namely, for § = (4,8,13), we have the following
statements:

(1) o4(u) is not a zero-function on x~1(OM).

(2) Suppose v € k~1(OW). Then oy(v) =0 < v € A.

(3) Ifu e r=H(OW), then

o3(u+ 1) = oy(u) exp[L(u+ 3,£) + £(0)],
where L(-,-) and &(-) are those of (4.11).
(4) Ifve x1(C), then

o(v) = —vy, 0+ (d°(vyy) 2 11).

Proof. Let Q € C be the corresponding point to a generic v € x~1(©™) modulo
A. The Brill-Noether matrix B(D) associated to D = @ + 8c¢ is given by

[Fun(v) FPan(v) FPas(v) FPa(v) Pas(v) Pag(v) FPar(v)  Pas(v)  Pag(v)  Pwro(v) ]
0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0
11.2) | o 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0
L O 0 0 0 1 0 0 0 0 0 J

and rank B(D) = 7. Thus, we have dim I'(C, O(D)) = 3 by 6.5. Hence o, ,,,(v) =
0 for any ji, j2 by 6.1. Therefore, the translational relation holds for o 5 4,(v) on
x~1(OM), The principle of arguments, that is a calculation of the integral around
a fundamental polygon obtained from the Riemann surface associated to C after
taking logarithm for the translational relation, shows that there are exactly 10 ze-
roes with counting their multiplicities Since S 1554 (V) = —v1,19, We see 01554 (V)
is not a zero-function and its zeroes are only at the points in A. O
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12. The formula for n =2

Proposition 12.1 The divisor of the entire function v — o,(u" + v) on
k~1(OW) is well-defined modulo A. This function has zeroes of order 6 at each
point in A, zeroes of order 1 at [(?]u™ (j =1, ---, 4) modulo A, and no other
zeroes elsewhere.

Proof. We denote simply u™ = u.

Step 1. Let P; and @ € C are points on C corresponding to u = u and v modulo
A. The Brill-Noether matrix B(D) associated to the divisor D = P} + Q + Too is
given by

[Fw(u) Pan(u) FPaws(u) FPa(u) Pas(u) Pas(u) Pwfu) Pag(u) FPag(u) Pwio(u)]
Puw(v) DPuws(v) Fus(v) FPag(v) Pas(v) Pus(v) Pw(v) Pag(v) Fag(v)  Pwio(v)

0 0 0 0 0 0 0 0 0 1
(12.2) | o 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

L O 0 0 0 0 1 0 0 0 0o

and rank B(D) = 7. By 7.5 and 7.1 shows that o, ,,,(u +v) = 0 for any j; and
jo2. This, however, is proved by the peeling method. Therefore the translational
relation holds for o g3 (u+v). The principle of arguments for the logarithm of the
translational relation shows that the zeroes of the function v +— o 473, (u + v) on
k" 11(C) has exactly g = 10 zeroes modulo A with their multiplicity.

Step 2. We consider the function

o, (u + v) oy, (u + [Cv)oy (u + [¢Pv)oy (u + [¢Plv)oy (u + [¢]v)

(127) o3 ()55 ()

of u € k1(C) and v € k~14(C). By 11.1, the function (12.7), as a function of v
(resp. of u), has only pole at u € A (resp. v € A), and its order is 10 x5—6 x5 = 20.
Since every factors of (12.7) satisfy the translational relation, the function (12.7)
of w and v is periodic with respect to A. If a factor, for example, v — o}, (u + [C]v)
vanishes at vg, then [(*]vg is a zero of v — o, (u + [¢(*7*]v). Hence (12.7), as a
function of u (resp. v) on C|, has divisor that is linearly equivalent to 0. Here we
have used the relation 14+(+¢2+¢3+¢* = 0. Therefore, Abel-Jacobi theorem shows
that (12.7) is a rational function of x(u), y(u), z(v), and y(v). If we consider their
poles, we see that (12.7) is a polynomial of z(u), y(u), z(v), and y(v). Moreover
(12.7) is invariant under v +— [(”]v (resp. u — [¢¥]u), and u <> v. It is homogeneous
with respect to Sato weight. Thus, (12.7) is a symmetric polynomial of x(v) and
x(u) of degree 4.

Step 3. By (2.6), we see

10, 6 9. 7 8. 8 79 6. 10
(12.8) Siorsy (u+v) = uqy vy, + Uy Oy + Uy VT Uy V0T F Uy Vg,
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Therefore, o,(u + v) = 0975 (u + v) is not a constant function, and has only pole
at the origins of order 6.
Step 4. If we consider (12.7) when u = v, namely,
, 0 u)oy (u + [(Ju)oy (u + [Cu)oy (u + [¢Plu)oy (u + [¢Hu)

() '
The 1st factor of the numerator of this has of degree 16 by (12.8), and the other
factors in the numerator has of degree at least 26. Hence, (12.9) is a power series
of u.,, of degree at least (16 + 26 x 4) — 10 x 10 = 120 — 100 = 20. Since this
is a polynomial of x(u), it must be identically 0. This argument shows that the

(12.9)

function
o, (1 + v)oy, (u + [CJv) oy (u + [¢%v) oy (u + [¢Plv)oy (u + (o)
oy(u)doy(v)®

(12.10) v —

vanishes at v = u.
Step 5. By our argument above, at least one factor of the numerator of (12.9)
except the 1st factor vanishes when v = u. Suppose that

(12.11) v — oy, (u+ [C]v)
is such a factor. This means that for any value of u,,, we have
0= oy (u+[¢]v)],_,
(12.12) = (v (u+ [CJv) = Sy (u+ [¢]v)],_,
= (e1r,15A Ty P (Copy) + - ')}U:u (cke € Q).
Because this is an equation of indeterminates Ay, - -+, Xg, u,, it holds also when

we change ¢ by (" (h = 2, 3, 4). Please do not confuse that this does not imply
cke = 01in (12.12). For example, we shall note that

(12.13) uy v = ue Mg P = ug oy =

when v = u. Anyway, we have proved that (12.11) vanishes at 4 points v = u, [(]u,
[¢%]u, [¢3]u modulo A. This fact shows that v — o,(u + [¢/]v) also vanishes at 4
points v = [(*]u (i +j # 0 mod 5) modulo A. Summing up our arguments, we
see that (12.11) has pole only at v = (0,---,0) modulo A, whose order is 6, and

4 zeroes at v = [Cu, [¢?]u, [¢®]u, [(*u modulo A of order 1. The other factors of
numerator in (12.7) has the same property. [

By the proof above we see the assertion 7.7 holds for n = 2. Now we know that
(12.7) above is no other than (z(u) — m(v))4, so that we have proved the following.

Corollary 12.14. Suppose u and v are two variables on k= 11(C). Then we
have
4

0y (u + v)oy (u + [¢Jv) oy (u + [¢*]v) oy (u + [Plv)oy (u + [¢Hlv) ’ 1 a(u)
oy(u)Soy(v)® 1 z(v)
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13. The formula for n =10

Proposition 13.1 We have the following equation :

o(u® +u® + -+ u® + w0 [T icqo [y 05 (0 + [CVu)

H;il oy (u)37

u®) 2?(w®) ay®) P ®) 23 wW®)  2?y(u®) oy (u®) oy

1oa(®)  y( ’(

Loz@®)  y®)  2?@®)  ay®)  ?@®)  2Pw®)  2?yu®)  ay?(u®) oy
Loz@®)  y®)  22@®)  ay®)  y?w®)  2?@®)  2?yu®)  ay?@®) g3 u®)
Loz@®)  y®)  22w®)  ay®)  p?@®)  2Pu®)  2Py(u®)  wy?(u®) gy (u®)
Loz@®)  y®)  22w®)  ay(u®) y?@®)  22u®)  22y(u®)  wy?(u®) gy (u®)
Loz@®)  y@®) 2?@®)  ay®) ?@®)  2P@®)  2?yu®)  ay?(u®) oy
Loz@®)  y®)  2?@®)  ay®)  ?w®)  2Pw®)  2?yu®)  ay?(u) oy
Loa@®)  y®)  2?@®)  ay®) ¢?w®)  2?@®)  2?yu®) ey @®) oy u®)
Loz@®)  y@®) 22@®)  ay®) p?@®) 22w®)  2?yu®)  wy?(u®) gy (u®)
1 x(u(m)) y(u(l())) IEQ(U(IO)) Ty u(lO)) yQ u(lO)) x3(u(10)) IEQy('LL(lO)) ny(u(IO)) y3(

z(u®)  22(u®)  23u®) ozt
4 u(2)) xﬁ(u(z)) x7(u(2)) T

(
(
z(u®)  2?(uw®) 23 (u®) 2
z(u®)  22u®)  23W®)  at(
z(u®)  22(u®)  23W®)  2t(u®) =z
z(u®)  22u®)  23W®)  at(
z(u®)  22u®)  23u®)  x4(
z(u™)  22(u@)  23®)  x¥(
4

8
8
8
8
u®)  ZSW®) 2T (w®)  o®
8
u®) 28w ™)  2T(u™) 28

8

(

( o(

( o(

( (
W®)  28(u@®)  ZT(w®)  B®)  29(u®)
( o(

( o(

( o(

( (

z(u®)  22w®)  23@W®)  2Aw®) 22w ®)  2w®)  2Tw®)  2Bw®) 2

O T S S S S S =

Proof. We denote simply u*® = v, and consider the two sides by regarding as
functions of v mainly. A basic property of the function CY > u — o(u) ([FK1],
p-290, Theorem and p.291, Theorem; or [FK2|, p.308, Theorem and p.310, Theo-
rem) shows that the divisor of the zeroes of the left hand side is linear equivalent
to 0 (in Pic®(C)). The relation 5.1 of the Schur-Weierstrass polynomial S(u) and
o(u), this function o(u) is not a zero function 0. Since the left hand side is a peri-
odic function of v € k71 (C) (resp. v € Kk 1(C) for j =1, -+, 9) because of the
translational relation, Abel’s theorem ([FK2|, p.93, I11.6.3, Theorem) states that
the left hand side is a rational function of z(u?), y(u") (j =1, ---, 9), and z(v),
y(v). Proposition 11.1 states that the left hand side has only pole at the points in
A, it must be a polynomial of z(u"’), y(u’) (j =1, ---, 9) and z(v), y(v). The
order of the pole at v = (0,0,---,0) is

(13.1) —(14+6x9%x4—-10x37)=-153

by 11.1 and 11.2, The left hand side as a function of v is coincide with the right
hand side up to non-zero multiplicative constant. Indeed, each pole of the left hand
side as a function of v is of order —5 x 9 x 3 —6 x 3 = —153. This coincide with that
of the right hand side. The right hand side as a function of v has zeroes at each
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u®)  2B®)  26wW®)  2Tw®)  B®)  29w®)

z(u®)  22w®)  23W®)  2Aw®)  2Pw®)  2w®)  2T(w®)  2BW®)  22u®)

x(u(lo)) x2(u(10)) x?’(u(lo)) x4(u(10)) xs(u(lo)) xG(u(lo)) x7(u(10)) x8(u(10)) xQ(u(lo))




v = u® of order 4, and at each v = [¢(/]u® (j =1, ---, 4) of order 3. There are
4 x9+3 x9 x4 =144 zeroes totally. This zeroes coincide with those of the factors
in the products of ¢, in the numerator. Let o (k =1, ---, 9) be the remaining
153 — 144 = 9 zeroes of the right hand side. We can prove that the left hand side
also has zeroes at every v = ) of order 1 as follows. Abel’s theorem shows that

04(1) + 01(2) 4+ 4+ a(9)
+4u + 3([CJu + [Clu® + [Clu® + [¢Hu™)
(13.2) +4u® + 3([CJu® + [*u® + [Clu® + [¢Hu®)

+4u® 4+ 3([Ju® + [Clu® + [Clu® + [(u®) € A
By using the relation 1+ ¢ + (2 + ¢3 4+ ¢* = 0, we have
(13.3) a® +a® 4+ +u +u® 4+ u® e A
Therefore, we see that
(13.4) o +u® +--- 4 u® +v)
has the same zeroes with
(13.5) olv—a® —a® —...—a®).

This function has 10 zeroes at v = (0,0,---,0), a®, -+ a® by 4.12(3). The
principle of arguments implies as in the proof of 12.1 that all these 10 zeroes are of
order 1. Hence, the left hand side is a product of the right hand side and a function,
say a(u®,u® ... u®), which is independent of v. If we regard the left hand side
as a function of each of u’, we see that it has pole only at u = (0,0, ---,0) modulo
A. We know that it already has of order 153 which is the order of the pole of the
right hand side. Thus the function a(u™,u® ... u®) must be independent of
u¥s, and be a constant, say a. Since the relation that we have obtained must be
hold for any A;, a(u™,u®,---  u®) is independent of A;. Here, we note that the
two sides has the same Sato weight. While we can show that a = 1 by calculating
the expansions of the two sides, it is tedious for us. We postpone knowing the exact
value of a and proceed without determining its value till the finish of the proof of
20.1. Then we might understand that a =1. [
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Corollary 13.9 The function v — o(u® + u® + u® + u® + u® + u® + 4™ +
u® + u® +v) has zeroes at (0,0,---,0) modulo A, and at the non-trivial zeroes of
the function

v [

L oa(®) ) @) ay®) ) @) ye?) ePe®) ydu)
L oa(u®) y®) a2u®) ay®) P?) @Su®) B2ye®) o) ydu?)
L oa®) y®) a2u®) ay®) @) @Bu®) ?yw®) e®) ydu®)
L oa®) y®) @2(w®) ay®) Pe®) @*w®) ) wp®) yu®

L oa(u®) y®) @2(w®) ay®) P2®) @3u®) 2ye®) w®) yBu)
L oa(u®) y®) @2u®) ay®) Pw®) @w®) a?y@®) wp®) yu) )
L oa(u) y®) @2u®) ay?) pP0) @Su®) ye®) e®) ydwu)
L oa(u®) y®) a2(w®) ay®) 2®) @3u®) 2ye®) eP®) ydu®)
L oa®) y®) @2(u®) ay@®) ) @3u®) 2ye®) e®) ytu®)
L) oy 20) ) P ) Py i) P o)

namely, at the 9 zeroes modulo A of this determinant except points u™, u®, u®,
u®, u®, u® u, u® u® modulo A, with of order 1 for all zeroes. The function
claimed above has no other zeroes. Especially, the assertion 7.7 holds for n = 10.
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14. The formula for n =9

Proposition 14.1 We have the following equation:
0o (u® +u® + -+ u®) [y ;g [Tomy 0 (u + [¢Vu)
[Tj—, op(u®)

1oz@®) yu®) 2?(w®) zy®) y?(w®) 2?@®) 2?yu®) zy®(u®)
Loz@®) yu®) 2?w®) zy®) y?@w®) 22@u®) 22yu®) zy?u®)
Loz@®) y®) 2?(u®) zy®) y?w®) 22@w®) 22yu®) zy?@u®)
Loz@®) yu®) 2?(u®) zy®) y?w®) 2?@w®) 2?yu®) ay?(u®)

=11 2@®) y®) 22@®) zy@®) y?@u®) 23@w®) 2?y(u®) wzy>(u®)
1oz@®) yu®) 2?(u®) zy®) y?@®) 2?@w®) 2?yu®) zy’u®)
1oz@®) y®) 2?(w?) zy®) y?(w®) 2?@®) 2?yu®) ay?(u®)
Loz@®) yu®) 2?u®) zy®) y?@®) 22@w®) 22yu®) zy?@u®)
Loz@®) y®) 2?w®) zy®) y?@®) 22@®) 2?yu®) zy?u®)
1 z@®) 22@®) 23w®) z4@®) 2B@®) S@®) 27w®) 2Bu®)|3
1 z(w®) 22w®) 23w®) 24@w®) 25w®) 28u®) 27(u®) 28u®)
1 z@w®) 22w®) 23@w®) 24@w®) 25w®) 28u®) 27(u®) 28u®)
1 z@®) 22@W®) 23@w®) 2%@u®) 25@W®) 28u®) 27(u®) 28(u®)
1 2w®) 22w®) 23@w®) z4@W®) 25w®) 28u®) 27(u®) z8u®)
1 2w®) 22w®) 23w®) 24@w®) 25w®) 25u®) 27(u®) 28u®)
1 z@®) 22(u®) 23®) z@u™) 2®@w?) 26w®) 27(w®) 28u®)
1 z@w®) 22@w®) 23w®) 24@w®) 25w®) 28u®) 27(u®) 28u®)
1 z@w®) 22@w®) 23@w®) 2*@W®) 25@w®) 28w®) z7(u®) z8u®)

Proof. In the sequel, we write simply
(14.2) w =y 4+

for u®, .-+ u® € k~1(OW). We expand the formula is 13.9 by v,,. Lemma 4.12
shows that o(u) vanishes on ©F!) we have

(14.3) o(u® +v) =0, (uW)vg, + -
The expansion of the right hand side of 13.9 by v,,, is coincide with the right hand

side of the claimed formula this Proposition because of 3.15. Summing up this with
11.1 and 12.1 gives the desired formula. [
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Corollary 14.4 The function v — oy (u™ +u® +u® +u® +u® 4+ u® +

u™ 4+ u® + ) has zeroes only at (0,0,---,0) modulo A, and at the non-trivial
zeroes of
v |

1oz(@®) y®) z?@®) zyu®) y?@®) z?@®) 2?y®) zy?(u®)
1 oz(u®) y@®) 2?@®) zyu®) y?*@®) z?@®) 2?y®) zy?u®)
1oz@®) y®) 22u®) zyu®) y*u®) 2?@w®) 2?y@®) zy*@®)
1oz®) y®) 22w®) zyu®) y*u®) 2?w®) 2?y@®) zy*(u®)
1oz(u®) y®) 2?@w®) zyu®) y?>@®) 2?@®) z?y(u®) zy*u®) |,
1oz(u®) y@®) z?@®) zyu®) y*@®) z?@®) 2?y@®) zy?u®)
1oz@®) y®) @) zyu®) y?*@) 2?@) 2?y)  zy?(u®)
1oz@®) y@®) 22u®) zyu®) y?@w®) 2?w®) 22y@u®) zy*@®)
1oz(v)  ylo)  2?(v)  aylv)  yP(v) 2P(v) 2Py(v)  ayi(v)

namely, 9 zeroes modulo A of this determinant except for the points u', u®,
u®, u®, u®, u®, u™, u® modulo A, with of order 1 for all zeroes. The
function claimed above has no other zeroes. Especially, the assertion 7.7 holds

forn=29.
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15. The formula for n =8

Proposition 15.1 We have the following equation:
4 i v1,, G
ops (U +u® 4 - u®) H1§i<j§8 T_, o0 (u® + [¢¥]u®)
] ]
Hj:l oy (u)?

Loz@®) yu®) 2?(w®) ayu®) y?@®) 2?@w®) a?yu®)
Loz@®) yu®) 2?w®) zy®) y?*@®) 2?@w®) z?yu®)
1oz@®) yu®) 2?w®) ayu®) y*@®) 2?@w®) 2?yu®)
_ 1 o2@®) y@®) 2?@w®) ay®) 2 (w®) 23 (w®) 2?y(u?)
|1 2@®) y@®) 2?(w®) zy(u®) () 23 u®) z?y(u)
Loz@®) y®) 2?(u®) ay®) y?@®) 2?@w®) a?yu®)
1oz@®) yu®) 2?@w™) azy®) y*®) 2?@w®) 2?y(u®)
1 oz@®) yu®) 22w®) azy@®) y?@®) 2?@w®) 2?yu®)
1 zu®) 22®) 23@®) z4@w®) 25w®) 28w®) z7(um)|3

1 z@w®) 22w®) 23w®) 24u®) 25w®) 28u®) z7(u®)

1 2@w®) 22w®) 23@w®) 24@w®) 25w®) 28w®) z7(u®)

1 z@®) 22w®) 23@w®) z4w®) 25@w®) 28w®) z7(u®)

1 2@w®) 22w®) 23@w®) z4@w®) 25w®) 28w®) z7(u®)

1 z@w®) 22w®) 23w®) 24u®) 25u®) z8u®) z7(u®)

1 z@™) 22@w™) 23w®) 24u®) 25w®) 28u®) z7(u?)

1 z@w®) 22@w®) 23@w®) 2*@w®) 25w®) 28w®) z7(u®)

Proof. We use the notation (14.2) here. We denote the variable ©® in 15.1 simply
u® = v = (Vey, Vaay, - - V). Paying attention to the fact oy, (u®) = 0 of 14.1,
we expand both sides of the equation in 14.1 by v,,. Then we have

(15.2) ooy (U™ +v) = on (WMo, +---

Since vy = 3v41,2 + - - -, the expansion of o(u® + v) with respect to v, is of the
form

o (u +v) = o, (W) + g5 o0, (W),

(15.3)
+ % 0@)@[8])(%@(1)2 4. ) + ...

Because o(u'® 4 v) is identically 0, the coefficients of the 2nd order terms relate as
(15.4) % 0y (ul) = _% 0 oy (ul™).

By (15.2) and (15.4), we see

(15.5) o (U +0) = =0 (U)o + (d°(v) 2 2).

and the desired formula has been obtained. O
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Corollary 15.6 The function v — oys(u® +u® +u® +u® 4 u® +u® +

u'™ +v) has zeroes only at (0,0,---,0) modulo A, and non-trivial zeroes of
1oz®) y®) 2?@®) zyu®) y*®) a?®) z?y(u®)
1 oz(u®) y®) 2?w®) zy(u®) y?*@®) z2@®) z?y(u®)
1 o2(u®) y®) 22w®) zyu®) y?*@®) 22w®) z?y(u®)
Loz@®) yu®) 2?@w®) zy®) y*w®) 2®@w®) z’y(u?)
T e®) y@®) 22®) ay®) g2u®) @u®) @lyu®) |
1oz@®) y®) 2?@®) zyu®) y?*@®) z?@®) z’y(u®)
1 oz@®) y®) 2?@w?) zyu®) y?*) 2?@®) z?y(u®)
Loz ylv) 2?) zy(v)  yiv) 2B(v) 2Py(v)

namely, the 9 zeroes modulo A except the points u™, u®, u®, u®, u®, u®,

u™ modulo A. The function claimed above is no other zeroes elsewhere, and

its all zeroes are of order 1. Especially, the assertion 7.7 holds for n = 8.
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16. The formula for n =17

Proposition 16.1 We have the following equation:
7y (W 0+ ) Ty Ty 000 + [
[Tj_, ox(u)?
Loa(@®) yu®) 22(u®) ayu®) y?@w®) 2*(u®)
L oz@®) y®) 22(w®) zyu®) y’u®) 2°u®)
L oz@®) y®) 22w®) zyu®) y?u®) 2°u®)
=11 z(@®) y®) 2@?) zy@u®) yu®) z5(u®)
Loa(®) y®) 22(u®) ayu®) y?w®) 2°(u®)
Loa(®) y®) 22(u®) ay®) y?@w®) 2°(u®)
1oz@®) y®) 2?w®) zy@®) y*@?) 2°u?)
1 z@®) 22@w®) 23w®) 2z*(u®) z®u®) 28u®)3
1 2u®) 22w®) 22w®) z24u®) 2°Ww?®) 2%u®)
1 z2(u®) 22w®) 23w®) 24u®) 2°Ww®) 25(u®)
x 1 z(@w®) 22(u®) 23®) 24(u®) 2°w®) 25(u®)
1 2u®) 22w®) 22@w®) 24u®) 2°Ww®) 2%u®)
1 2u®) 22w®) 22w®) z24u®) 2°W®) 2%u®)
1 z(w®) 22w®) 23w®) z4u®) 2°@w®) 25(u®)

Proof. We use again the notation (14.2). The variable u® is simply denoted by
U = (Vi10y, Vaays -+, V0y). By 15.1, we see that o, (ul®) = 0. Using this fact and
Table 22.2 with the expansion

(16.2) (o (W™ +v) = opm (@)vg, + - )
. 0oy (U™ +v) = 0 (W vy -

we are going to expand both sides of the equation in 16.1 by v,,,. We also use the
expansion with respect to v, of o(ul” 4+ v) by using u,, = %U(UQ + - -+, namely,

(16.3) o(u” +v) = o, (u) vy + 51 o (W
. +%U@)(um+U)(%U<1>2+...)+...

Since o(u™ 4+ u) = 0 identically, the terms of degree 3 have the relation
(16.4) 31 01 (U™) + 5 000 (u™) + 3 0 (u™) = 0.

Moreover, if we expand o, (u” +v) with respect to v, by using v, = %U<1>2 4.

)

then we have
oy (U™ +u) = onn (WM, + 5 oy (WM )v g,

(16.5)
+ 51 0y (W) (Gugy 4 ) -

Because o(u!™ + u) = 0 identically, the terms of degree 2 have the relation
(16.6) 21 0 (W) + 5y o (u) = 0.
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The equalities (16.4) and (16.6) give
(16.7) oy () = 0, (u) = o, (u).

Summing up the results above, we have the Table 22.3. Adding 9.1 and 10.1 with
this, we have the desired statement. [

Remark 16.8 The relation (16.7) is consistent with the uniqueness of functions
on the 8th stratum up to multiplicative constants which have the translational
relation, and with 6.4.

Corollary 16.9 The function v — oy (u® +u® +u® +u® +u® +u'® +v)

has zeroes only at points (0,0, ---,0) modulo A, and the 9 zeroes modulo A of

the determinant
Loz®) yu®) 2®(u®) zy(®) y*(u®) 23(u®)
1o2@®) y®) 2?(u®) zy(u®) y*(u?) z°(u®)
1o2@®) y®) 2?(u®) zy(u®) y*(u?®) z>(u®)

vor— |1 o2(?) y®) 2?(u®) ayu®) y(u®) z(u®)

Loz(®) yu®) 2®(u®) zy®) y*u®) 2*u®)
Loz®) yu®) 2?(u®) zy®) y*@u®) 2°@w®)
1oz yl)  2?(v)  wy(v)  yPv)  2P(v)

o2

u® modulo A of this. The
function claimed above has no other zeroes, and its all zeroes are of order 1.

except the trivial zeroes u™, u®, u®, u™, u®,

Especially, the assertion 7.7 holds forn =17.
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17. The formula for n =6

Proposition 17.1 We have the following equation :
a0 (u® +u® 4+ uO) [Tgie e [Tym v (0 + [¢7]u)
[Tj—y o (u)?!

Loz@®) y®) 22w®) zyu®) y>(u?)
Loau®) y®) 22@®) zyu®) y*(u®)
_ |1 2@®) y@®) 22@®) zy(u®) y?(u®
T 2®) y®) 2?@®) ay(u®) R (u®)
L oz(@®) y@®) 22u®) zy®) y>(u®)
1 oz(@®) y@®) 22w®) zy@®) y*u®)

X
—_ e e e e

Proof. We remain using the notation (14.2). We again write simply v = «”, and
We are going to expand both side of the equation in 16.1 by v, = ug Since the
Table 22.3 indicates all the derivative by the coordinates of total Sato weight at
most 2 of o(u) on O are identically 0, we see that

(17.2) o) (U +0) = ooy () o)+
This and the Table 22.4 shows that
(17.3) —0 a1y () = 01y (W) = =022y (u) = =075y (u) = 04y ().

Now we have the desired equation. [

Corollary 17.4 The function v — oye(u™ +u® +u® +u® +u® +v) has the
zeroes only at the points (0,0,---,0) modulo A of order 3 and at the 7 zeroes
of order 1 modulo A of the determinant

P(uD) y(u®) P2@®) wy®) g
w(u®) y®) 2?2w®) ay®) y*(
z(u®) yu®) 2z*u®) zyu®) y*(u®)
z(u®) y(u®) 2*(u®) zyu®) y*(
() y(u®) 22w®) wy®) v
a(v)  yl)  2P(v)  wyl)  yP(v)

except the trivial zeroes u™, u®, u®, u™®, u® modulo A of this determinant.

[\
IS
—~
N
o7
~

1
1
v 1
1
1
1

The function claimed above has no other zeroes. Especially, the assertion 7.7

holds for n = 6.
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18. The formula for n =25

Proposition 18.1 We have the following equation:
o (U +u® 4+ u) [T <y s [Ty 05 (u + [¢]u®)

[T;—y o (u)17

1oa®) y®) 22@®) wy®)|[1 a@®) 2?@®) adud) i) |3

Loa(@®) y®) 22w®) ayu®) |1 o@®) 22w®) 23u®) 2% (u®)
= 1|1 :E(’LL(?’)) y(u(3)) mQ(u(i”)) my(u(3)) 1 :IZ(’LL(S) :EQ(U(S)) m3(u(3)) m4(u(3))

Loa@®) y®) 22@®) ay@®) |1 o@®) 22w®) 22u®) 2%u®)

1 o2@®) y®) 22@®) zy®)[|1 2@®) 22w®) 2*@w®) %)

Proof. We still use the notation (14.2). We again write simply v = u‘®, and We
are going to expand both side of the equation in 17.1 by v,, = ui% Since from
the Table 22.1 to Table 22.6 indicates all the derivative by the coordinates of total
Sato weight at most 5 of o(u) on ©F are identically 0, we see that

o (U +v)
(18.2) = 3|U(4111>( u® ]>'U(1) + 2210(421>( ul ]> (1)0(2) + 0'<43>(’LL(5))’U<3> +-
- (%0-(4111 + 2 U<421 ( ) + §U<43>('LL(5))U<1>3) + -

This and the Table 22.7 shows that

(18.3) 0 iy (U) = 00y (W) = 04y (W) = =07y (u).
Adding 9.1 and 10.1 with this, we have

(18.4) 00y (U +v) = —o i (U)o, + (d°(vy)) 2 4).

Hence, we have proved the desired formula. [

Corollary 18.5 The function v — oy (u™® + u® + u® +u™ +v) has the
zeroes only at (0,0,---,0) modulo A of order 3, and at the zeroes of non-trivial
zeroes of the determinant

z(u®) yu®) 2?(w?) ay(u®)

w(u®) y®) 2*(u®) zy(u®)

z(u®) y®) 2*(u®) xy(u(g))

z(u®)  yu®) 2?(®) ay(u®)

z(v)  yl)  2?(v)  ay(v)

namely, at the 7 zeroes modulo A except the trivial zeroes u'™, u™, u®  u®

4
e

modulo A of this determinant. The function claimed above has no other zeroes.
Especially, the assertion of 7.7 holds for n = 5.
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19. The formula for n =4

Proposition 19.1 We have the following equation :
ot (0 +u? + 0 +u) [y Ty o + )

1 z(u®) yu®) 22wl z@®) 22u®) 2z3u®)3
1 2(uw®) yw®) 22(w®)||1 z(w®) 2*(u®) z3(u®)
11 z@w®) y@w®) 22@w®) |1 z@w®) 2?2(u®) z3(u®)

1 2u®) yuw®) 22w®) 1 z@®) 22w®) 23u®)

Proof. We still use the notation (14.2). We again write simply v = u®, and We

are going to expand both side of the equation in 18.1 by v,, = ug; Since from

the Table 22.1 to Table 22.9 indicates all the derivative by the coordinates of total
Sato weight at most 9 of o(u) on O™ are identically 0, we see that

0y (ul* +v)
(19.2) = %0<7111>(U[4]>U<1>3 + 2%“(721>(U[4]>U<1>U<2> + O (73 (U[4])U<3> +

= (30711 (U") + S0 7oy (u!) + %U<73>(u[4]))v<1>3 +oeee
By the Table 22.10, we see that
(19.3) iy (U) = 02y (W) = 0470y (u") = —07 (g3, (ul”).
Therefore, we have that
(19.4) 0oy (U + ) = =0 (Wi * + (d°(vgr)) 2 4),

and showed the desired formula. [

Corollary 19.5 The function v — opa(u” +u® 4+ u® +v) has the zeroes
only at (0,0,---,0) modulo A of order 3, and at the non-trivial zeroes of the

determinant
1 oz@®) yu®) z?(u®)
1 z(w®) yu®) z?(u®)
T a®) y@®) 2?w®) |
1

z(v) y(v) ?(v)
namely, at the 7 zeroes of order 1 modulo A except the zeroes u™, u®, u®
modulo A of this determinant. The function claimed above has no other zeroes.
Especially, the assertion in 7.7 holds for n = 4.
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20. The formula for n =3

Proposition 20.1 We have the following equation:
o (" + 0+ u) Ty gy Ty 00 (w4 [€7]u)

[T, o uo)

oy
L o) p)] |1 ) 2’
— 1 w®) g |1 au) 2u?)
1 o2(@®) y@®)| |1 2w®) 22we)

Proof. 'We still use the notation (14.2). We again write simply v = u®, and We
are going to expand both side of the equation in 18.1 by v,, = ui‘ﬂ Since from
the Table 22.1 to Table 22.12 indicates all the derivative by the coordinates of total
Sato weight at most 12 of o(u) on O are identically 0, we see that

0 (s2) (U +-v)
(20.2) = 310 (82111 (U ])Uu + 2510 (5901 () 003y U2y + O g0y (U )0y + -+
= (0210 (W) + 30201, (U™) + 50802 (W) J v, + (d°(v)) 2 4).

This and the Table 22.13 imply that

(20.3) U<832>(U[3]) = ‘7<8221>(U[3]) = a<82111>(u[3]) = ‘7<931>(U[3])-
Hence, we see that

(20.4) 0 sy (U +0) = 03y ()03 * + (d°(viry) 2 4).

This shows the desired formula. [

Corollary 20.5 The function v — oys(u +u® +v) has the zeroes only at
the points (0,0,---,0) modulo A of order 6, and at the non trivial zeroes of
the determinant

z(u?)  y(u®)

1
oo 1 a®) yu®)
Loz(v)  y(v)
namely, the 4 zeroes modulo A except the zeroes u'™V and u® modulo A of order
1. The function claimed above has no other zeroes. Especially, the assertion

7.7 holds for n = 3.
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21. Kiepert-type formulae

Proposition 21.1 We have the following formula:
o, (2u)
oy(u)?

= 5y (u)*.

Proof. From 11.1(4) and 10.8, we have

o,(2u)  Buyy'®4--- 5 4
op(u)t  (uf +--)t up

(21.2)

From 11.1(3) and 12.1(3), we see that (21.2) is a periodic function with respect to
A, and that its poles are only at the points in A. By 4.15, we know that

oy ([CJu) = CPoy(u), oy([CJu) = oy (u).

Therefore, we see that

7(20CJ) _ 400(20)
y([CJu)t ~ ° oyt

Thus, the assertion has been proved. [J

Lemma 21.2 We have the following:
oy (u + [¢Jv) oy (u + [¢PJv) oy (u + [Plv) 0 (u + [¢F]v)

. _ 3
o 75 P00, — ) -

Proof. By 12.14 and 21.1, we have

ot e @ [0 0, (1 [¢]0) 0, (1 + [€0) o + ()
o)’ J 7, (W)05(0) () — ) )
R ap (u+v) oy (u + [(Jv) 0y (u + [(]*]v) 0y (u 4 [¢]*]v) oy (u + [¢]*]v)
v oy(u)doy(v)5(uny — va)t
ORI 0N
o g—m ( u(1> — ’U(1> )
dx 4

- gl—rg (dum (u))
_ (By(u)*\4
- \y(u)? )
=5ty (u)*

Hence the statement. [
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Corollary 21.3 (Kiepert-type formula) If u € k= (C), then we have the
following:
U (u) =

ogn (nu)

AN :i:yn(n—l)/Z(u) . (xajybj)(i—l)
oy (u)n(4n—3)

254,550

(u),

where @ means (d/du,,,)",
e { “r (ifn=6,8, 2 10),
“~7  (otherwise).
The determinant is of size (n — 1) x (n —1).

Proof. For each factor x(u™) —x(u"’) of the Vandermonde determinant in 9.7, we

have q
lim z(u) — x(v) _ da
v Uy — Uy dug,

(u) = 5y(u).

This and 21.2 implies the statement. [
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22. Tables of peelings

Table 22-1 (Omitted.)
Table 22-2 (Omitted.)
Table 22-3
Weight 3 1 2 3
Weight | Function | Stratum [(111) | (21) | (3)
0 0 9 | 1/3! [2/21/2[1/1!/3
1 (1) 8 |1/2 |1/11/2] o
Result 1 -1 1
Table 22-4
Weight 4 1 2 3 4 5
Weight | Function | Stratum |[(1111) | (211) | (22) (31) (4)
0 0 9 1/41 [3/31/2[1/21/4|2/21/3 |1/11/4
1 (1) 8 1/31 [2/21/2] 0 |1/11/3] 0
2 (11) 7 1/2! |1/11/2] 0 0 0
2 (2) 7 0o | 1/2" |1/11/2] o0 0
3 111y |7.¢3), 1] 1/11 | o 0 0 0
3 21)  |7.43),—1] 0 | 1/11 | o0 0 0
3 (3) 7,(3), 1 0 0 0 1/1! 0
Result -1 1 -1 -1 1
Table 22-5
Weight 5 1 2 3 4 5 6
Weight | Function | Stratum [(11111) [(2111) | (221) | (311) | (32) (41)
0 0 9 1/51 |4/41/23/31/4[3/31/3[2/2!/6 |2/2!/4
1 (1) 8 1/41 [3/31/2|1/21/4|2/21/3| 0 |1/11/4
2 (11) 7 1/31 [2/21/2] 0 |1/11/3] 0 0
2 (2) 7 o | 1/3 |2/21/2] o |1/11/3] o0
3 (111) [6,(3), 1| 1/2! [1/11/2| o0 0 0 0
3 1) 16,(3),-1] 0 | 1/2! [1/11/2] 0© 0 0
3 (3) 6,(3), 1 0 0 0 1/2! |1/11/2 0
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Table 22-6

Weight 6 1 P 3 4
Weight | Function | Stratum | (111111) | (21111) | (2211) | (222)
0 () 9 1/6! 5/5!/2 |6/4!/4|1/3!/8
1 1) 8 1/51 | 4/41/2 [3/31/4] 0
2 (11) 7 14 | 3/31/2 [1/21/4] 0
(2) 7 0 1/41 |3/31/2]1/21/4
3 A11) 6 /30 | 2/21/2| 0 0
(21) 6 0 1/31 |2/21/2| 0
(3) 6 0 0 0 0
10 —4 2 0
Result 0 _6 4 0
5 6 7 8 9
Function | (3111) ] (321) | (33) | (411) | (42)
() 4/41/316/3!/6|1/2!/9|3/3!/4|2/2!/8
Ay 3/31/312/21/6] 0 [2/212] 0
ay [2/2173] 0 0 | L/ | 0
(2) 0 |2/21/3] 0 0 |1/11/4
i1y [1/1/3] 0 0 0 0
(21) 0o |1/11/3] 0 0 0
3y | 1730 |2/21/2]1/11/3] 0 0
1 —1 1 0 0
9 -3 0 -2 1
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Table 22-7
Weight 7 1 2 3 4 )
Weight | Function | Stratum | (17) [ (211111) | (22111) | (2221) | (31111)
0 0 9 1771 6/61/2 [10/51/4 [4/41/S| 5/5!/3
1 1) 8 1/61] 5/51/2 | 6/41/4 [1/31/8| 4/41/3
2 (11) 7 1/51] 4/41/2 [3/31/4| 0 |3/3/3
(2) 7 0 1/5! 4/41/2 13/3!/4 0
3 (111) 6 /4| 373172 [ 1/21/4 | 0 | 2/21/3
(21) 6 0 | 1741 |3/31/2|1/21/4] 0
(3) 6 0 0 0 0 1/4!
1 | 1) | 6,@),—1[1/31] 2/21/2 | 0 0 | 1/11/3
(211) | 6,(4), 1| 0 | 1/31 |2/212| o0 0
22) | 6,(4),—1| 0 0 /30 [2/212] 0
31) | 6,(4),~1| 0 0 0 0o | 1/3!
@ 6@, 1] o0 0 0 0 0
5 | (11111) |6, (41), —5|1/21| 1/11/2 | 0 0 0
(2111) |6,(41), 3| 0 | 1/20 | 1/11/2| o0 0
(221) |6, (41), 1| 0 0 1/20 |1/1/2| o0
(311) |6, (41),~-2| 0 0 0 0o | 1/2
(32) |6,(41), 0| O 0 0 0 0
(41)  [6,(41), 1] 0 0 0 0 0
Result 15 -5 -1 3 3
6 7 8 9 10 11 12
Function | (3211) | (322) | (331) | (4111) | (421) | (43) @
(Y [12/41/6 |3/31/12 |3/31/9 |4/41/4 |6/31/8 [2/21/12 |1/11/7
(1) 6/3!/6 0 1/21/9 |3/3!/4 12/2!/8 0 0
ay | 2/21/6 0 0 [2/21/4] 0 0 0
(2) 3/31/3 [ 2/21/6 | 0 0 |2/21/4| 0 0
(111) 0 0 0 |1/11/4| 0 0 0
(21) 2/2!/3 0 0 0 1/11/4 0 0
(3) 3/31/2 | 1/21/4 [2/21/3 | 0 0 | 1/14 | 0
1111 0 0 0 0 0 0 0
(211) | 1/11/3 0 0 0 0 0 0
(22) 0 1/11/3 | 0 0 0 0 0
(31) | 2/21/2 o [1/11/3] 0 0 0 0
(4) 0 0 0 /3! 12/21/2 | 1/11/3 0
(11111) 0 0 0 0 0 0 0
(2111) 0 0 0 0 0 0 0
(221) 0 0 0 0 0 0 0
(311) 1/11/2 0 0 0 0 0 0
(32) 1/20 | 1/1/2 | 0 0 0 0 0
(41) 0 0 0 120 |[1/1/2 | 0 0
1 —1 0 —1 —1 —1 1
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Table 22-8

Weight 8 1 2 3 4 5 6 7
Weight | Function | Stratum (18%) | (2111111) | (221111) | (22211) | (2222) | (311111) | (32111)
0 () 9 1/8! 7/7'/2 15/6!/4 | 10/5!/8 | 1/4!1/16 | 6/6!/3 | 20/5!/6
1 (1) 8 1/7! 6/6!/2 10/5!/4 | 6/4!/8 0 5/5!/3 | 12/41/6
2 (11) 7 1/6! 5/5!/2 6/41/4 1/3!/8 0 4/41/3 6/3!/6
(2) 7 0 1/6! 5/5!/2 6/41/4 1/3!/8 0 4/41/3
3 (111) 6 1/5! 4/41/2 3/3!/4 0 0 3/3!/3 2/2!/6
(21) 6 0 1/5! 4/41/2 3/31/4 0 0 3/3!/3
(3) 6 0 0 0 0 0 1/5! 4/41/2
4 (1111) 5 1/4! 3/3!/2 1/2!/4 0 0 2/21/3 0
(211) 5 0 1/4! 3/3!/2 1/21/4 0 0 2/21/3
(22) 5 0 0 1/4! 3/31/2 | 1/21/4 0 0
(31) 5 0 0 0 0 0 1/41 3/31/2
(4) 5 0 0 0 0 0 0 0
5 (11111) | 5,(41),—5 | 1/3! 2/21/2 0 0 0 1/11/3 0
(2111) 5,(41), 3 0 1/3! 2/21/2 0 0 0 1/11/3
(221) 5,(41), -1 0 0 1/3! 2/21/2 0 0 0
(311) 5,(41), -2 0 0 0 0 0 1/3! 2/21/2
(32) 5 0 0 0 0 0 0 1/3!
(41) 5,(41), 1 0 0 0 0 0 0 0
6 (222) 5 0 0 0 1/2! 1/11/2 0 0
7 (331) 5 0 0 0 0 0 0 0
(43) 5,(7),—1 0 0 0 0 0 0 0
(7) 5(7), 1 0 0 0 0 0 0 0
Result —12 40 -8 0 0 —15 1
8 9 10 11 12 13 14 15 16 17
Function | (3221) |(3311) | (332) |(41111) | (4211) (422) (431) (44) (71) (8)
() 12/41/12 |6/4!/9 |3/3!/18 | 5/5!/4 |12/41/8 |3/3!/16 |6/3!/12 |1/2!/16 |2/2!/7 |1/1!/8
(1) 3/31/12 13/3!/9 0 4/41/4 | 6/3!/8 0 2/21/12 0 1/11/7 0
(11) 0 1/21/9 0 3/31/4 | 2/2!1/8 0 0 0 0 0
(2) 6/3!/6 0 1/2!/9 0 3/31/4 | 2/2!/8 0 0 0 0
(111) 0 0 0 2/21/4 0 0 0 0 0 0
(21) 2/2!/6 0 0 0 2/21/4 0 0 0 0 0
(3) 3/31/4 13/31/3 | 2/2!/6 0 0 0 2/2!/4 0 0 0
(1111) 0 0 0 1/11/4 0 0 0 0 0 0
(211) 0 0 0 0 1/11/4 0 0 0 0 0
(22) 2/2!/3 0 0 0 0 1/11/4 0 0 0 0
(31) 1/21/4 12/2!/3 0 0 0 0 1/11/4 0 0 0
(4) 0 0 0 1/4! 3/31/2 | 1/21/4 | 2/21/3 | 1/11/4 0 0
(11111) 0 0 0 0 0 0 0 0 0 0
(2111) 0 0 0 0 0 0 0 0 0 0
(221) 1/11/3 0 0 0 0 0 0 0 0 0
(311) 0 1/11/3 0 0 0 0 0 0 0 0
(32) 2/21/2 0 1/11/3 0 0 0 0 0 0 0
(41) 0 0 0 1/3! 2/21/2 0 1/1!/3 0 0 0
(222) 0 0 0 0 0 0 0 0 0 0
(331) 0 1/1! 0 0 0 0 0 0 0 0
(43) 0 0 0 0 0 0 /1 0 0 0
(7) 0 0 0 0 0 0 0 0 1/1! 0
1 0 —2 4 0 0 1 —2 -1 1
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Table 22-9 (1/5)

Weight 9 11 2 3 1 5 6
Weight | Function | Stratum | (119) | (218) | (2215) | (2221%) [ (222211) | (2°)
0 0 9 [1/101]9/91/2 [28/81/4|35/71/8 [15/61/16 | 1/5!/32
1 ) 8 | 1/90 [8/81/2|21/71/4[20/61/8| 5/51/16 | 0
2 1) 7 [ 1/80 |7/71/2|15/61/4[10/5!/8 | 1/41/16 | 0
(2) 7 0 | 1/8! | 7/71/2 |15/61/4| 10/5!/8 |1/41/16

3 (111 6 | 1/70[6/61/2[10/5/4| 4/41/8 | 0 0
(21) 6 0 | 170 |6/6l/2 |10/51/4| 4/41/8 | 0

(3) 6 0 | 0 0 0 0 0

1| (11 5 | 1/6! |5/5]/2] 6/4l/a | 1/31/8 | 0 0
(211) 5 0 | 1/6! |5/51/2 | 6/41/4 | 1/31/8 | 0
(22) 5 0 | o | 1/60 |5/51/2| 6/41/4 | 1/31/8

(31) 5 0 | 0 0 0 0 0

(4) 5 0 | 0 0 0 0 0

5 | (11ll1) | 5 | 1/5! [4/41/2|3/31/4| 0 0 0
(2111) 5 0 | 1/50 | 4/a1/2 | 3/31/4| 0 0

(221) 5 0 | o | 15 |4/41/2| 3/3/4 | 0

(311) 5 0 | 0 0 0 0 0

(32) 5 0 | 0 0 0 0 0

(41) 5 o | o 0 0 0 0

6 |11y 5 | 1/41 [3/31)2] 0 0 0 0
(21111) | 5 0 | 1/4 |3/312| o0 0 0
(2211) 5 0 | o | 1/4 |3/31/2] o0 0

(222) 5 0 | 0 0 1/41 | 3/31/2 | 0
(3111) 5 0| o 0 0 0 0

(321) 5 0 | 0 0 0 0 0

(33) 5 0 | 0 0 0 0 0

(411) 5 0o | o 0 0 0 0

(42) 5 o | o 0 0 0 0

7 331) 5 0 | 0 0 0 0 0
43) |5,(m,-1] 0 | 0 0 0 0 0

7 150, 1] o | o 0 0 0 0

Result 0 0 0 0 0 0
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Table 22-9 (2/5)

7 8 9 10 11 12
Function | (317) | (321°) | (32213) | (32221) | (331%) | (33211)
() 8/8!/3 42/7!/6 |60/6!/12 |20/5!/24 [15/6!/9 |30/5!/18
(1) 7/71/3 130/6!/6 |30/5!/12 0 10/5!/9 12/41/18
(11)  16/6!/3 |20/5!/6 |12/41/12 0 6/4!/9 | 3/3!/18
(2) 0 6/6!/3 | 20/5!/6 |12/4!/12 0 6/4!/9
(111)  [5/5!/3 [12/4!1/6 | 3/3!/12 0 3/3!/9 0
(21) 0 5/5!/3 | 12/4!/6 | 3/3!/12 0 3/3!/9
(3) /70 | 6/6!/2 | 10/5!/4 | 4/4!/8 | 5/5!/3 | 12/4!/6
(1111) |4/4!/3 | 6/3!/6 0 0 1/2!/9 0
(211) 0 4/41/3 | 6/3!/6 0 0 1/2!/9
(22) 0 0 4/41/3 | 6/3!/6 0 0
(31) 1/6! | 5/51/2 | 6/41/4 | 1/3!/8 | 4/41/3 | 6/3!/6
(4) 0 0 0 0 0 0
(11111) [3/3!/3 | 2/2!/6 0 0 0 0
(2111) 0 3/31/3 | 2/2!/6 0 0 0
(221) 0 0 3/31/3 | 2/2!/6 0 0
(311) 1/5! | 4/41/2 | 3/3!/4 0 3/31/3 | 2/2!/6
(32) 0 1/5! 4/41/2 | 3/3!/4 0 3/3!/3
(41) 0 0 0 0 0 0
(111111) [2/2!/3 0 0 0 0 0
(21111) 0 2/2!/3 0 0 0 0
(2211) 0 0 2/2!/3 0 0 0
(222) 0 0 0 2/2!/3 0 0
(3111) | 1/4! | 3/3!/2 0 0 2/2!/3 0
(321) 0 1/4! 0 1/2!/4 0 2/2!/3
(33) 0 0 0 0 1/4! 3/3!/2
(411) 0 0 0 0 0 0
(42) 0 0 0 0 0 0
(331) 0 0 0 0 1/3! 2/21/2
(43) 0 0 0 0 0 0
(7) 0 0 0 0 0 0
0 0 0 0 0 0
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Table 22-9 (3/5)

13 14 15 16 17 18
Function | (3322) | (3331) | (41°) | (4217) | (42211) | (4222)
0 6/41/36 |4/41/27 |7/71/4 |30/61/8 [30/5!/16 |4/41/32
1) 0 | 1/3!/27 |6/61/4 [20/51/8 |12/41/16 | 0O
(11) 0 0  |5/5!/4 [12/41/8 | 3/31/16 0
2)  |3/31/18 | 0 0 | 5/51/4 | 12/41/8 |3/3!/16
(111) 0 0 |4/41/4 | 6/31/8 0 0
(21) 0 0 0 | 4/41/4 | 6/31/8 0
3) |3/31/12 | 3/31/9 | 0 0 0 0
(1111) 0 0 |3/31/4 | 2/21/8 0 0
(211) 0 0 0 | 3/31/4 | 2/21/8 0
(22) | 1/21/9 0 0 0 3/3/4 | 2/21/8
(31) 0 1/21/9 | 0 0 0 0
(4) 0 0 1/6! | 5/5!/2 | 6/41/4 | 1/31/8
(11111) 0 0 |2/21/4] o0 0 0
(2111) 0 0 0 | 2/21/4 0 0
(221) 0 0 0 0 2/21/4 0
(311) 0 0 0 0 0 0
(32) | 2/2!/6 0 0 0 0 0
(41) 0 0 1/50 | 4/41/2 | 3/31/4 0
(111111) 0 0 0 0 0 0
(21111) 0 0 0 0 0 0
(2211) 0 0 0 0 0 0
(222) 0 0 0 0 0 0
(3111) 0 0 0 0 0 0
(321) 0 0 0 0 0 0
(33) | 1/21/4 | 2/21/3 | 0 0 0 0
(411) 0 0 1/41 | 3/31/2 | 1/21/4 0
(42) 0 0 0 141 | 3/31/2 | 1/21/4
(331) 0 1/11/3 | 0 0 0 0
(43) 0 0 0 0 0 0
(7) 0 0 0 0 0 0
0 0 0 0 0 0
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Table 22-9 (4/5)

19 20 21 22 23 24

Function | (43111) | (4321) | (433) | (4411) | (442) |a7lil

0 20/51/12 |24/41/24 [3/31/36 |6/41/16 | 3/3!/32 | 4/41]7

(1) |12/41/12 | 6/31/24 0 |3/31/16 | 0  |3/31/7

11) [ 6/31/12 0 0 |1/21/16 | 0  |2/21/7
(2) 0 6/3/12 0 0 1/21/16 | 0

111y | 2/21/12 0 0 0 0 /1177
(21) 0 2/21/12 0 0 0 0
(3) a/a/4 | 6/31/8 [2/21/12 | 0 0 0
(1111) 0 0 0 0 0 0
(211) 0 0 0 0 0 0
(22) 0 0 0 0 0 0
(31) 3/31/4 | 2/21/8 0 0 0 0
(4) a/41/3 | 6/31/6 | 1/21/9 | 3/31/4 | 2/21/8 | 0
(11111) 0 0 0 0 0 0
(2111) 0 0 0 0 0 0
(221) 0 0 0 0 0 0
(311) | 2/21/4 0 0 0 0 0
(32) 0 2,/2!/4 0 0 0 0
(41) 3/31/3 | 2/21/6 0 2/21/4 0 0
(111111) 0 0 0 0 0 0
(21111) 0 0 0 0 0 0
(2211) 0 0 0 0 0 0
(222) 0 0 0 0 0 0
(3111) 0 0 0 0 0 0
(321) 0 1/11/4 0 0 0 0
(33) 0 0 1/11/4 0 0 0
(411) | 2/21/3 0 0 1/11/4 0 0
(42) 0 2/21/3 0 0 1/11/4 | 0
(331) 0 0 0 0 0 0
(43) 1/3! 2/21/2 | 1/11/3 0 0 0
(7) 0 0 0 0 0 0
0 0 0 0 0 0
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Table 22-9 (5/5)

25

26

27

28

29

Function

(721)

(73)

[811)

(82)

(91)

()

6/3!/14

2/21/21

3/31/8

2/21/16

2/21/9

(1)

2/21/14

0

2/21/8

0

1/11/9

(11)
{2)

0
2/21/7

1/11/8
0

0
1/11/8

0

(111)
(21)
(3)

0
1/11/7
0

— o oo o

—_
~
~
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Table 22-10 (1/5)

Weight 10 1 2 3 4 5 6
Weight | Function | Stratum | (110) | (21%) | (221°) | (2221%) | (222211) | (22222)
0 () 9 1/10119/9!/2|28/8!/4|35/7!/8 |15/6!/16 |1/5!/32

1 (1) 8 1/9! 18/8!/2121/7!/4120/6!/8 | 5/5!/16 0

2 (11) 7 1/80 | 7/71/2115/6!/4110/5!/8 | 1/4!/16 0
(2) 7 0 /8! | 7/71/2 |15/6!/4| 10/5!/8 [1/4!/16

3 (111) 7 1/7 16/6!/2|10/5!/4 | 4/4!/8 0 0

(21) 6 0 /7 |1 6/6!/2 |10/5!/4| 4/4!/8 0

(3) 6 0 0 0 0 0 0

4 (1111) 5 1/6! |5/5!1/2] 6/41/4 | 1/3!/8 0 0

(211) 5 0 1/6! | 5/5!/2 | 6/4!/4 | 1/3!/8 0
(22) 5 0 0 1/6! 5/51/2 | 6/41/4 | 1/3!/8

(31) 5 0 0 0 0 0 0

(4) 5 0 0 0 0 0 0

5 (11111) |6,(41),—5| 1/5! |4/41/2| 3/3!/4 0 0 0

(2111) |6,(41), 3| 0 1/5! | 4/41/2 | 3/3!/4 0 0

(221) 6,(41)—1| 0 0 1/5! 4/41/2 | 3/3!/4 0

(311) 6,(41),—-2| 0 0 0 0 0 0

(32) 6 0 0 0 0 0 0

(41) 6,(41), 1| 0 0 0 0 0 0

6 (111111) 6 1/4! 13/31/2] 1/2!/4 0 0 0

(21111) 6 0 1/4! | 3/3!/2 | 1/2!/4 0 0

(2211) 6 0 0 1/4! 3/31/2 | 1/2!/4 0
(222) 6 0 0 0 1/4! 3/31/2 | 1/2!/4

(3111) 6 0 0 0 0 0 0

(321) 6 0 0 0 0 0 0

(33) 6 0 0 0 0 0 0

(411) 6 0 0 0 0 0 0

(42) 6 0 0 0 0 0 0

7 (1111111) | 5,(7), 15 | 1/3! |2/2!1/2 0 0 0 0

(211111) | 5,(7),—5 0 1/3! | 2/2!/2 0 0 0

(22111) | 5,(7),—1 0 0 1/3! 2/21/2 0 0

(2221) 5(7), 3 0 0 0 1/3! 2/2!/2 0

(31111) | 5,(7), 3 0 0 0 0 0 0

(3211) 5.(7), 1 0 0 0 0 0 0

(322) 5,(7),—1 0 0 0 0 0 0

(331) 5,(7), 0 0 0 0 0 0 0

(4111) 5,(7),—1 0 0 0 0 0 0

(421) 5,(7),—1 0 0 0 0 0 0

(43) 5,(7),—1 0 0 0 0 0 0

(7) 5.(7), 1 0 0 0 0 0 0

Result —225| 55 -5 3 -9 15
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Table 22-10 (2/5)

7 8 9 10 12 13
Function | (317) | (3211111) | (322111) | (32221) | (331111) | (33211)
() 8/8!/3 | 42/7/6 |60/6!/12 |20/5!/24 | 15/6!/9 |30/5!/18
(1) 7/7/3 | 30/6!/6 |30/5!/12 | 4/4!/24 | 10/5!/9 |12/4!/18
(11)  |6/6!/3 | 20/5!/6 |12/41/12 0 6/41/9 | 3/31/18
(2) 0 6/6!/3 | 20/51/6 |12/41/12 0 6/41/9
(111)  |5/5/3 | 12/41/6 | 3/31/12 0 3/31/9 0
(21) 0 5/5!/3 12/41/6 | 3/3!/12 0 3/3!/9
(3) 1/70 | 6/61/2 | 10/51/4 | 4/41/8 | 5/5!/3 | 12/41/6
(1111) | 4/41/3 | 6/31/6 0 0 1/21/9 0
(211) 0 4/41/3 | 6/3!/6 0 0 1/21/9
(22) 0 0 4/41/3 6/3!/6 0 0
(31) 1/6! 5/5!/2 6/4!/4 1/3!/8 4/41/3 6/3!/6
(4) 0 0 0 0 0 0
A1111) |[3/31/3 | 2/21/6 0 0 0 0
(2111) 0 3/31/3 | 2/2!/6 0 0 0
(221) 0 0 3/3!/3 2/21/6 0 0
(311) 1/50 | 4/41/2 | 3/31/4 0 3/31/3 | 2/21/6
(32) 0 1/5! 4/41/2 3/3!/4 0 3/3!/3
(41) 0 0 0 0 0 0
(111111) |2/2!/3 0 0 0 0 0
(21111) 0 2/21/3 0 0 0 0
(2211) 0 0 2/21/3 0 0 0
(222) 0 0 0 2/21/3 0 0
(3111) | 174! | 3/3/2 | 1/2!/4 0 2/21/3 0
(321) 0 1/4! 3/31/2 | 1/21/4 0 2/21/3
(33) 0 0 0 0 1/4! 3/3!/2
(411) 0 0 0 0 0 0
(42) 0 0 0 0 0 0
(1111111) | 1/11/3 0 0 0 0 0
(211111) 0 1/11/3 0 0 0 0
(22111) 0 0 1/11/3 0 0 0
(2221) 0 0 0 1/11/3 0 0
(31111) | 1/3! | 2/21/2 0 0 1/11/3 0
(3211) 0 1/3! 2/21/2 0 0 1/11/3
(322) 0 0 1/3! 2/21/2 0 0
(331) 0 0 0 0 1/3! 2/21/2
(4111) 0 0 0 0 0 0
(421) 0 0 0 0 0 0
(43) 0 0 0 0 0 0
(7) 0 0 0 0 0 0
Result -15 -5 1 3 6 -2
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Table 22-10 (3/5)

14 15 16 17 18 19
Function | (3322) | (3331) | (41°) |(421111) | (42211) | (4222)
() 6/4!/36 |4/41/27 |7/7!/4 | 30/6!/8 |30/5!/16 |4/4!/32
(1) 0 |1/31/27 |6/61/4 | 20/51/8 [12/41/16 | O
(11) 0 0 |5/5!/4 | 12/41/8 | 3/31/16 0
(2) 3/3!/18 0 0 5/5!/4 12/4!/8 |3/3!/16
(111) 0 0 4/41/4 | 6/3!/8 0 0
(21) 0 0 0 4/41/4 6/3!/8 0
(3) 3/3!/12 | 3/3!/9 0 0 0 0
(1111) 0 0 |3/31/4 | 2/21/8 0 0
(211) 0 0 0 3/3!/4 2/2!/8 0
(22) 1/2!/9 0 0 0 3/3!/4 2/21/8
(31) 0 1/2!/9 0 0 0 0
(4) 0 0 1/6! | 5/51/2 | 6/41/4 | 1/31/8
(11111) 0 0 [2/21/4 0 0 0
(2111) 0 0 0 2/21/4 0 0
(221) 0 0 0 0 2/21/4 0
(311) 0 0 0 0 0 0
(32) 2/2!/6 0 0 0 0 0
(41) 0 0 1/50 | 4/41/2 | 3/31/4 0
(111111) 0 0 [1/11/4 0 0 0
(21111) 0 0 0 1/11/4 0 0
(2211) 0 0 0 0 1/11/4 0
(222) 0 0 0 0 0 1/11/4
(3111) 0 0 0 0 0 0
(321) 0 0 0 0 0 0
(33) 1/21/4 | 2/2!/3 0 0 0 0
(411) 0 0 1/41 | 3/31/2 | 1/21/4 0
(42) 0 0 0 1/41 3/31/2 | 1/21/4
(1111111) | 0 0 0 0 0 0
(211111) 0 0 0 0 0 0
(22111) 0 0 0 0 0 0
(2221) 0 0 0 0 0 0
(31111) 0 0 0 0 0 0
(3211) 0 0 0 0 0 0
(322) | 1/11/3 0 0 0 0 0
(331) 0 1/1!/3 0 0 0 0
(4111) 0 0 1/31 | 2/21/2 0 0
(421) 0 0 0 1/3! 2/21/2 0
(43) 0 0 0 0 0 0
(7) 0 0 0 0 0 0
Result -2 0 5 1 1 -3
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Table 22-10 (4/5)

20 21 22 23 24 25
Function | (43111) | (4321) | (433) | (4411) | (442) |(7111)
() 20/5!/12 |24/4!/24 |3/3!/36 |6/4!/16 |3/3!/32 |4/4!/7
(1) 12/41/12 | 6/3!/24 0 3/3!/16 0 3/3!/7
(11) 6/31/12 0 0 |1/21/16 | 0 |2/21/7
(2) 0 6/3!/12 0 0 1/21/16 | 0
11y | 2/21/12 0 0 0 0 [1/11/7
(21) 0 2/21/12 0 0 0 0
(3) 4/4/4 6/3!/8 |2/2!/12 0 0 0
(1111) 0 0 0 0 0 0
(211) 0 0 0 0 0 0
(22) 0 0 0 0 0 0
(31) 3/3!/4 2/21/8 0 0 0 0
(4) 4/41/3 6/3!/6 1/21/9 | 3/3!/4 | 2/2!/8 0
(11111) 0 0 0 0 0 0
(2111) 0 0 0 0 0 0
(221) 0 0 0 0 0 0
(311) 2/21/4 0 0 0 0 0
(32) 0 2/21/4 0 0 0 0
(41) 3/31/3 | 2/21/6 0 2/21/4 0 0
(111111) 0 0 0 0 0 0
(21111) 0 0 0 0 0 0
(2211) 0 0 0 0 0 0
(222) 0 0 0 0 0 0
(3111) | 1/11/4 0 0 0 0 0
(321) 0 1/11/4 0 0 0 0
(33) 0 0 1/1!/4 0 0 0
(411) 2/21/3 0 0 1/11/4 0 0
(42) 0 2/21/3 0 0 1/11/4 | 0
(1111111) 0 0 0 0 0 0
(211111) 0 0 0 0 0 0
(22111) 0 0 0 0 0 0
(2221) 0 0 0 0 0 0
(31111) 0 0 0 0 0 0
(3211) 0 0 0 0 0 0
(322) 0 0 0 0 0 0
(331) 0 0 0 0 0 0
(4111) 1/11/3 0 0 0 0 0
(421) 0 1/11/3 0 0 0 0
(43) 1/3! 2/21/2 | 1/11/3 0 0 0
(7) 0 0 0 0 0 1/3!
Result -1 1 2 -1 -1 -1
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Table 22-10 (5/5)
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Table 22-11 (1/6)

Weight 11 1 ) 3 1 5 6
Weight | Function |Stratum | (111) [ (219) | (2217) | (2221°) | (222213) | (2°1)
0 0 9 [1/111]10/10!/2 [36/91/4 |56/81/8 [35/71/16 | 6,/6!/32
1 ) 8 [1/101] 9/91/2 [28/81/4|35/71/8 | 15/6!/16 |1/5/32

5 1) 7 [ 1/91 | 8/81/2 [21/71/4[20/61/8| 5/51/16 | 0
(2) 7 0 | 1/90 |8/81/2 |21/71/4] 20/6!/8 |5/5/16

3 (111 6 | 1/81| 7/71/2 [15/6/4[10/5/8 | 1/41/16 | 0
(21) 6 0 | 1/8 |7/7/2|15/6!/4| 10/5/8 |1/41/16

(3) 6 0 0 0 0 0 0

1 (111 5 | 1/71| 6/61/2 [10/5//4| 4/41/8 | 0 0

(211) 5 0 | 17 |6/6/2 |10/51/4| 4/41/8 | 0
(22) 5 0 0 170 | 6/61/2 | 10/5!/4 | 4/41/8

(31) 5 0 0 0 0 0 0

(4) 5 0 0 0 0 0 0

5| (11l1l) | 5 | 1/61 | 5/51/2 | 6/4l/a | 1/31/S | 0 0

(2111) 5 0 | 1/60 |5/5/2|6/41/4 | 1/31/8 | 0
(221) 5 0 0 1/6! | 5/5/2 | 6/41/4 | 1/31/8

(311) 5 0 0 0 0 0 0

(32) 5 0 0 0 0 0 0

(41) 5 0 0 0 0 0 0

6 | (1ll111L) | 5 | 1/50 | 4/4l/2 [3/31/4] 0 0 0

(21111) 5 0 | 1/50 |4/41/2 |3/31/4| o0 0

(2211) 5 0 0 1/50 | 4/41/2 | 3/31/4 | 0
(222) 5 0 0 0 1/50 | 4/41/2 | 3/31/4

(3111) 5 0 0 0 0 0 0

(321) 5 0 0 0 0 0 0

(33) 5 0 0 0 0 0 0

(411) 5 0 0 0 0 0 0

(42) 5 0 0 0 0 0 0

7 [(Il11ly| 5 | 1/41| 3/3/2 | 0 0 0 0

(211111) | 5 0 | 1/4 |3/3/2] 0 0 0

(22111) 5 0 0 1/41 | 3/31/2 | 0 0

(2221) 5 0 0 0 1/41 | 3/31/2 | 0

31111) | 5 0 0 0 0 0 0

(3211) 5 0 0 0 0 0 0

(322) 5 0 0 0 0 0 0

(331) 5 0 0 0 0 0 0

(4111) 5 0 0 0 0 0 0

(421) 5 0 0 0 0 0 0

(43) 5 0 0 0 0 0 0

(7) 5 0 0 0 0 0 0

Result 0 0 0 0 0 0
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Table 22-11 (2/6)

7 8 9 10 11
Function | (318) | (321°) | (3221%) |(32221%) i >
327 [ (331%) | (3321°
<<1>> g;z:/g 26/8:/6 105/71/12] 60,6124 | 5/51/43 2<1/7!/>9 6<O/6!/1>8
o} 7/7;/3 276 GO/61/12 [30/5/24] 0 |15/8/030/5/18
B 0./ 370/6'./6 50/5/12 | 0 0 [10/51/9]12/41/13
o Lo 2/7.'/3 30/61/6 | 30/51/12 |4/41/24| 0 | 10/5/9
I O./ 075176 12/4/12 [0 0 | 6/41/9 | 3/31/18
AN 673/6;/3 20/5!/6 | 12/41/12| 0 0 | 6/41/9
Ly 72 | 15/61/4 | 10/51/8 | 1/41/16| 6/6!/3 | 20/5!/6
o 75173 [12/41/6 | 3/31/12 0 0 |3/31/9] 0
o : 5/51/3 | 12/41/6 | 3/31/12 | 0 0 | 3/39
@ | o 0 | afsljs | 12/avs s/m2| o 0
” | ! 6/%/2 10/(35!/4 4/41/8 0 5/5!/3 | 12/4!/6
0 0 0
1111 ! ;
<<21111>> 4/4(1)./3 637G | 0 0 0 129 0
2 |0 /0./3 6/31/0 0 0 0 | 1/21/9
@311) | 1/6! | 5/51/2 Zﬁ%?i ff?:f? o | y
| | /3 | 6/3!
iii : 1{)6! 5/51/2 | 6/41/4 | 1/31/8 /o/ 6/3())'/6
<111111> 3/3!/3 2/2'/6 . " " 3 ;
1111) | 0 ! y 0 0 0 0
amy | o 3/31/3 | 2/21/6 0 0 0 0
2 | o : 3/36!/3 g;m;a 0 0 0
3173 | 2/206 | 0
3111 ! )
<<321>> 165. 4{1/115/'2 3/31/4 0 0 | 3/33 ] 2/21/6
2 0 5 4/%)./2 3/31/4 | 0 0 | 3/313
oo : : 0 0 | 15 | 4/41/2
(42) 0 0 0 0 0 0 0
A111110)]2/217/3] 0 0 0 0 0 0
(211111) | 0 | 2/21/3 0 0 0 0 0
(22111) | 0 0 0 0 0 0
(2221) | 0 0 2/%!/3 ) 0 0 0
(31111) | 1/41 | 3/31/2 RO I ) .
s | 1 s 0 0 0 |23 o0
o : K 0 /214 | 0 0o | 2/2/3
(2 : : 140 | 3/31/2 | 1/21/4 | 0 0
g | o : : 0 0 | 14 | 3312
(421) 0 0 0 0 0 0 0
(43) 0 0 0 0 0 0 0
1) 0 0 0 0 0 0 0
Result 0 0 ; : : :
0 0 0 0 0
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Table 22-11 (3/6)

14 15 16 17 18 19 20
Function | (33221) | (3331%) | (3332) | (417) | (421°) | (42213) | (42221)
) 30/5!/36|10/5!/27 | 4/41/54 | 8/8!/4 | 42/7!/860/6!/16 | 20/5!/32
(1) 6/41/36 | 4/41/27 0 |7/71/4]30/6!/8]30/5!/16] 4/41/32
(11) 0 1/31/27 0 [6/6!/4]20/5!/8|12/4!/16 0
(2) 12/41/18 0 1/31/27| 0 | 6/6!/4 | 20/5!/8 |12/4!/16
(111) 0 0 0 |5/5!/4]12/41/8] 3/3!/16 0
(21) 3/3!/18 0 0 0 | 5/5!/4 | 12/4!/8 | 3/3!/16
(3) 12/41/12| 6/4!/9 [3/3!/18| 0 0 0 0
(1111) 0 0 0 |4/41/4| 6/3!/8 0 0
(211) 0 0 0 0 | 4/4!/4 | 6/3!/8 0
(22) 3/3!/9 0 0 0 0 4/41/4 | 6/3!/8
(31) 3/31/12 | 3/3!/9 0 0 0 0 0
(4) 0 0 0 /70 | 6/6!/2 | 10/5!/4 | 4/41/8
(11111) 0 0 0 |3/31/4] 2/2!/8 0 0
(2111) 0 0 0 0 | 3/31/4 | 2/21/8 0
(221) 1/2!/9 0 0 0 0 3/31/4 | 2/2!/8
(311) 0 1/2!/9 0 0 0 0 0
(32) 4/41/3 0 1/2!1/9 | 0 0 0 0
(41) 0 0 0 1/6! | 5/5!/2 | 6/4!/4 | 1/3!/8
(111111) 0 0 0 [2/21/4] 0 0 0
(21111) 0 0 0 0 | 2/2!/4 0 0
(2211) 0 0 0 0 0 2/2!/4 0
(222) 0 0 0 0 0 0 2/2!/4
(3111) 0 0 0 0 0 0 0
(321) 2/2!/6 0 0 0 0 0 0
(33) 3/31/4 | 3/31/3 | 2/21/6 | 0 0 0 0
(411) 0 0 0 1/5! | 4/41/2 | 3/3!/4 0
(42) 0 0 0 0 1/5! | 4/41/2 | 3/3!/4
(1111111) 0 0 0 0 0 0 0
(211111) 0 0 0 0 0 0 0
(22111) 0 0 0 0 0 0 0
(2221) 0 0 0 0 0 0 0
(31111) 0 0 0 0 0 0 0
(3211) 0 0 0 0 0 0 0
(322) 1/2!/3 0 0 0 0 0 0
(331) 1/21/4 | 2/2!/3 0 0 0 0 0
(4111) 0 0 0 1/4! | 3/31/2 | 1/2!/4 0
(421) 0 0 0 0 /4! | 3/31/2 | 1/2!/4
(43) 0 0 0 0 0 0 0
(7) 0 0 0 0 0 0 0
Result 0 0 0 0 0 0 0
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Table 22-11 (4/6)

21 22 23 24 25 26
Function | (431%) | (43211) | (4322) (4331) (4413) (4421)
() |30/6!/12]60/5!/24 [ 12/41/48 [12/41/36 | 10/51/16 | 12/41/32
(1) |20/51/12|24/41/24| 0 3/31/36 | 6/41/16 | 3/31/32
(11) |12/41/12] 6/31/24 0 0 3/31/16 0
(2) 0 |12/41/12| 6/3!/24 0 0 3/31/16
11y | 6/31/12 0 0 0 1/21/16 0
(21) 0 6/3!/12 0 0 0 1/21/16
(3) 5/5!/4 | 12/41/8 | 3/3!/16 | 6/3!/12 0 0
(1111) | 2/21/12 0 0 0 0 0
(211) 0 2/21/12 0 0 0 0
(22) 0 0 2/21/12 0 0 0
(31) 4/41/4 | 6/31/8 0 2/21/12 0 0
(4) 5/5!/3 | 12/41/6 | 3/31/12 | 3/3!/9 0 4/41/4
(11111) 0 0 0 0 0 0
(2111) 0 0 0 0 0 0
(221) 0 0 0 0 0 0
(311) 3/3!/4 | 2/2!/8 0 0 0 0
(32) 0 3/3!/4 | 2/2!/8 0 0 0
(41) | 4/41/3 | 6/31/6 0 1/2!1/9 | 3/3!/4 | 2/2!/8
(111111) 0 0 0 0 0 0
(21111) 0 0 0 0 0 0
(2211) 0 0 0 0 0 0
(222) 0 0 0 0 0 0
(3111) | 2/2!/4 0 0 0 0 0
(321) 0 2/21/4 0 0 0 0
(33) 0 0 0 2/21/4 0 0
(411) | 3/31/3 | 2/21/6 0 0 2/21/4 0
(42) 0 3/31/3 | 2/21/6 0 0 2/21/4
(1111111) 0 0 0 0 0 0
(211111) 0 0 0 0 0 0
(22111) 0 0 0 0 0 0
(2221) 0 0 0 0 0 0
(31111) 0 0 0 0 0 0
(3211) 0 1/11/4 0 0 0 0
(322) 0 0 1/11/4 0 0 0
(331) 0 0 0 1/11/4 0 0
(4111) | 2/2!/3 0 0 0 1/11/4 0
(421) 0 2/21/3 0 0 0 1/11/4
(43) 1/41 | 3/31/2 | 1/21/4 | 2/21/3 0 0
(7) 0 0 0 0 0 0
Result 0 0 0 0 0 0

62




Table 22-11 (5/6)
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Table 22-11 (6/6)
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Table 22-12 (1/5)

Weight 12, 4th Stratum 1 2 3 4 5 6 7 8
Weight | Function |[Stratum | (112) | (2110) (2218) [ (22215) [ (22221%) | (2°11) (26) (319)
0 () 9 1/12!'|11/111/2]45/10!/4 |84/9!/8 | 70/8!/16 [21/7!/32|1/6!/64 |10/10!/3
1 (1) 8 1/11'|10/10!/2| 36/9!/4 |56/8!/8 |35/7!/16 | 6/6!/32 0 9/9!/3
2 (11) 7 1/10t| 9/91/2 | 28/8!/4 |35/7!/815/6!/16 | 1/5!/32 0 8/8!/3
(2) 7 0 1/10! 9/91/2 |28/8!/4| 35/7!/8 |15/6!/16 |1/5!/32 0
3 (111) 6 1/9! | 8/8!/2 | 21/7!/4 |20/6!/8| 5/5!/16 0 0 7/7/3
(21) 6 0 1/9! 8/81/2 |21/7!/4| 20/6!/8 | 5/5!/16 0 0
(3) 6 0 0 0 0 0 0 0 1/9!
4 (1111) 5 1/8! | 7/7/2 | 15/6!/4 [10/5!/8 | 1/4!1/16 0 0 6/6!/3
(211) 5 0 1/8! 7/7/2 |15/6!/4| 10/5!/8 | 1/4!/16 0 0
(22) 5 0 0 1/8! 7/7/2 | 15/6!/4 | 10/5!/8 |1/41/16 0
(31) 5 0 0 0 0 0 0 0 1/8!
(4) 5 0 0 0 0 0 0 0 0
5 (11111) 5 1/70 | 6/6!/2 | 10/5!/4 | 4/41/8 0 0 0 5/5!/3
(2111) 5 0 170 | 6/61/2 |10/5!/4| 4/41/8 0 0 0
(221) 5 0 0 1/7! 6/6!/2 | 10/5!/4 | 4/4!/8 0 0
(311) 5 0 0 0 0 0 0 0 1/7!
(32) 5 0 0 0 0 0 0 0 0
(41) 5 0 0 0 0 0 0 0 0
6 (111111) 5 | 1/61 | 5/51/2 | 6/4l/4 | 1/31/8 | 0 0 0 | 4/41/3
(21111) 5 0 1/6! 5/51/2 | 6/4!/4 | 1/31/8 0 0 0
(2211) 5 0 0 1/6! 5/51/2 | 6/4!/4 | 1/3!/8 0 0
(222) 5 0 0 0 1/6! 5/51/2 | 6/41/4 | 1/3!/8 0
(3111) 5 0 0 0 0 0 0 0 1/6!
(321) 5 0 0 0 0 0 0 0 0
(33) 5 0 0 0 0 0 0 0 0
(411) 5 0 0 0 0 0 0 0 0
(42) 5 0 0 0 0 0 0 0 0
7 (1111111) 5 1/50 | 4/41/2 | 3/3!/4 0 0 0 0 3/31/3
(211111) 5 0 1/5! 4/41/2 | 3/3!/4 0 0 0 0
(22111) 5 0 0 1/5! 4/41/2 | 3/3!/4 0 0 0
(2221) 5 0 0 0 1/5! 4/41/2 | 3/31/4 0 0
(31111) 5 0 0 0 0 0 0 0 1/5!
(3211) 5 0 0 0 0 0 0 0 0
(322) 5 0 0 0 0 0 0 0 0
(331) 5 0 0 0 0 0 0 0 0
(4111) 5 0 0 0 0 0 0 0 0
(421) 5 0 0 0 0 0 0 0 0
(43) 5 0 0 0 0 0 0 0 0
(7) 5 0 0 0 0 0 0 0 0
8 [(I111111)y| 3 | 1/41| 3/31/2 0 0 0 0 0 | 2/2!/3
(2111111) 3 0 1/4! 3/31/2 0 0 0 0 0
(221111) 3 0 0 140 [ 3/3172 | 0 0 0 0
(22211) 3 0 0 0 1/4! 3/3!/2 0 0 0
(2222) 3 0 0 0 0 1/4! 3/31/2 | 2/21/4 0
(311111) 3 0 0 0 0 0 0 0 1/4!
(32111) 3 0 0 0 0 0 0 0 0
(3221) 3 0 0 0 0 0 0 0 0
(3311) 3 0 0 0 0 0 0 0 0
(332) 3 0 0 0 0 0 0 0 0
(41111) 3 0 0 0 0 0 0 0 0
(4211) 3 0 0 0 0 0 0 0 0
(422) 3 0 0 0 0 0 0 0 0
(431) 3 0 0 0 0 0 0 0 0
(44) 3 0 0 0 0 0 0 0 0
(71) 3 0 0 0 0 0 0 0 0
(8) 3 0 0 0 0 0 0 0 0
Result 0 0 0 0 0 0 0 0
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Table 22-12 (2/5)

9 10 11 12 13 14 15 16 17
Function | (3217) | (3221°) | (32221%) | (3271) | (331°) | (3321%) |(332211)] (33222) | (3331%)
0 72/91/6 | 168/81/12 | 140/71/24 [ 30/6!/48 | 28/8!/9 | 105/7!/18 [ 90/61/36 | 10/5!/72 | 20/6!/27
1) 56/81/6 | 105/71/12 | 60/61/24 | 5/5!1/48 |21/71/9| 60/6!/18 [30/5!/36 | 0  |10/5!/27
(1) [42/71/6] 60/6!/12 | 20/5!/24 0 |15/61/9| 30/5!/18 | 6/41/36 0 4/41/27
(2) 8/81/3 | 42/71/6 | 60/6!/12 |20/5!/24| 0 15/6!/9 |30/51/18 | 6/4!/36 0
111y |30/6!/6 | 30/5!/12 0 0 [10/51/9| 12/41/18 0 0 1/31/27
(21) 7/71/3 | 30/6!/6 | 30/5!/12 | 4/4!/24 | 0 10/5!/9 [12/41/18| 0 0
(3) 8/81/2 | 21/7/4 | 20/6!/8 | 5/5!/16 | 7/71/3 | 30/6!/6 |30/5!/12| 4/41/24 | 10/5!/9
(1111) |20/5!/6| 12/41/12 0 0 6/41/9 | 3/3!/18 0 0 0
(211) | 6/6!/3 | 20/5!/6 | 12/4!/12 0 0 6/41/9 | 3/3!/18 0 0
(22) 0 6/6!/3 | 20/5!/6 |12/41/12| 0 0 6/41/9 | 3/3!/18 0
(31) 7/71/2 | 15/6!/4 | 10/5!/8 | 1/41/16 | 6/6!/3 | 20/5!/6 |12/41/12| 0 6/41/9
(4) 0 0 0 0 0 0 0 0 0
(11111) | 12/41/6| 3/31/12 0 0 3/31/9 0 0 0 0
(2111) | 5/51/3 | 12/41/6 | 3/31/12 0 0 3/3!/9 0 0 0
(221) 0 5/51/3 | 12/41/6 | 3/31/12 | 0 0 3/31/9 0 0
(311) | 6/6!/2 | 10/5!/4 | 4/41/8 0 5/51/3 | 12/41/6 | 3/31/12 0 3/31/9
(32) 170 | 6/6!/2 | 10/5!/4 | 4/41/8 0 5/51/3 | 12/41/6 | 3/31/12 0
(41) 0 0 0 0 0 0 0 0 0
111111y | 6/3!/6 0 0 0 1/21/9 0 0 0 0
(21111) | 4/41/3 | 6/3!/6 0 0 0 1/2!/9 0 0 0
(2211) 0 4/41/3 | 6/3!/6 0 0 0 1/2!/9 0 0
(222) 0 0 4/41/3 | 6/3!/6 0 0 0 1/2!/9 0
(3111) | 5/51/2 | 6/41/4 | 1/31/8 0 4/41/3 | 6/3!/6 0 0 1/2!/9
(321) 1/6! | 5/51/2 | 6/4l/4 | 1/31/8 0 0 4/41/3 | 6/3!/6 0
(33) 0 0 0 0 16! | 5/51/2 | 6/41/4 | 1/31/8 | 4/41/3
(411) 0 0 0 0 0 0 0 0 0
(42) 0 0 0 0 0 0 0 0 0
(1111111) | 2/2!/6 0 0 0 0 0 0 0 0
(211111) | 3/31/3 | 2/2!/6 0 0 0 0 0 0 0
(22111) 0 3/31/3 | 2/2!/6 0 0 0 0 0 0
(2221) 0 0 3/31/3 | 2/2!/6 0 0 0 0 0
(31111) | 4/41/2 | 3/3!/4 0 0 3/31/3 | 2/21/6 0 0 0
(3211) 1/5! | 4/41/2 | 3/3!/4 0 0 3/31/3 | 2/2!/6 0 0
(322) 0 1/5! 4/41/2 | 3/31/4 0 0 3/31/3 | 2/21/6 0
(331) 0 0 0 0 1/50 | 4/41/2 | 3/31/4 0 3/31/3
(4111) 0 0 0 0 0 0 0 0 0
(421) 0 0 0 0 0 0 0 0 0
(43) 0 0 0 0 0 0 0 0 0
(7) 0 0 0 0 0 0 0 0 0
1111111y o 0 0 0 0 0 0 0 0
(2111111) | 2/2!/3 0 0 0 0 0 0 0 0
(221111) 0 2/21/3 0 0 0 0 0 0 0
(22211) 0 0 2/2!/3 0 0 0 0 0 0
(2222) 0 0 0 2/2!/3 0 0 0 0 0
(311111) | 3/3!/2 0 0 0 2/2!/3 0 0 0 0
(32111) | 1/41 0 1/21/4 0 0 2/21/3 0 0 0
(3221) 0 1/4! 3/31/2 | 1/21/4 0 0 1/2!/3 0 0
(3311) 0 0 0 0 1/ar | 3/31/2 | 1/2!/4 0 2/21/3
(332) 0 0 0 0 0 1/4! 3/31/2 | 1/21/4 0
(41111) 0 0 0 0 0 0 0 0 0
(4211) 0 0 0 0 0 0 0 0 0
(422) 0 0 0 0 0 0 0 0 0
(431) 0 0 0 0 0 0 0 0 0
(44) 0 0 0 0 0 0 0 0 0
(71) 0 0 0 0 0 0 0 0 0
(8) 0 0 0 0 0 0 0 0 0
Result 0 0 0 0 0 0 0 0 0

66




Table 22-12 (3/5)

18 19 20 21 22 23 24 25 26 27
Function | (33321) | (3333) | (415) | (421°) | (4221%) |(422211) | (42222)| (431°) | (432111) | (43221)
0 20/5/54 | 1/41/81 | 9/91/4 | 56/8!/8 | 168/8!/16 | 60/6!/32 |5/51/64 [42/71/12 [ 120/6!/24 | 60/5! /48
1) 4/4/54 | 0 | 8/8/4[42/71/8] 60/6!/16 |20/5!/32| 0  |30/6!/12] 60/5!/24 |12/41/48
{11y 0 0 |7/71/4|30/61/8] 30/5!/16 | 4/41/32 | 0 |20/5!/12 | 24/41/24 0
(2) 4/4/27 | 0 0 |7/7/4 | 30/61/8 |30/5!/16|4/41/32| 0 20/5!/12 | 24/41/24
111y 0 0 [6/6!/4|20/5!/8] 12/41/16 0 0 [12/41/12| 6/31/24 0
(21) 1/31/27] 0 0 |6/6/4| 20/5!/8 |12/41/16| 0 0 12/41/12 | 6/3!/24
(3) 12/41/18 [1/31/27| 0 0 0 0 0 6/61/4 | 20/5!/8 |12/41/16
(1111) 0 0 |5/5l/4|12/41/8] 3/31/16 0 0 | 6/31/12 0 0
(211) 0 0 0 | 5/51/4| 12/41/8 | 3/31/16 | 0 0 6/3/12 0
(22) 0 0 0 0 5/51/4 | 12/41/8 [3/31/16| 0 0 6/3!/12
(31) 3/31/18 | 0 0 0 0 0 0 5/5!/4 | 12/41/8 | 3/3!/16
(4) 0 0 1/8! | 7/71/2 | 15/6!/4 | 10/5!/8 |1/41/16| 6/6!/3 | 20/5!/6 |12/41/12
(11111) 0 0 |4/41/4] 6/31/8 0 0 0 | 2/21/12 0 0
(2111) 0 0 0 |4/41/4 | 6/31/8 0 0 0 2/21/12 0
(221) 0 0 0 0 4/41/4 | 6/31/8 0 0 0 2/21/12
(311) 0 0 0 0 0 0 0 4/41/4 | 6/3!/8 0
(32) 3/3!/9 0 0 0 0 0 0 0 4/41/4 | 6/3!/8
(41) 0 0 170 | 6/61/2 | 10/5!/4 | 4/41/8 0 5/5!/3 | 12/41/6 | 3/31/12
(111111) 0 0 |3/31/4] 2/21/8 0 0 0 0 0 0
(21111) 0 0 0 |3/31/4| 2/21/8 0 0 0 0 0
(2211) 0 0 0 0 3/31/4 | 2/21/8 0 0 0 0
(222) 0 0 0 0 0 3/31/4 | 2/2/8 0 0 0
(3111) 0 0 0 0 0 0 0 3/31/4 | 2/21/8 0
(321) 1/2!/9 0 0 0 0 0 0 0 3/31/4 | 2/21/8
(33) 6/31/6 | 1/21/9 | 0 0 0 0 0 0 0 0
(411) 0 0 1/6! | 5/51/2 | 6/41/4 | 1/3!/8 0 4/41/3 | 6/3!/6 0
(42) 0 0 0 1/6! | 5/51/2 | 6/41/4 | 1/31/8 0 4/41/3 | 6/3!/6
(1111111) 0 0 [2/21/4] o0 0 0 0 0 0 0
(211111) 0 0 0 | 2/21/4 0 0 0 0 0 0
(22111) 0 0 0 0 2/21/4 0 0 0 0 0
(2221) 0 0 0 0 0 2/2!/4 0 0 0 0
(31111) 0 0 0 0 0 0 0 2/2!/4 0 0
(3211) 0 0 0 0 0 0 0 0 2/2!/4 0
(322) 0 0 0 0 0 0 0 0 0 2/2!/4
(331) 2/21/6 0 0 0 0 0 0 0 0 0
(4111) 0 0 1/5! | 4/41/2 | 3/31/4 0 0 3/31/3 | 2/21/6 0
(421) 0 0 0 1/50 | 4/41/2 | 3/31/4 0 0 3/31/3 | 2/21/6
(43) 0 0 0 0 0 0 0 150 | 4/41/2 | 3/31/4
(7) 0 0 0 0 0 0 0 0 0 0
(ii11111y| o 0 0 0 0 0 0 0 0 0
(2111111) 0 0 0 0 0 0 0 0 0 0
(221111) 0 0 0 0 0 0 0 0 0 0
(22211) 0 0 0 0 0 0 0 0 0 0
(2222) 0 0 0 0 0 0 1/11/4 0 0 0
(311111) 0 0 0 0 0 0 0 0 0 0
(32111) 0 0 0 0 0 0 0 0 1/11/4 0
(3221) 0 0 0 0 0 0 0 0 0 1/11/4
(3311) 0 0 0 0 0 0 0 0 0 0
(332) 2/2!/3 0 0 0 0 0 0 0 0 0
(41111) 0 0 1/40 | 3/31/2 | 1/2!/4 0 0 2/21/3 0 0
(4211) 0 0 0 140 | 3/31/2 | 1/2!/4 0 0 2/2!/3 0
(422) 0 0 0 0 1/4! 3/31/2 | 1/21/4 0 0 2/2!/3
(431) 0 0 0 0 0 0 0 1/4! 3/31/2 | 1/2!/4
(44) 0 0 0 0 0 0 0 0 0 0
(71) 0 0 0 0 0 0 0 0 0 0
(8) 0 0 0 0 0 0 0 0 0 0
Result 0 0 0 0 0 0 0 0 0 0
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Table 22-12 (4/5)

28 29 30 31 32 33 34 35 36 37

Function | (43311) | (4332) | (4417) | (44211) | (4422) | (4431) | (444y | (71°) | (721°%) | (7221)

0 30/51/36 | 12/41/72 [15/61/16 | 30/5!/32 | 6,/41/64 | 12/41/48 [1/31/64 [6/61/7 | 20/5!/14 | 2/41/28

1) 12/41/36| 0 | 10/51/16|12/41/32[ 0 | 3/31/48 | 0 |5/5!/7|12/41/14[3/31/28

11y | 3/31/36 0 6/41/16 | 3/31/32 | 0 0 47477 6/31/14 | 0
(2) 0 3/31/36 0 6/41/16 |3/31/32| 0 0 | 4/417 |6/3/14

111y 0 0 3/31/16 0 0 0 3/31/7] 2/21/14 | 0
(21) 0 0 0 3/31/16 | 0 0 0 | 3/317 |2/21/14
(3) 12/41/12| 6/31/24 0 0 0 | 3/31/16 0 0 0

(1111) 0 0 1721716 0 0 0 2/21/7] 0 0
(211) 0 0 0 1/21/16 | 0 0 0 | 2/2y7 0
(22) 0 0 0 [1/21/16] 0 0 0 2/21/7
(31) 6/3!/12 0 0 0 | 1/2!/16 0 0 0
(4) 6/41/9 | 3/3!/18 5/51/4 [12/41/8 | 3/31/16 |6/3!/12| 0 0 0
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Table 22-12 (5/5)
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Table 22-13 (1/5)

Weight 13, 3rd Stratum 1 2 3 4 5 6 7 8 9 10
Weight | Function Stratum sy [ @i (2217) (22217) | (22221%) | (2°111) | (2°1) (3110 (321%) (3221°)
0 0O 9 17131 |12/12!/2 |55/111/4 |120/101/8 |126/91/16 |56/8!/32 |7/7'/64 |11/111/3 |90/101/6 |252/91/12
1 (1) 3 1/120 [11/111/2 |45/101/4 | 84/9!/8 | 70/8!/16 |21/71/32 |1/6!/64 |10/101/3 | 72/9!/6 |168/8!/12
2 (11) 7 1/111 |10/101/2 | 36/9!/4 | 56/8!/8 | 35/7!/16 | 6/6!/32 0 9/91/3 | 56/8!/6 |105/7!/12
2 (2) 7 0 1/11!  |10/10!/2 | 36/9!/4 | 56/8!/8 |35/7!/16 |6/6!/32 0 9/91/3 | 56/8!/6
3 (111) 6 /100 | 9/91/2 | 28/8l/4 | 35/71/8 | 15/61/16 | 1/51/32 0 8/8/3 | 42/7/6 | 60/6!/12
3 (21) 6 0 1/10! 9/91/2 | 28/81/4 | 35/7/8 |15/61/16 |1/5!/32 0 8/81/3 | 42/7/6
3 (3) 6 0 0 0 0 0 0 0 1/10! 9/9!/2 28/8!/4
4 (1111) 5 190 | 8/8l/2 | 21/71/4 | 20/6!/8 | 5/5!/16 0 0 7/T3 | 30/6!/6 | 30/5!/12
4 (211) 5 0 1/9! 8/8l/2 | 21/71/4 | 20/6!/8 | 5/5!/16 0 0 7/7/3 | 30/6!/6
4 (22) 5 0 0 1/9! 8/8!/2 21/71/4 | 20/6!/8 |5/5!/16 0 0 7/7/3
4 (31) 5 0 0 0 0 0 0 0 1/9! 8/81/2 | 21/71/4
4 (4) 5 0 0 0 0 0 0 0 0 0 0
5 (11111) 5 18" [ 7/7/2 | 15/6'/4 | 10/51/8 | 1/41/16 0 0 6/61/3 | 20/51/6 | 12/41/12
5 (2111) 5 0 1/8! 7/7/2 15/61/4 10/5!/8 1/41/16 0 0 6/6!/3 20/5!/6
5 (221) 5 0 0 1/8! 7/7/2 15/6!/4 10/5!/8 |1/4!/16 0 0 6/6!/3
5 (311) 5 0 0 0 0 0 0 0 1/8! 7/71/2 15/6!/4
5 (32) 5 0 0 0 0 0 0 0 0 1/8! /72
5 (41) 5 0 0 0 0 0 0 0 0 0 0
6 (111111) 5 7 | 6/6l/2 | 10/51/4 | 4/41/8 0 0 0 5/51/3 | 12/41/6 | 3/31/12
6 (21111) 5 0 17 6/6!/2 | 10/5!/4 4/41/8 0 0 0 5/51/3 | 12/41/6
6 (2211) 5 0 0 1/7! 6/6!/2 10/5!/4 4/41/8 0 0 0 5/5!/3
6 (222) 5 0 0 0 1/7! 6/6!/2 10/5!/4 | 4/41/8 0 0 0
6 (3111) 5 0 0 0 0 0 0 0 1/7 6/6!/2 10/5!/4
6 (321) 5 0 0 0 0 0 0 0 0 1/7! 6/6!/2
6 (33) 5 0 0 0 0 0 0 0 0 0 0
6 (411) 5 0 0 0 0 0 0 0 0 0 0
6 (42) 5 0 0 0 0 0 0 0 0 0 0
7 (T111111) 5 /6" | 5/5l/2 | 6/41/4 1/31/8 0 0 0 474173 | 6/31/6 0
7 (211111) 5 0 1/6! 5/51/2 6/41/4 1/31/8 0 0 0 4/41/3 6/3!/6
7 (22111) 5 0 0 1/6! 5/51/2 6/41/4 1/31/8 0 0 0 4/41/3
7 (2221) 5 0 0 0 1/6! 5/51/2 6/41/4 1/31/8 0 0 0
7 (31111) 5 0 0 0 0 0 0 0 1/6! 5/51/2 6/41/4
7 (3211) 5 0 0 0 0 0 0 0 0 1/6! 5/51/2
7 (322) 5 0 0 0 0 0 0 0 0 0 1/6!
7 (331) 5 0 0 0 0 0 0 0 0 0 0
7 (4111) 5 0 0 0 0 0 0 0 0 0 0
7 (421) 5 0 0 0 0 0 0 0 0 0 0
7 (43) 5 0 0 0 0 0 0 0 0 0 0
7 (7) 5 0 0 0 0 0 0 0 0 0 0
8 (11111111) | 4,(8),—120 1/5! 4/41/2 3/31/4 0 0 0 0 3/31/3 2/2!/6 0
8 (2111111) 4,(8),40 0 1/5! 4/41/2 3/31/4 0 0 0 0 3/31/3 2/2!/6
8 (221111) 4,(8), -8 0 0 1/5! 4/41/2 3/31/4 0 0 0 0 3/31/3
8 (22211) 4 0 0 0 1/5! 4/41/2 3/31/4 0 0 0 0
8 (2222) 4 0 0 0 0 1/5! 4/41/2 | 3/31/4 0 0 0
8 (311111) 4,(8),—15 0 0 0 0 0 0 0 1/5! 4/41/2 3/31/4
8 (32111) 4,(8),1 0 0 0 0 0 0 0 0 1/5! 4/41/2
8 (3221) 4,(8),1 0 0 0 0 0 0 0 0 0 1/5!
8 (3311) 4,(8),0 0 0 0 0 0 0 0 0 0 0
8 (332) 4,(8), -2 0 0 0 0 0 0 0 0 0 0
8 (41111) 4,(8),4 0 0 0 0 0 0 0 0 0 0
8 (4211) 4,(8),0 0 0 0 0 0 0 0 0 0 0
8 (422) 4,(8),0 0 0 0 0 0 0 0 0 0 0
8 (431) 4,(8),1 0 0 0 0 0 0 0 0 0 0
8 (44) 4,(8),-2 0 0 0 0 0 0 0 0 0 0
8 (71) 4,(8),—1 0 0 0 0 0 0 0 0 0 0
8 (8) 4,(8),1 0 0 0 0 0 0 0 0 0 0
10 (110y 4,(91),—225 | 1/30 | 27212 0 0 0 0 0 /1173 0 0
10 (218) 4,(91),55 0 1/3! 2/21/2 0 0 0 0 0 1/11/3 0
10 (221°) 4,(91),-5 0 0 1/3! 2/21/2 0 0 0 0 0 1/11/3
10 (22214) 4,(91),3 0 0 0 1/3! 2/21/2 0 0 0 0 0
10 (222211) 4,(91), -9 0 0 0 0 1/3! 2/21/2 0 0 0 0
10 (22222) 4,(91),15 0 0 0 0 0 1/3! 2/21/2 0 0 0
10 (317) 4,(91),-15 0 0 0 0 0 0 0 1/3! 2/21/2 0
10 (3211111) | 4,(91), -5 0 0 0 0 0 0 0 0 1/3! 2/21/2
10 (322111) 4,(91),1 0 0 0 0 0 0 0 0 0 1/3!
10 (32221) 4,(91),3 0 0 0 0 0 0 0 0 0 0
10 (331111) 4,(91),6 0 0 0 0 0 0 0 0 0 0
10 (33211) 4,(91), -2 0 0 0 0 0 0 0 0 0 0
10 (3322) 4,(91), -2 0 0 0 0 0 0 0 0 0 0
10 (3331) 4,(91),0 0 0 0 0 0 0 0 0 0 0
10 (419) 4,(91),5 0 0 0 0 0 0 0 0 0 0
10 (421111) 4,(91),1 0 0 0 0 0 0 0 0 0 0
10 (42211) 4,(91),1 0 0 0 0 0 0 0 0 0 0
10 (4222) 4,(91), -3 0 0 0 0 0 0 0 0 0 0
10 (43111) 4,(91), -1 0 0 0 0 0 0 0 0 0 0
10 (4321) ,(91),1 0 0 0 0 0 0 0 0 0 0
10 (433) 4,(91),2 0 0 0 0 0 0 0 0 0 0
10 (4411) 4,(91), -1 0 0 0 0 0 0 0 0 0 0
10 (442) 4,(91),—1 0 0 0 0 0 0 0 0 0 0
10 (7111) 4,(91), -1 0 0 0 0 0 0 0 0 0 0
10 (721) 4,(91), -1 0 0 0 0 0 0 0 0 0 0
10 (73) 4,(91), -1 0 0 0 0 0 0 0 0 0 0
10 (811) 4,(91),1 0 0 0 0 0 0 0 0 0 0
10 (82) 4,(91),1 0 0 0 0 0 0 0 0 0 0
10 (91) 4,(91),0 0 0 0 0 0 0 0 0 0 0
Result —3575 825 —155 45 —15 —15 45 —125 —15 -5
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Table 22-13 (2/5)

11 12 13 14 15 16 17 18 19 20 21 22 23 24
Function | (322217) | (32711) | (325 | (3317) | (3321°) |(3322111) |(332221) | (3331%) |(333211) | (33322) |[(33331) | (419) | (4217) | (4221°)
) 280/8!/24 [105/71/48 | 6/6!/96 |36/9!/9 |168/8!/18 |210/7!/36 |60/6!/72 [35/7!/27 [60/6!/54 |10/5!/108 [5/5!/81 [10/101/4 |72/9/8 |168/8!/16
) 140/71/24 | 30/6!/48 0 28/81/9 [105/7!/18 | 90/61/36 | 10/5!/72 [20/6!/27 [20/5!/54 0 1/41/81 | 9/91/4 [56/8!/8 [105/7!/16
(11) 60/61/24 | 5/5!/48 0 21/71/9 | 60/6!/18 | 30/5!/36 0 10/5!/27 | 4/41/54 0 0 8/81/4 [42/71/8 | 60/6!/16
(2) 105/7!/12 | 60/6!/24 |5/5!/48 0 21/71/9 | 60/6!/18 |30/5!/36 0 10/5!/27 | 4/41/54 0 0 8/8!/4 | 42/7!/8
(111) 20/5!/24 0 0 15/61/9 | 30/5!/18 | 6/41/36 0 4/41/27 0 0 0 7/71/4[30/6!/8 | 30/5!/16
(21) 60/6!/12 | 20/5!/24 0 0 15/61/9 | 30/5!/18 | 6/41/36 0 4/41/27 0 0 0 7/71/4 | 30/6!/8
(3) 35/7!/8 | 15/6!/16 | 1/5!/32 | 8/8!/3 | 42/71/6 | 60/6!/12 |20/5!/24 | 15/61/9 |30/5!/18 | 6/41/36 |4/41/27 0 0 0
(1111) 4/41/24 0 0 10/5!/9 | 12/41/18 0 0 1/31/27 0 0 0 6/61/4 |20/5!/8 | 12/41/16
(211) 30/5!/12 | 4/41/24 0 0 10/5!/9 | 12/41/18 0 0 1/31/27 0 0 0 6/61/4 | 20/5!/8
(22) 30/6!/6 | 30/5!/12 |4/41/24 0 0 10/5!/9 | 12/41/18 0 0 1/31/27 0 0 0 6/6!/4
(31) 20/6!/8 | 5/5!/16 0 7/71/3 | 30/6!/6 | 30/5!/12 | 4/41/24 | 10/5!/9 |12/41/18 0 1/31/27 0 0 0
(4) 0 0 0 0 0 0 0 0 0 0 0 1/9! 8/8!/2 | 21/7!/4
(11111) 0 0 0 6/41/9 | 3/3!/18 0 0 0 0 0 0 5/51/4 [12/41/8 | 3/31/16
(2111) 12/41/12 0 0 0 6/41/9 | 3/31/18 0 0 0 0 0 0 5/51/4 | 12/41/8
(221) 20/5!/6 | 12/41/12 0 0 0 6/41/9 | 3/3!/18 0 0 0 0 0 0 5/51/4
(311) 10/5!/8 | 1/41/16 0 6/6!/3 | 20/5!/6 | 12/41/12 0 6/41/9 | 3/3!/18 0 0 0 0 0
(32) 15/6!/4 | 10/5!/8 |1/41/16 0 6/6!/3 | 20/5!/6 |12/41/12 0 6/41/9 | 3/3!/18 0 0 0 0
(41) 0 0 0 0 0 0 0 0 0 0 0 1/8! 7/71/2 | 15/6!/4
(111111) 0 0 0 3/31/9 0 0 0 0 0 0 0 474174 [ 6/31/8 0
(21111) 3/31/12 0 0 0 3/31/9 0 0 0 0 0 0 0 4/41/4 | 6/31/8
(2211) 12/41/6 | 3/3!/12 0 0 0 3/31/9 0 0 0 0 0 0 0 4/41/4
(222) 5/5!/3 12/41/6 | 3/3!/12 0 0 0 3/31/9 0 0 0 0 0 0 0
(3111) 4/41/8 0 0 5/51/3 | 12/41/6 | 3/3!/12 0 3/31/9 0 0 0 0 0 0
(321) 10/5!/4 | 4/41/8 0 0 5/5!/3 12/41/6 | 3/31/12 0 3/31/9 0 0 0 0 0
(33) 0 0 0 1/7! 6/6!/2 10/5/4 | 4/41/8 | 5/51/3 | 12/41/6 | 3/31/12 | 3/3!/9 0 0 0
(411) 0 0 0 0 0 0 0 0 0 0 0 17 6/6!/2 | 10/5!/4
(42) 0 0 0 0 0 0 0 0 0 0 0 0 1/7! 6/6!/2
(1111111) 0 0 0 1/2!/9 0 0 0 0 0 0 0 3/31/4 | 2/21/8 0
(211111) 0 0 0 0 1/2!/9 0 0 0 0 0 0 0 3/3l/4 | 2/21/8
(22111) 6/31/6 0 0 0 0 1/2!/9 0 0 0 0 0 0 0 3/31/4
(2221) 4/41/3 6/3!/6 0 0 0 0 1/2!/9 0 0 0 0 0 0 0
(31111) 1/31/8 0 0 4/41/3 | 6/3!/6 0 0 1/2!/9 0 0 0 0 0 0
(3211) 6/41/4 1/3!/8 0 0 4/41/3 6/3!/6 0 0 1/2!/9 0 0 0 0 0
(322) 5/5!/2 6/41/4 | 1/31/8 0 0 4/41/3 | 6/3!/6 0 0 1/2!/9 0 0 0 0
(331) 0 0 0 1/6! 5/5!/2 6/41/4 1/31/8 | 4/41/3 | 6/31/6 0 1/2!/9 0 0 0
(4111) 0 0 0 0 0 0 0 0 0 0 0 1/6! 5/5!/2 | 6/4!/4
(421) 0 0 0 0 0 0 0 0 0 0 0 0 1/6! 5/5!/2
(43) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(7) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(11111111) 0 0 0 0 0 0 0 0 0 0 0 2/21/4 0 0
(2111111) 0 0 0 0 0 0 0 0 0 0 0 0 2/21/4 0
(221111) 2/2!/6 0 0 0 0 0 0 0 0 0 0 0 0 2/21/4
(22211) 3/31/3 2/21/6 0 0 0 0 0 0 0 0 0 0 0 0
(2222) 0 3/31/3 | 2/2!/6 0 0 0 0 0 0 0 0 0 0 0
(311111) 0 0 0 3/31/3 | 2/21/6 0 0 0 0 0 0 0 0 0
(32111) 3/31/4 0 0 0 3/31/3 2/2!/6 0 0 0 0 0 0 0 0
(3221) 4/41/2 3/3!/4 0 0 0 3/31/3 2/2!/6 0 0 0 0 0 0 0
(3311) 0 0 0 1/5! 4/41/2 3/31/4 0 3/31/3 | 2/2!/6 0 0 0 0 0
(332) 0 0 0 0 1/5! 4/41/2 3/31/4 0 3/31/3 2/2!/6 0 0 0 0
(41111) 0 0 0 0 0 0 0 0 0 0 0 1/5! 4/41/2 | 3/3!/4
(4211) 0 0 0 0 0 0 0 0 0 0 0 0 1/5! 4/41/2
(422) 0 0 0 0 0 0 0 0 0 0 0 0 0 1/5!
(431) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(44) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(71) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(8) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(110) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(21%) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(221°) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(2221%) 1/11/3 0 0 0 0 0 0 0 0 0 0 0 0 0
(222211) 0 1/11/3 0 0 0 0 0 0 0 0 0 0 0 0
(22222) 0 0 1/11/3 0 0 0 0 0 0 0 0 0 0 0
(317) 0 0 0 1/11/3 0 0 0 0 0 0 0 0 0 0
(3211111) 0 0 0 0 1/11/3 0 0 0 0 0 0 0 0 0
(322111) 2/2!/2 0 0 0 0 1/11/3 0 0 0 0 0 0 0 0
(32221) 1/3! 2/21/2 0 0 0 0 1/11/3 0 0 0 0 0 0 0
(331111) 0 0 0 1/3! 2/21/2 0 0 1/11/3 0 0 0 0 0 0
(33211) 0 0 0 0 1/3! 2/2!/2 0 0 1/11/3 0 0 0 0 0
(3322) 0 0 0 0 0 1/3! 2/2!/2 0 0 1/1/3 0 0 0 0
(3331) 0 0 0 0 0 0 0 1/3! 2/2!/2 0 1/11/3 0 0 0
(41°) 0 0 0 0 0 0 0 0 0 0 0 1/3! 2/21/2 0
(421111) 0 0 0 0 0 0 0 0 0 0 0 0 1/3! 2/21/2
(42211) 0 0 0 0 0 0 0 0 0 0 0 0 0 1/3!
(4222) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(43111) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(4321) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(433) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(4411) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(442) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(7111) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(721) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(73) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(811) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(82) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(91) 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Result 9 3 —15 40 0 -8 0 -2 [§ -2 -8 15 15 =5
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Table 22-13 (3/5)

% % 37 BX 3 30 31 32 33 - -
Function 4222111 422221 4316 : : : : 34r i > 8
e §40/7!/3; :<'>0/6!/64>1 5é/§!/i2 54132/17}/1212 1(;1(:;,/262‘1/2)8 2((;13;22) (3110 [ (03320) | (4339 | (417 | (L2111 [ (41200) | (4310
Iy [ 60/61/32 | 5/51/64 [42/71/12 | 120/61/24 | 60/51/48 L 33??432 ?gﬁ:% A ?;%:ﬁg 6%%32 et ooa e
Ty [ 20/5./32 | 0 [30/6i/12 | 60/52a [12/aljas |0 |12/a/36 | 0 T e st
() 60/6/16 |20/5/32 | o0 30/61/12 | 60/51/24 |12/a1/48 | 0 |12/48 RS A e
ain i : . | ! ! /41/36 0 0 10/5!/16 |12/4!/32 0
(1) 30//5!//16 4/41/32 /?)/ %%Iﬁ; 24/2!/24 3 3/35/36 3/3?/36 g 6/4(!)/16 Zﬁzﬁé 3 3(') 0
! ! 1/32
<1<131>1> 8 8 1;;2:7112 Z(/)é‘ﬁ'éi 30/5!/16 | 4/41/32 |20/5!/12 |24/41/24 | 3/3!/36 0 0 / 0/3 6/4?/16
@11 |12/4716 | 0 0 12/4!//12 6/3?/24 0 0 0 o | e 0 0
(22) 20/5!/8 |12/41/16 | 0 0 12/412 | 6/31/24 0 0 0 e ) 0
<?:11> 0 0 6/6/4 | 20518 | 12/41/16 / 6/ 12/2'/12 6/3?/24 g g g 3/3(!)/16 3/3?/16
20/6! ! ' ' '
(1&)11) 0/(()3 /8 5/56/16 67//37!1//132 30/(()5!/6 30/5:)!/12 4/4(!)/24 10/51/9 |12/41/18 | 1/31/27 | 6/6l/4 | 20/51/8 |12/41/16 |12/41/12
@111y | 3/31/16 0 0 6/31/12 0 0 8 8 0 A ] 0 0
(21) 12/41/8 | 3/31/16 0 0 6/31/12 0 0 0 0 ) A ! 0
%121)} 0 0 s/50/4 | 12/48 | 3/31/16 o |emyiz| o ) 0 o |V 1/2(')/16
0 5! 3/3/16 : '
(41) 10/51/8 | 1/41/16 6/6(3)!/3 25()//05"//46 1122/ﬁ!//182 3/3(;/16 it e 0 ; y . .
L ; . sjafs E l 0 6/2:]./9 3/31/18 0 5/51/4 | 12/41/8 | 3/31/16 | 6/31/12
(21111) 0 0 0 2/21/12 0 0 0 o o o 0 o 0
(2211) 6/31/8 0 0 0 2/21/12 0 0 8 0 0 i 0 0
(222) 4/41/4 | 6/31/8 0 0 0 2/21/12 0 0 i i 0 0
(3111) 0 0 a/41/4 | 6/318 0 ’ ! 0 i ) ) 0 0
(321) 0 0 0 i M 0 2/2!/12 0 0 0 0 0 0
B 0 0 0 | opys 0 0 |22 | o 0 0 0 0
(411) 4/41/8 0 5/5/3 | 12/41/6 | 3/31/12 8 e | A8 | A : g 0 .
(42) 10/50/4 | 4/a1/8 0 5/50/3 | 12/41/6 | 3/31/12 3/?6'/9 i 0 il B e |
. ; ! 0 ! i ! 0 3/31/9 0 0 4/d1/4 | 6/31/8 0
(@211111) 0 0 0 0 0 0 0 8 0 0 0 0 0
@2111) | 2/28 0 0 0 0 0 0 0 0 0 0 0 0
(2221 | 3/374 | 228 | 0 0 0 0 0 0 0 0 i 0 0
(31111) 0 0 3/31/4 | 2/21/8 0 0 0 i i 0 0
(3211) 0 0 0 3/3/4 | 2/21/8 0 8 8 8 8 8 3 0
gg; 8 g g g 3/:(5)!/4 2/%!/8 0 0 0 0 0 0 8
(4111) 1/31/8 0 4/4/3 | 6/31/6 0 0 ?/;/4 i 0 ; ) 0 0
(421) 6/4l/4 | 1/3/8 0 443 | 6/31/6 0 /0,/9 1/;/9 g 3/%!/4 §f§:ﬁ 2 gl 0
<<473>> 8 g 1{)6! 5/56!/2 6/43!/4 1318 | 4/41/3 | 6/31/6 | 1/21/9 0 0 /d/g 3/:?!/4
<111]1111> 0 0 0 0 0 8 8 8 ; ; : q g
(2111111) 0 0 0 0 0 0 0 0 0 0 0 ; 0
(221111) 0 0 0 0 0 0 0 0 o o o 0 o
(22211) | 2/21/4 0 0 0 0 0 0 0 0 0 0 0 0
(2229) 0 2/21/4 0 0 0 0 0 0 0 0 0 0 0
(311111) 0 0 2/21/4 0 0 0 0 0 0 0 0 0 0
(32111) 0 0 0 2/21/4 0 0 0 o o 0 0 0
(3221) 0 0 0 0 2/2!/4 o o o 0 0 0
(3311) 0 0 0 0 0 o 0’ 0 0 0 0 i ;
(332) 0 0 0 0 0 8 2/%/4 0’ o o o 0 o
(41111) 0 0 3/31/3 2/21/6 0 0 0 Ha o ) o o 0
(4211) 3/31/4 0 0 3/31/3 2/21/6 0 0 o o e ) o o
(422) 4/41/2 | 3/31/4 0 0 333 | 2/21/6 0 8 g g 2/%)!/4 2/;)'/4 0
((4;41)) 8 g 1{)5! 4/%)!/2 3/30!/4 0 3/31/3 2/21/6 0 0 0 0 2/;]!/4
(1) 0 0 0 0 0 0 0 0 0 S I I R
(8) 0 0 0 0 0 0 0 0 ;
g 0 0 0 0 0 0 0 0
(218> 0 0 0 g 8 8 8 0 0 o o 0 0
(2219 0 0 0 0 0 0 0 0 0 0 0 g g
(2221%) 0 0 0 0 0 0 0 0 0 0 0 i i
(222211) 0 0 0 0 0 0 0 0 0 0 0 ) )
(22222) 0 0 0 0 0 0 0 0 0 0 0 0 0
@317) 0 0 0 0 0 0 0 0 0 0 0 0 0
(3211111) 0 0 0 0 0 0 0 0 0 0 0 i )
(322111) 0 0 0 0 0 0 0 0 0 0 0 i i
(32221) 0 0 0 0 0 0 0 0 o o o 0 0
(331111) 0 0 0 0 0 0 0 0 o o o 0 0
(33211) 0 0 0 0 0 0 0 0 0 0 0 0 0
(3322) 0 0 0 0 0 0 0 0 0 0 0 0 0
(3331) 0 0 0 0 0 0 0 0 0 0 0 0 0
<41f') 0 0 1/11/3 0 0 0 0 0 0 0 0 0 0
(421111) 0 0 0 1/11/3 0 0 0 0 0 0 0 0 0
(42211) 2/21/2 0 0 0 1/11/3 0 0 0 o o 0 o o
(4222) 1/3! 2/21/2 0 0 0 1/11/3 0 0 o 0 0 o o
(4431211> 0 0 1/3! 2/21/2 0 0 1/11/3 0 8 g g 8 g
<<43331>> 8 g 8 1{)3! 2/21/2 0 0 1/11/3 0 0 0 0 0
sy 0 0 0 0 8 8 3t | 27212 | 1/1y3 0 0 0 0
) 0 0 0 0 0 0 8 8 0 1/3! 2/21/2 0 1/11/3
(7111) 0 0 0 0 0 0 0 0 o o W e 0
(721) 0 0 0 0 0 0 0 0 0 0 0 0
(73) 0 0 0 0 0 0 0 o o o o 0 o
(811) 0 0 0 0 0 0 0 0 0 0 0 i 0
gf; 0 0 0 0 0 0 0 0 0 0 0 i 0
0 0 0 0 0 0 0 0 0 0
Result 3 -9 —15 3 1 3 0 0 6 5 703 (1] 701
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Table 22-13 (4/5)

38 39 40 41 42 43 44 45 46 47 48 49 50 51

Function | (4432) | (4441) | (71°) | (721%) | (72211) | (7222) | (73111) | (7321) | (733) | (74ll) | (742) | (81%) | (82111) | (8221)

0 12/41/96 | 4/41/64 |7/7'/7 |30/6!/14 |30/51/28 |4/4l/56 |20/51/21 |24/41/42 [3/31/63 |12/4/28 |6/31/56 |6/6!/8 |20/5!/16 |12/41/32
0 1/31/64 [6/6!/7 [20/51/14 [12/41/28 | 0 |12/41/21 | 6/31/42 0 6/31/28 0 [5/5//8 [12/41/16 | 3/31/32

(11) 0 0 |5/5/7 |12/4l/14 | 3/31/28 0 6/3!/21 0 0 2/21/28 0 |4/41/8 | 6/3/16 0
(2) 3/3/48 0 5/5!/7 | 12/4!/14 |3/3!/28 0 6/3!/21 0 2/2!/28 4/41/8 | 6/3!/16

0

(1) 0 47417 | 6/31/14 0 0 2/21/21 0 0 0 [3/3/8 | 2/2!/16 0

(21) 0 0 4/41)7 | 6/31/14 0 0 2/21/21 0 0 3/31/8 | 2/2!/16
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Table 22-13 (5/5)
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