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ABSTRACT. In a previous paper (Eilbeck, Matsutani and Onishi, Phil.
Trans. R. Soc. A 2011 369, 1245-1263), we introduced new 2- and 3-
variable addition formulae for the Weierstrass elliptic functions in the
special case of an equianharmonic curve. In the present paper we remove
the restriction to the equianharmonic curve, extending the ideas to the
general elliptic curve. We present explicit new 2-variable and 3-variable
addition formulae for this curve, and prove the structure of the formulae
for the n-variable case.

1. INTRODUCTION

Consider the Weierstrass equation

(1.1) o' ()" = dp(u)’ = ga20(u) — gs,

where g, and g3 are constants. The functions o(u) and p(u) = —% log o (u)
from Weierstrass’s theory of elliptic functions are well studied. There is an
especially well-known addition formula

_"(UJUQZEZQ 2 o) = olo)

(1.2)

(see p.451 of [11], for instance). In general, for n variables ul¥) (j = 1, ...
n), it is known that

[T, o (uO)"

o(u® — u)

i<j

(1.3) 1 p®) @@®) - =2 (M)
1|1 pu®) ¢ (u®) pl" D (u®)

It L :
T p®™) ™) . oD ()

These are a reflection of the involution of the elliptic curve associated to
(1.1). Some of the related addition formulae may be found on p.458 of [11],
for example.
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There is also a three-term analogy of equation (1.2), which reflects the
cyclic automorphism group of order three, in the so-called equianharmonic
case where the Weierstrass invariant go = 0 (and g3 is assumed non-zero).
Let ¢ be a primitive cube root of unity, (without loss of generality we may
take ¢ = (—14+/—3)/2 ). Then the functions specialised to this case satisfy

olutvolutColut ) Lo
(1.4) i = S(/ W) + ¢(0))

This was given as Proposition 5.1 of [4].

We have similar, but more complicated, generalizations for certain spe-
cialized trigonal curves of genus three, (Theorem 10.1 in [3] and Theorem
5.4 in [2]), and genus four, (Theorem 8 in [5]). The aim of this paper is to
introduce generalisations of (1.3) similar to (1.4), but for the most general
elliptic curve, (2.1).

Our new results are based on the following observation. The curve defined

by (1.1):

(1.5) €y =02y L (y = 3¢'(u), © = p(u))
has two natural maps

P+— ¢ —P!

(-6) x i (z,9) — v,

where both P! denote projective lines. The map to the left is a double
covering and the map to the right is a triple covering. The formulae (1.2)
and (1.3) come from the former and so it is natural to ask what would
formulae would follow from the latter.

We proceed by considering the most general elliptic curve, first describing
the structure of a new class of n-variable addition formulae in Theorem 4.1
and then giving explicit expressions in the cases n = 2 (Theorem 5.1) and
n =3 (Theorem 6.1).

When we consider the 2-variable case with the general Weierstrass curve
(Remark 5.3[2]) we find the new generalisation of (1.4)

_outv)o(ut+vo(u+v) 1

loo(yoley 2 W F ).

(1.7)

where v, v*, v** are so-called conjugate variables satisfying ©'(v) = @/(v*) =
@ (v™), v + v* + v** = 0. These conjugate variables are the generalisations
of v, (v, (?v in the equianharmonic case.
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2. PRELIMINARIES

The reader is referred to [8] for the details of the material in this section.

Define

(2.1) f@,y) = y° 4 (ma + pa)y — (27 + poa® + pax + pg).

We consider the curve € defined by f(z,y) = 0 with the unique point
oo at infinity. Although we assume % is non-singular, the formulae in our
theorems are valid even if % is singular. It is known that any elliptic curve
over any perfect field is written in this form (see [1], Chapter 8, or [10],
Section 3 of Chapter 3). The results for this curve are valid as identities on
power series over quite general base rings and are not restricted to the case
of the complex numbers.
We may define weights, denoted wt, by

wt(z) = =3, wt(y) = =2, wt(yy) =—j.

From this definition, it is easy to see that any formula in this paper is of
homogeneous weight. In general a numerical subscript throughout this paper
will refer to the corresponding (negative) weight, except for the classical
constants g, and g3, which have weight —4 and —6 respectively.

Any differential of the first kind is a constant multiple of
dx dx dy

fo@y)  2y+(mr+ps)  folzy)
where f,, and f, denote a% f and % f, respectively. Let A denote the lattice

w=uw(,y) =

consisting of the integrals of this differential along any closed paths:

()

We define two meromorphic functions x(u) and y(u) by the set of equalities

(z(u),y(u))
(2.2) u :/ w, f(z(u),y(u) =0.

o0

Clearly, these are periodic with respect to A and have poles only at the
points in A. Note that it follows from these definitions that the variable u
is of weight 1 : wt(u) = 1.

From the definitions in (2.2) we have

w(—u) = x(u),  y(—u) = y(u) + mr(u) + ps.
Both z(u) and y(u) have a pole only at u = 0, of order 2 and 3, respectively.

Let us take a local parameter ¢ around the point co satisfying

1
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This choice of a local parameter is different from the usual one : t = —x/y.

Using (2.3) and (2.2), we can obtain the power series expansions of x(u)

and y(u) beginning with

2= (fm’ + jp2)

(24) + (g’ + sgham® = fepat + fgpe® — fpa)u’ 4
y(u) = —u™> = Jpnu™® + (gpm° + §popn — gps) + - -

For two variable points (x,y) and (z,w) on €, we define

z(u) =u~

Y+ w+ iz + ps
Q(x7y7 Z7 w) - T — 2z )
w(z,y) = (y +w+ iz + ps)de
’ (= 2)(2y + px + ps)

These have a pole of order 1 with residue 1 at (2, w) when regarded as a form
with variable (z,y) and (2, w) fixed. Indeed, since (2w+ 12+ p3) = f,,(z, w)
when (z,y) = (z,w), the residue at (z,w) is 1, and the zeroes of numerator
and denominator at (z,y) = (z, —w — u1z — ug) is cancelled.

For a differential n of the 2nd kind with pole only at oo, we define

E(x,y; 2,w) = £Q(z, y; 2, w)dz — w(z, y)n(z,w),
where (z,y), (z,w) € €. Then, the differential of the second kind

—xdx
2.5 rY) =5
(2.5) n(z,y) S E——
chosen as in [8], satisfies

§(z,y;2,w) = &(z, w3z, y).
We fix the notation 7 for the form (2.5) from now on. Let « and S be a pair
of two closed paths on % which is a representative of a symplectic base of
the homology group H;(%,7Z). We let ' and 1 be periods of n with respect
to the closed paths o and (. In general, for a given v € C, we denote by v’
and v” the real numbers such that

v=vw +0"W".

Let
L(u,v) = u(w'y’ +v"n")
for u and v € C. We define the sigma function of C by

— / 1
(2.6) o(u) = Npea(w ") 3'2&'6}(1) (- %“277/“’/_1)19[%] (@' o),
m 2

where 7pea(w’ ™ 'w”) is the value of Dedekind’s eta function at w'™'w”. It is
easily checked that

(2.7) o(—u) = —o(u).
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It is known that the o-function does not depend on the choice of symplectic

base a and 8 of H{(%,Z), and that it has the following quasi-periodicity
property:

Lemma 2.8. The o-function satisfies
(2.9) o(u+0)=x()o(u)exp L(u+ 3¢,0) (L€ N).

The o-function may be represented by a series expansion starting with
o(u) = u+ (7, + p2) (5)u° + (" + 2000, + pragpun + po® + 2p1) ()0
+ (7, 4 Bpam* + 6psiy® + 3p2’i* + 6pafr,
+ 6papiafly + po” + Gpiapis + 6p15” + 24p6) (F)u” + -+
where 71, = u1/2.
Throughout this paper, for simplicity, we use Z[pu1, o, 113, fla, tt6] = Z[]
and Q|u1, pa, 3, fa, ) = Q[ue]. We remark here that (Hurwitz integrality)

this expansion is of the form

n

- u . __
(2.10) o(u) = ZAng with A, € Z[fiy, pi3, 2, pa, fhe)-
n=1 ’

However, it is known that
(2.11) ZA — with A € Z[u).
— !

The reader is referred to the dlscussmn in [8]. This integrality of the coeffi-
cients of this expansion is taken up in Remark 4.7 below. Logically, in this
paper, we need only the fact that A, € Q[u].

We now define as usual the elliptic functions

(2.12) o) =~ logo(u), ¢/ = Lp(u).

Then we have
(2.13) p(—u) = p(u) and @'(—u) = —p'(u).

by (2.7). Our p(u) for the general curve is slightly different from Weier-
strass’s. Our p(u) has the expansion,

1 pia® + 4o
=t X (g w)

N

which is shown by the situation of zeroes of o(u).
Comparing the power series expansions in (2.4) and the essential part of

the expansion of p(u) with respect to u obtained by (2), we have
p(u) = x(u),

(2.14)
O (u) = 2y(u) + px(u) + ps.
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If the parameters in (2.1) take values pu; = ps = puz = 0, py = —%gg,

fig = —39s, then the function p(u) defined by (2.12) satisfies the classical

equation (1.1). Moreover the function o(u) defined in (2.6) is exactly the
same as the Weierstrass o-function. Under such a transformation the results
of this section map to the well-known results for the Weierstrass functions.

3. CONJUGATE POINTS

For a variable point (z,y) on €, we have three points (up to multiplicity)

with the same second coordinate y. We will denote them by

(z,y), (2%,y), and (2™, y).

Moreover, for

(z,y)
(3.1) v = / w,

o0

(z*.y) (@)
v*:/ w, and v**:/ w.
o o

Here the paths of integration are defined as the continuous transformations

we define

by taking * or ** for all points on the path in (3.1).

Lemma 3.2. In the above notation we have

(3.3) v+ " 40 =0.

Proof. Summing up the holomorphic differential w on all three sheets of the
covering we get a holomorphic differential on the base P! (the right hand
side of (1.6)), which must vanish, implying (3.3).

Alternatively, an algebraic proof is as follows. Since, for a given y, the z,
x*, x** are the solution of the equation f(X,y) =0 of X, we see f(X,y) =
—(X —2)(X —2")(X —2*). So

fo(z,y) = —(z —2")(z — 2™),
fo(@® y) = =(@" — x)(a” — 2™),
Fola™y) = —(@* —2) (@™ — 2).
Since
1 1 1

G—)a—a") @ -a)@ - | @) )

we find

Chry) Lty flrty)
and hence the desired equality. 0
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Note that if £ € A then ¢*, /** € A, and that ¢+ ¢* + ¢** = 0 by Lemma
3.2.

In the Weierstrass case when the parameters in (2.1) take values pu; =
po = p3 =0, g = —%1927 He = —%1937 then we have ¢'(v) = ¢'(v*) = ¢/ (™).

Using the curve equation (2.1) and a local parameter (2.3) we may obtain

an expansion beginning

o, 11 1, 1 1
r=1t"+Sml " — Spe+ p” — oghepn + s | T

3 3 3t 32 3
Iy 1 s 1 L, 2
+ | gsi Tt ogghepn” — skl ST — g | T
(3.4) 3 3 3 3
. 4 ¢ 5 4, 9 3 2 5 1 2
+ —§N1 — @/@Nl + §N3/~L1 + <— @Mz + @M)M
2 1 2 1

+—= — —pug? - =
33 Mo 31 32 M3 3 3

By looking at the recursion relation giving this expansion, we see this ex-

1
12® + gahakz — —MG) th+0(t).

pansion belongs to Z[p)[[5t]].

Throughout this paper, ( is a fixed primitive cube root of unity. Trans-
forming ¢t — ¢t and t — (?t gives rise to similar expansions of x* and z** in
terms of t. Using the definition of w and a formal reversing of the function
t — v, we expand the function v — t. Substituting this into the expansions

of t — z* and ¢ — x* gives expansions
vt = ot € Zp, [[50]),
v = ot € Zip (50,

This implies that o(v*)/o(v) and o(v**)/o(v) are power series of v with

(3.5)

coefficients in Q[u)].

4. NEW ADDITION FORMULA (GENERAL FORM)

First, we describe the general structure of our new class of addition
formula, before constructing explicit examples in the following sections.

Theorem 4.1. Let u™, u®, ... ™ be n-variables. Then

[T, o (u@ )2 121G (ui)*)ig (u*+)i

(4.2)

may be expressed as a polynomial in the x(u)) and y(u) forj =1, ...,
n of weight —(n* — 1) over the ring Q[u]. Moreover, if 1 = po = pg = 0,
it 1s symmetric with respect to any exchange

(:c(u(")),y(u(i))) PR (;Ij‘(u(j)),y(u(j))).
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Proof. Regarding (4.2) as a function of each u), we can check that it is
meromorphic and periodic with respect to A, (see the proof of Theorem 5.1
for details on such checks). Hence, it must have a rational expression in
terms of x(u), y(u) for j =1, ..., n. For arbitrarily fixed j, let v = ul).
Then as a function of v, (4.2) has its only pole at v = 0 (of order 2n — 1).
By counting, it is of weight 1+ n(n —1) —n(2n —1) = —(n? — 1). Therefore
(4.2) is a polynomial of the x(u") and y(u")) of weight —(n? — 1).

Hence an addition formula may be derived by taking (4.2) as the left hand
side and constructing the described polynomial for the right hand side To
find the right hand side we use the method of undetermined coefficients as
follows. Firstly, we prepare the monomials

n

(4.3) [ @)y

j=1
of weight —(n? — 1) or larger, where p; are non-negative and ¢; are 0 or
1. By looking at the leading terms of these monomials, we see that they
are linearly independent over Q(u). Of course, there are only finitely many
such monomials. Secondly, set the right hand side as

(44) >~ Ciep [T o)y
{pjej} j=1

with undetermined coefficients Cy, .3 € Q(p). Then, after rewriting the

right hand side by using (2.14) as a rational function of o(u")), o'(ul?)),

o (u), " (uD) for j =1, ---, n, where o’(u) = Lo(u), 0”(u) = L o(u),

and 0" (u) = j—;a(u), we multiply

to the both sides. Then we get the following equality:
o(u® +u® 4. ) H o (u® + u) o (u® 4 u*)
i<j
x (a power series of u/)s with coefficients in Q[u)])
= a polynomial of o(u"), o/(u"9)), " (u?) for j =1, ---, n.
Here, we used that o(u*)/o(u) and o(u*™)/o(u) are power series of u with

coefficients in the ring Q[u]. Now, we focus to each term of the form

(4.5) H o' (D)% o (uld)yhs
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for some set {s; > 0, k; > 0} in the right hand side. Since

0" (u)o(u) —| o’ (u)?

x(u) = o (u)? and
—50" (w)o(u)® + 30" (u)o’ (u)o (u) —| o' (u)?
y(u) = o(u)?
g 0" (uw)o(u) —o'(u)® | ps
RN

it is clear that the term (4.5) comes from a unique term of (4.3). So that, if
we expand the right hand side as a power series with respect to {u(j)}, the

leading terms
(4.6) ]« "
j=1

from (4.5) comes from a unique term of (4.4), say

S ps N e
C{pj,sj} Hx(u(a)) Jy(u(])) ;.

j=1
and has the coefficient +CY, ;. Now, by comparing the two sides with
respect to the term (4.6), we see the coefficient Cy,, .3 must belong to Q[p].
The last assertion is proved by the following formula: if 3 = s = g = 0,
we have
o(Cu) = Co(u)

(See [4], Lemma 4.1), and that u* = Cu, v** = (*u. Namely, the left hand
side in this case is symmetric with respect to any exchange v +— 4. O

Remark 4.7. Our computations suggest that the expression of (4.2) in
terms of x(u))s and y(u'))s has coefficients in Z[u]. This phenomenon
may follow from (2.10) and (2.11). Because of this, Theorem 4.1 may be
valid as a power series identity over quite general base rings and is not

restricted to the case of the complex numbers.
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5. NEW ADDITION FORMULA (2-VARIABLE CASE)

The first explicit main result of this paper now follows.

Theorem 5.1. Using the notation of the previous sections, we have
o(u+v)o(u+ v*)o(u+ v**)
o(u)?o(v)o(v*)o(v*)

= y(u) —y(=v)

(5.2) y(u) +y(v) + mr(v) + ps

(¢/(0) + ¢'(0) + B (p(w) — p(v)).

DO | —

Remark 5.3. We comment on how our formula is modified when special-

izing the curve.

1. For a fixed x, we have two points on the curve. If one point is denoted
say (z,y), then the other point is (x,—y — g1z — ps3). In this situation, if
U= fo(j'”y) w then —u = fo(f’_y_“lw_“?’) w. So, if we replace the sigma function
in (1.2) in the Introduction by the most general sigma function (2.6), the
left hand side of (1.2) has the same form as equation (1.2). The right hand
side for the fully general curve ¢ has exactly the same form as the right

hand side of (1.2), which can be easily checked.

2. As we mentioned just after (2.14), when the parameters in (2.1) take
values 11 = pip = p3 = 0, pig = —3 92, 6 = —39s, the function p(u) defined
by (2.12) satisfies the classical equation (1.1). In this case, by (2.13) and
(2.14), the right hand side of the formula reduces to the addition formula
(1.7) given in the introduction.

3. If we do consider the equianharmonic case (by setting further py = go =
0) then Theorem 5.1 reduces to Proposition 5.1 of [4], with equation (5.2)
becoming (1.4) from the Introduction.

Proof. (of Theorem 5.1.) The left hand side of (5.2) is a meromorphic func-
tion of both uw and v. Using (3.2) and (2.8), we see the left hand side is
invariant with respect to the transformations v — u + ¢, v — v + ¢ for
¢ € A. Indeed, for the transformation u +— u + ¢, the exponent of the
exponential factor becomes

Liu+v+30,0)+ L(u+ v+ 30,0) + L(u+v™ + £0,0) — 3 L(u + 3¢, ()
= L(v+ v +v™,0)

= L(0,0)

= ()’
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While for v — v + ¢, it becomes
Lu+v+30,0) + L(u+ v* + 30,0) + L(u+ v*™ + 307, 0)
— L(v+ %E,K) — L(v* + %é*, *) — L(v™ + %E**, )

= L(u,?) + L(u, 0*) + L(u, )

= L(u, 0+ " + )

= L(u,0)

=0.
Therefore, the left hand side is a function of v modulo A. It also has a
unique pole at u = 0. It is well-known that such a function is a polynomial
of p(u) and its higher order derivatives. In this case the poles are of order 3,
so we need only use p and g’. Since the equation must be of homogeneous

weight (weight —3 on both sides), we know that the left hand side must be
of the form

a1’ (1) + azp (V) + by p(u) + bapip(v) + crpn® + capirpin + capiz

with absolute constants aq, as, by, bs, ¢1, co and c3. However, for arbitrary
fixed v, as a function of u, the left hand side has zeroes at u = —v, u = —v*,
u = —v** (of order 1 each), and no other zeros. Using the fact that the p(u)

is an even function we have that
as =a; (=asay), —by=0b (=bsay), ¢ =c3=c3=0.

Substituting the truncated expansion (3.4) up to the constant term and
(3.5) into (5.2) gives

1 1 n 1 1 1 N
ud v 2,u1 u? 0?2 '
Since
we find the coefficients are as stated
(5.4) a= %, b= %,
concluding the proof. O

We finish the section with some further remarks on the formula (1.7). It
could be argued that this formula lacks symmetry as the variables v and v
are treated differently. We can replace v by v* and «** in turn, remembering
that p(u) = p(u*) = p(u™), then add the three to get

5[ =y o (ui + v))
2 L(ui)3 [T o)

3

= () + 9/ (0)

=1
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where for typographical convenience we use u;,7 = 1, 2, 3, to represent u, u*,
and u** respectively. However in producing such a formula we are throwing
away information, in particular by subtracting two of the three relations
described above we can get
o(u+v)o(u+v)o(u+v™)  o(u*+v)o(u* + v*)o(u* + v**)
o(w)? B o(w)? |

and similarly for (u,u*) and (u*, w**). A similar equation is seen in Corollary
12.2 of [9].

6. NEW ADDITION FORMULA (3-VARIABLE CASE)

The second main result below, is a natural three variable extension of
Theorem 5.1, (see also [7] and [9]).

Theorem 6.1. Let u, v, and w be variables. Denote, for brevity, (T, y,) =
(x(u),y(uw)) and similarly for v and w. With the notation of the previous
sections we have a new addition formula with left hand side
o(u+v+w)o(u+v9)o(u+v™*)o(u+ w)o(u+w™)o(v+ w)o(v+ w*)
o(u)’o(v)’o(v)o(v**)o(w)o(w*)?o (w)?

and right hand side given by Z§:0 r; with the r; as below. Fach r; is a
polynomial in Ty, Ty, Tw, Yu, Yo, Yuw, and the {p;} (of combined weight 7).

To = (yuyv + YuYw + YolYw — $u$vxw)(xu +x, + xw)
2 2 2 2 2.2

— .Tu.flfv — .flfu.Tw — l’vxw,
1= (Tl + 280l + 2 ls + Tululn — Tolu + ToTulu
+ Ty + Yol + Yu?),
ry = (232, — Tuly + YulYu )1 — (T0Tw — YoYu + Loy + Ty,
4 220 T Ty — Yolu — Yol + Tl + D220 + 1,22 o,
rs = YTy + (Tul + 2YTu + Lol — Twlu) 2t
+ (Yo + Yo + Yu) (T + T + ) 13,
Ty = — Ty oy + (22 — va + 22,y + TyToy) i3 fle
— (Tuy + Ty + Tty — (T + 5 + 25,
rs = iiYutts — (Yu — Yw)hapn + (Yo + Yo + Yu) piafiz,
rg = — (5 ufis + (T — Do) pspizpis — (Ty + Ty + ) (Bapa — pe — 13),
r7 =0,

rs = —ppaia + (e + 113) 1o — 117.
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Proof. The left hand side of the new formula is meromorphic in u, v, and w.
Moreover, we can check easily that it is periodic with respect to A. Hence
it may be expressed in terms of elliptic functions. Further, we can check
that the left hand side has poles of order five each in u,v and w and so
the right hand side must have an expression in p(u), p(v) and p(w) and
their derivatives up to third order. More specifically, the right hand side
will be a sum of terms, each a product of three functions, one in each of the
variables and with all functions taken from the set {1, p, ¢', ©”, ©"'}. Such
an expression is clear from the linear algebra when considering the space of
elliptic functions graded by pole order, (for more details on such spaces see
for example [2, 6]). This also clarifies why 77 = 0: since there is no elliptic
function of weight 1 to include in the right hand side.

The coefficients of this right hand side may then be determined using the
series expansions of the functions discussed earlier. Since the left hand side
is of weight —8 the expansions used need to contain terms with monomials
in u; up to weight —8. MAPLE was used to implement this calculation (with
details on similar calculations given in [2]). The right hand side presented

above was then obtained by making the substitutions implied by (2.14). O

Remark 6.2. Using the mappings in (2.14) we can rewrite the right hand
side of the formula in Theorem (6.1) in terms of p and its first derivative.

Remark 6.3. Let

f2 :Iu+mv+xw+ﬂ2a
fa = 2,2y + TpTyy + Ty — fa + 1 Y-

where the suffices of f are chosen to denote the weight. Each of these van-
ishes when v = u* and w = w** at the same time since then y(u) = y(u*) =
y(u™) and z(u), x(u*), x(u**) are the three solutions of the cubic equation

X2 1o X2+ (g — py(w) X + o — y(u)? — pgy(u) = 0.

A calculation with Grobner bases implemented with MAPLE shows that the
right hand side of the formula presented in Theorem 6.1 lies in the ideal
generated by f, and f,. Specifically, we have that

8

Zﬁ' = Qe f2 + Qufs,

=0



14 J. C. Eilbeck, M. England, and Y. Onishi
where

Qe = yw,u? — (4 — TyToy — %%)M%
+ (Tukts — H3%Tw — TwlYuw — Twlu + 2Yulu + Tul)
= (Tuy + ToTw + Tuo) 2 + 45 + (Yo + Yo + Yz — TuTy + Ho
— LTy + Yulu — Lol + Yolu — Lol + Yulfo — Toluwly — Tujl,
Q1= (yu+ Ha)pr — (2 + 20 + )i + (20 + 20 2
+ pg + 22+ 1y + 22
This expression, along with (3.3) shows that both sides of the equation in

Theorem (6.1) vanish when v = u* and w = u**.

Remark 6.4. In Remark 5.3 we discussed how the 2-variable formula col-
lapsed to known results when restricting the curve. We note here some
similar restrictions for the 3-variable result.
Lo If gy = po = p3 = 0, g = —%ga, 6 = —593 in (2.1), then the right
hand side of the formula in Theorem 6.1 becomes
—1595 + 192(p(v)" + p(w)* + p(u)*)

= p(u)*p(w)” = p(v)*p(w)* — p(u)*p(v)

— 1 (p() + p(v) + p(w)) (dp(u)p(v)p(w) + gs

= ¢'(w)g' (v) = ¢ (Vg (w) = ¢’ (W)’ (w)).

2. If instead one simplifies by setting p; = ps = g = 0 then we of course

2 2

(6.5)

get another simplification of the right hand side, but also a simplification
of the left hand side. In this case 2® is the only term in the curve equation
with x and so the starred variables can all be described using roots of unity
acting on the non-starred variables. So in this case we have

o (u + v + w)o (ut+Cv)o(u+v)o (utCw)o (u+Pw)o (v+Cw)o (v+CPw)
o(u)’o(v)io(Cv)o(Cv)o(w)o(Cw)?o((?w)?
(66) = (xv + Xy + xw),uﬁ + (xv + Ty + SUw)Mg
+ (yu + Yy + yw)(xv + Xy + xw)MS - .Til‘%u - $g$%u - m'LQL

- (551) + Ty + $w)(xv$wxu — YoYw — YulYw — yvyu)-

2
Ly

3. The equianharmonic case is a sub-case of the both the previous cases.
Here we will have the simplified left hand side from (6.6) and a further
reduced right hand side which may be obtained by setting go = 0 in (6.5).
Using g-coordinates analogously to (1.4), we have the right hand side

Hp(u) + p(v) + p(w)) (' (u)p' (v) + ¢ (V)¢ (w) + ¢’ (u)p (w)

— g3 — 4p(v)p(w)p(u) — p(u)p(v)* — p(u)*p(w)* — p(v)?

p(w)?.



Addition Formulae for Weierstrass Functions 15
7. FURTHER REMARKS

1. In the rational case, u; = 0, (g; = 0), all the equations collapse to simple

algebraic identities.

2. For the equianharmonic curve y? = 23 + g, there is an action of the
group of the sixth roots of unity acts on this curve, and on the coordinate
space C of p(u) and o(u). Let ¢ = exp(27¢/3), a third root of unity. In [4],
we gave a 3-variable formula of the form

olu+v+w)o(u+ v+ Cw)o(u+ o+ (w)

o(u)?o(v)’o(w)?

as a polynomial of p(u), p(v), p(w), and their first order derivatives. If we

consider a naive generalization of this in our setting, namely,
ou+v+w)o(u+v* +w*)o(u+ v™* + w)
o(u)?o(v)o(v)o(v*)o(w)o(w)o(w)

we find this is no longer a periodic function with respect to A, as may be

checked by the translational formula (2.9). This means that, if we increase
v to v + £ (and similarly for w), the factors which appear in (2.9) do not

cancel out.

3. As described in Theorem 4.1, there will be generalisations of such for-
mulae to cases with n variables. However, we find that trying to derive the
expanded form of the right hand side in the 4-variable case using naive se-
ries expansions greatly exceeds the memory limits of the current machines
available to us. We expect that progress would follow from the discovery
of a more compact expression for these right hand sides, for example, as a

determinant.

4. Our result might be generalized to higher genus curves. For example,
the natural analogue for Theorem 5.1 for the curve

v+ (a® + psr + ps)y = 2° + o’ + pax® 4 per’® 4 psm + piao

could be obtained by considering five roots of = for a fixed y.
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