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Abstract

This work is a sequel of a previous work of one of the authors (Y.O), which treated
certain congruence relation between an elliptic Gauss sum and a coeflicient of power series
expansion at the origin of the lemniscate sine function. We extend the previous result (in [O])
which concerned only for non-vanishing elliptic Gauss sums. We give new congruence relations
between power series coefficients of the lemniscate cosine function, which hold if and only if
the corresponding elliptic Gauss sum vanishes.

Introduction

In the paper [H1|, Hurwitz gave the following result :

Theorem 0.1. Let p > 3 be a rational prime, and let h(—p) be the class
number of the imaginary quadratic field Q(v/—p ). Then we have
—2Bp+1 modp if p=3 mod 4,
271 F,1 modp if p=1mod 4.
2

h-n = {

Here B, is the n-th Bernoulli number, and E,, is the n-th Euler number. Moreover,
the absolutely smallest residue of the right hand side exactly equals to h(—p).
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2 ONISHI AND SAIRAIJI

Each of these congruences in is proved by expressing the value at s = 1 of the
Dirichlet L-series L(s, (5)) as a trigonometric Gauss sums, which is defined by a sort
of Gauss sum using suitable trigonometric function instead of the exponential function
in the classical Gauss sum. Under the Birch Swinnerton-Dyer (BSD) conjecture, one of
the authors gave in [O] an analogue of Theorem 0.1 by replacing Dirichlet L-series and
the trigonometric Gauss sum by Hecke’s L-series and an elliptic Gauss sum, respectively,
in which the class number is replaced by a square root of the conjectural order of the
Tate-Shafarevich group, and the Bernoulli number or Euler number is done by certain
coefficient of the power series expansion at the origin of the lemniscate sine function.

Elliptic Gauss sums were used, in order to compute numerically the L-series at-
tached to some elliptic curves over Q, in the famous original paper [BSD| by Birch and
Swinnerton-Dyer. We wish to use them for investigation of L-series attached to some
elliptic curves defined over Q(%), where ¢ = v/—1 is the imaginary unit.

The paper [O] is written about such investigation only for the case where the
associated prime / is congruent to 5 or 13 modulo 16, since the treated elliptic Gauss
sum for that case does not vanish and it is directly relates the order of Tate-Shafarevich
group. In this paper, we extend the result [O] to all the cases on modulo 16 of the primes
¢ congruent to 1 modulo 4. The remarkable point is that, in the cases which were not
treated in O], the corresponding elliptic Gauss sums indeed vanish often, which means
the associated Hecke L-series vanish as well. We verify such vanishing phenomenon by
the tables in [A|. So that, the corresponding elliptic curve, which is defined over the
Gaussian number field, is expected to be of positive Mordell-Weil rank.

We present certain Kummer type congruences (Theorem 7.1) on power series coef-
ficients of the lemniscate cosine function which are valid if and only if the corresponding
elliptic Gauss sum (hence the value at 1 of the corresponding Hecke L series) vanishes.

The corresponding elliptic curve (see the defining equations (3.4), (4.4), and (5.5))
is additive reduction modulo A and our Kummer-type congruence is quite resemble to
the Kummer congruence which guarantees the existence of the Kubota-Leopoldt p-adic
L-function. So the authors hope that our result gives a hint for a construction of p-adic
L-functions for an elliptic curve which is additive reduction modulo p.

This paper is organized as follows. We setup fundamental background in §1 and §2.
From §3 to §4, we review the results in [A] and [O]. In §5, we review the result for the
rest cases which are omitted in [O]. In §6, we discuss some structure of the Mordell-Weil
group of the curve and how our theory relates to BSD conjecture. From §7 to §12, we
give the main result (Theorem 7.1) and its proof. Acknowledgment: The authors thank
Prof. G. Yamashita who informed them of Hurwitz’ paper [H1], which looks the earliest
literature in which Theorem 0.1 appeared. They also thank Prof. S. Yasuda to whose
advice they owe §11. We have special thanks to A. Goto who pointed out some crucial
misunderstanding of the authors.
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1 The lemniscate sine and cosine function

The inverse function u+— t of

t dt 0 _% t4n—|—1
t—u= —_— = -nH" =t+---
! /0 V1—t4 1;)( ) (n)4n+1 +

is called the lemniscate sine function, which is denoted by t = sl(u) and is expanded as

1 1 11 >
(w) = 4 — —u5 9 13, ... _ C., u"
sl(u) = — Jou” + oou” — eengu + ;) Y

with ), in Q. Then we have C,, = 0 if n %1 mod 4 and n!C,, belongs to Z. It is an
elliptic function whose period lattice is {2 = (1 — ¢) w Z[t], where

= 2.62205- - - .

dx
(1.1) ——

1 fe’s)
dt
w =2 - = -
/0\/1—t4 /1 202 — 2

The divisor of sl(u) modulo 2 is given by

div(sl) = (0) + () — (1f2> _ (;fZ) |

Throughout this paper, we denote

ou)=sl((1—17)wu).

The lemniscate cosine cl(u) is defined by

Moreover, we use the notation
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Then both of functions p(u) and ¥ (u) have period lattice Z[i] of C. We define the
D,’s by the expansion of cl(u) as

1 3 7
n 2 4 6 8
(1.2) cl(u)—nEODnu =1—u +—2u ——10u —}——40u —

Then, D,, =0 for odd n and n!D,, is in Z.

2 The ray class field

We take a rational prime ¢ = 1 mod 4, and we fix its decomposition £ = A\ in Z[4]
with A =1 mod (1 + %)3. We fix a subset S of Z[i] (sometimes called a 1/4-set) such
that (Z[i]/(\))" ~SU—-SUiSU—iS, |S| = (£ —1)/4. Moreover we define

A=(5), Ox=*the ring of integers in Q(z,A4)”,
A=) T e(%),

resS
(2.1) {#£1, i} 3 7(5) = H r mod A if /=5 mod 8,
res
where
{+i} 3 4(9)* = H r? mod A if £=1mod 8.
res

Here, we have + sign ambiguity of v(5) in the case of / = 1 mod 8. In any case, we
know (see for example p.106 of [A] or Lemma 1.11 in [O]) that

(2.2) Ae Oy, (N1=(N), M=-\

Note that Q(%, A) is the ray class field over Q(z) of conductor ((1+1%)3)) (see Takagi
[T], §32, for instance).

Throughout this paper, we fix the identification
(2.3) Z[i] = Zy,

where the left hand side is the A-adic completion of Z[i]. Moreover, we consider they
are subrings of the algebraic closure Q; of Q. We use the following notation. For
any element « in the integer ring Z; of Q, we denote the ¢-adic order by ord. For
example, for « in Z[i]y, ord(a) = n if and only if A" divides o but A"™! does not.

3 Asai’s theory

In this section we recall the results from [A] in order to go to the rest cases smoothly.
We assume here ¢ = 13 mod 16 for simplicity. For the other cases, see [A]. We put
r
X, (r) = <X> . In this case, the elliptic Gauss sum is defined by
4

egs(N) = Y1) (5 )-
res

Since the terms of this summation are algebraic integers, so is egs(\).
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Theorem 3.1.  ([A]) There exists an odd Ay in Z such that
egs(A) = A\ A3,
where X is defined by (2.1). In particular, egs(\) # 0.

Remark 3.2. (1) This theorem is proved by using the functional equation for
the Hecke L-series corresponding to the suitable Hecke character associated to x, and
the formula of Cassels-Matthews (see [M]) for the classical quartic Gauss sum which
appears as the root number of the functional equation. It is expected to have another
proof of the formula of Cassels-Matthews if we get a part of BSD conjecture including
the parity of the order of the corresponding Tate-Shafarevich group.

(2) We call Ay the coefficient of egs(\) according to [A].

We recall the corresponding Hecke L-series. Still we are assuming ¢ = 13 mod 16.
Taking {1, ¢} as a set of complete representatives of (Z[¢] /(14 4)?) ", we define

Xo(a) =¢? for a=emod (1+4)?%, ec {1, 4}, X((a)=x,(a)yx,(a)a.

Then X is a Hecke character of conductor ((1+¢)2)X). Now we have the following
expression given by Asai [A] for the central value of the corresponding Hecke L-series.

Theorem 3.3.  We have L(1,X) = —w (1 —4)" 1y, (2)A"Legs(N).

Searching an elliptic curve whose conductor is the square of that of X (see [ST],
Theorem 12), we see that the elliptic curve corresponding to L(s,X) is

(3.4) Ex:y?=2+ v, (M =/=13mod 16).
Deuring [D] showed that
(35) L(E",A/Q(i)(s) :L($7 SC/)L(‘S?;)

Especially, if ¢ = 13 mod 16, then rank&_ (Q(¢)) = 0, which is shown by Theorems
3.1, 3.3, and Coates-Wiles theorem in [CW]. Moreover, we recall the following result

from [O].

Proposition 3.6.  If the full statement of BSD conjecture for the curve &_) is
true, then #II1(&-,/Q(3)) = A\>.

4 Some congruence on the coefficients of elliptic Gauss sums

The former part of the following theorem is proved in [O] and reproved a sophisticated
method as Lemma 8.4 later. Let C, be the coefficient of u’ defined by (1.1). Since
(300 =D)NCsp_yy isin Z, =5 Csyq) isin Zg.

Theorem 4.1. ([O]) Assuming ¢ =13 mod 16, we have Ay = —1 C's(4_1) mod
£. The absolutely minimal residue of the right hand side is exactly equal to Ay.

The latter part of Theorem 4.1 follows from the former part and the following lemma
which is proved in §12.
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Lemma 4.2.  For any { = A\ =1 mod 4, we have |A,| < .

Remark 4.3.  Observing Kanou’s manmouth table, the behavior of |egs())|
with respect to ¢ — oo is quite small. Indeed, the estimation |Ay| < ¢'/* is hopeful.

Joining Proposition 3.6 and Theorem 4.1 together, we have a natural generalization
of Hurwitz’ congruence in Theorem 0.1.

For the case of ¢ =5 mod 16, we have a similar story which is described in [A] and
[O]. The corresponding elliptic curve for this case is

(4.4) &1y ry?P =2 — Xz, (A =(=5mod16),

for which we have rank &1, (Q(2)) = 0, and the corresponding congruence as (4.1). So,
from the next section, we proceed to the remaining case of £ =1 mod 8.

5 The foregoing researches in the case of / =1 mod 8§

From now on, we denote by ¢ a prime number satisfying ¢ = 1 mod 8, and write £ = A\

with A = 1 mod (1 +14)3. We define x, (v) = (;)4. Then we see x, (2) = iT o=

(—1)%. Using ¢(u) = cl((1 — ¢) wu), the elliptic Gauss sum in this case is defined by

egs() = 3 xww(;).

veSuULS

Remark 5.1.  For the elliptic Gauss sum egs(\) in this case which is defined
in the next section, Asai observed for examples in his Table (see Remark in p.115 of
[A]) that egs(\) = 0, only if £ = 1 mod 16 and x»(1+ %) = 1, or £ = 9 mod 16 and
Xx(1+%) = —i. About 76% in the former case, and about 70% in the later case, of
examples in Table of [A], we have, indeed, egs(\) = 0.

In this paper ¢ always denotes any element in py = {1, —1, ¢, —i}. Recalling the
canonical isomorphism py = (Z[3]/(1 + )?) ", we define the character y, by

Xo(a) =¢ if a=emod (1+1)> (aeZfi, (1+%)fa).

(Case 1) If £ =1mod 16, x, (¢) = 1, we define x, = x,x, and x((a)) = x, (@) @.
(Case 2) If £ =9mod 16, x, (¢) = —1, we define x, = x, X, and x((a)) = x, (a)@.

In any case, we see X is a Hecke character of conductor ((1+ %)3)X). Then, as in
[A], we have the following expression :

(5.2) LLY) = (15 Doy (T+4)2 A Legs(N).

Theorem 5.3.  ([A]) Let (s = exp(27¢/8). There exists Ay in Z[(s] such that
(5.4) egs(\) = Ay A .
Here, Ay 1is given by the table (5.6) below with some ay in Z.
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This theorem is also proved by using the formula of Cassels-Matthew and the
functional equation of L(s,X). In [A], it is observed by Asai that ay is in 2Z, but any
proof of this is not known yet.

Searching the elliptic curve whose conductor is ((1 + i)3)\)2, which is square of
that of ¥ ([ST], Theorem 12), we see the Hecke L-series associated to egs(\) is a factor
of the L-series of the elliptic curve

(5.5) &=z~ Az, (M =(=1mod38).

We have the same equation as (3.5) for this case as well. The reduction type at (1+1) is
of type III, and one at A is of type Io*. Each Tamagawa number 7, and the coefficients
Ay of egs(\) is given as follows:

o (1+4) 1 -1 i i
Ay W2-an V2-an  (sran ils-ay

¢ =1mod 16 T\ 2 2 2 2

(5.6) T | 4 4 2 2
Ay is-ax  Cs-an  W2-an  V2-ay

¢ =9 mod 16 T(\) 2 2 2 2

T(144) 2 2 4 4

Remark 5.7. Assume a) # 0 and the full statement of BSD conjecture true.
Then we have a) € 2Z and (%a,\ )2 =# [11(&))

Recall the numbers D,, defined in (1.2). Since (3(¢ — 1))!D%(5_1) is in Z,
_%D%(e_l) is in Zy. We keep in mind that Z[(s] is an Euclidean ring. Using the
method of [O] and Lemma 4.2, the following is shown.

Theorem 5.8. Let \g be a prime lying above X\ in Q(¢s) such that v(S) =

H r mod XO. We have

resS
1

2
where Ay is given by the table (5.6). Furthermore, Ay is the minimal residue in (g Z[i]

A\ = D%(Z—l) mod Ag,

of the right hand side with respect to the absolute norm.

6 An analogue of the congruent numbers

The following is well-known (see, for example, Koblitz’ book [K]).

Proposition 6.1.  Let n be a rational integer. For the elliptic curve &2 : y? =

3 — n2x, the following three are equivalent each other:
(1) There exist u, v in Q such that n? = u* —v?;

(2) n is a congruent number;
(

3) rank &,2(Q) > 0.
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The claim (1) is just a rewording of the definition of congruent number for n. The
equivalence of (2) and (3) is described as Proposition 18 in [K].

Lemma 6.2. Let A be a square-free integer in Z[i] not equal to 1 + 2i. Then
there are only two torsion points (0,0) and oo in the group of Q(%)-rational points on
the elliptic curve & : y?> = a3 — Ax.

Proof. This proof is a slight modification of the argument in [N]. Since A is
square-free, the equation 23 — Ax = 0 has only root z =0 in Q(%). Thus the 2-torsion
subgroup of Q(%)-rational points of &4 is generated by (0,0). Let (a,b) be a Q(%)-
rational point of &4. The z-coordinate of [1 + i](a,b) is x14; = (ﬁ)% Therefore,
z-coordinate of any point in [1 + 2]&4(Q(2)) is square.  Assume (a,b) is of finite
order. Then a and b belong to Z[¢] (see [N], p.14, Theorem 2 or [C], §11 and §12). If
(a,b) satisfies [2](a,b) = (0,0), we have (“227;‘4)2 = 0 on the z-coordinate, and hence
a? = —A. Tt does not occur because A is square-free. Hence there does not exist any

Q(%)-rational point of order divided by 4. Assume that (a,b) is a Q(%)-rational point of
odd order. Since &4(Q(7))/[1 +i]&4(Q(2)) is an abelian group of exponent two, (a, b)
is in [1+41]&4(Q(%)). Thus a is square in Z[é]. Since [1 + é|(a,b) is of odd order and
r144 isin Z[i], we have a|b and 1+ |b. As a is square and b* = a(a® — A), we have
a=f2,b=f2g,a®> - A= f2¢g? for some f, g in Z[i]. Since —A = f%(¢*> — f?) and
A is square-free, f2? is unit. Thus we have f? = £1. Furthermore, [2](a,b) is of odd
order and o is in Z[i], we have 2b|a® + A. Since f? is unit, we have 2g|2f? — g°.
Thus we have 1+ 4|g and ﬁ | f%. Since f? is an unit, g is equal to 1+ 4 up to
unit. Therefore we have A = 1 4 2i, the exceptions of this lemma. This completes the
proof. O

Remark 6.3. In the exceptional two cases of A = 1427 of 6.2, we see the groups
of Q(%)-rational points of the curves are of rank 0 because the L-functions do not vanish
at 1 (see the proof of Lemma 2.11 (b) p.105, [A]). So that they are finite groups due
to [CW]. MAGMA says that the groups are of order 10 generated by (1 +2¢, —1 + 34) for
each values A = 1 + 21, respectively.

We prove the following analogue of Proposition 6.1.

Proposition 6.4.  Let A be any Gaussian prime of degree 1 satisfying A = 1 mod
(1+14)3. The following three statements are equivalent:
(1) There are infinitely many Q(i)-rational points on &y, namely, rank &y (Q(z)) > 0;
(2) The prime X is of the form —a* + B%i with o, f € Q(4);
(3) The prime X is of the form u* —v? with u, v € Q(3).

Proof. (2)=-(1). For the given expression A\ = —a* + %4, we see (a?i, af8) is a
Q(%)-rational point of infinite order on the curve &, because of Lemma 6.2 and

(@®i)® — M%) = (0%1)° — (=o' + B%i)a’i = (afB)?.
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(3)=(1). This is proved similarly. Indeed, if A = u* — v?, then (z,y) = (u?, wv) is a
point of infinite order on &, (Q(%)) because of z° - Xz = ub — (u* —v?) u? = (uwv)? = y%.
(1)=-(3). Lemma 6.2 implies that the set of torsion points of &\(Q(%)) is {(0,0),00}.
We note that A # 1 4 2i, i.e.not an exceptional prime, since 1 4 2i % 1 mod (1 +4)3.
So we assume there exists a non-torsion point (a,b), namely b* = a® — \a, with a, b in
Q(2). The duplication [2](a,b) is given by
(@®+X)? ab —5Xa* —5X\%a? + \3

(e = )

a’ + A a — 6 a? + \? 5

(#0), v = 02 . Then the point (u®, uv) is on the

We define v =
4 2

curve, and \ = u* — v°.
(1)=(2). This proof is given by 2-descent, which is a modification of the proof of
Proposition 1.4 in Chapter X, [Si]. We put

Ty = {be Q(i)*/(Q(:)*)* | ord:(b) =0 mod 2 for all prime 7 fA}.

This is a subgroup of Q(%)*/(Q(%)*)? of order four generated by ¢ and A. There is a

homomorphism
x ifx #0,

(6.5) E\(Q(i)) — T defined by (z,y)— < X ifz =0,
1 ifx =o0.

Indeed, if we put (z3,ys) = (x1,y1) + (z2,y2) which is an addition on &), and
_— (y1 = y2)/ (21 — w2) if @1 # 29,
(3:5% —N)/(2y1) if 21 = 2o,

we have z1z973 = (—max1 + y1)?. Hence, x3 € x122 (Q(i)x)2 if x1xe #£0. If 29 #£0
and x; = 0, we have

2 _
n= () - = e an(@@)
because of m? = x1+z5+x3, so that (6.5) is a homomorphism. We show that the kernel
of (6.5) is [1+12]&)(Q(2)). Let (z1,y1) be a point in & (Q(2)) and (z2,y2) = [2](x1,y1).
Then the first coordinate of (x3,y3) = (z1,y1) + (x2,y2) = [1 + ¢](x1, 1) is
2
T3 = (ﬁ) € (Q(i))*.
Therefore [144]&\(Q(%)) is contained in the kernel. Conversely, suppose [144](x1,y1) is
in &\(Q(2)) and its first coordinate ((1&.1)%1)2 isin (Q(2)*)%. Then m =y /((1+4)x1)
is in Q(%)*. On the other hand, since the second coordinate
I
Ys= —m — 5

of [1+12](z1,y1) isin Q(2)™, y1 belongs to Q()*, and x; is also in Q(%)*. Accordingly,
the kernel is contained in [1 4 3]&)(Q(2)). Therefore the induced homomorphism

E(Q(4))/[1 +iéx(Q(E)) — T

Y1
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is injective, so that bijective. Summing up, for a Q(¢)-rational point (z,y) different
from (0,0) and oo, either = or the first coordinate of (x,y)+ (0,0) is of the form a?s
with non-zero o« € Q(2). We write one of the obtained points with such property as
(a?i, aff). Then o?B? = —ab — Aa?i. This means A\ = —a* + 3?4 and the proof has

been completed. O

Remark 6.6. We shall give some remarks on Proposition 6.4.

(1) A prime A of the form in (2) or (3) of Proposition 6.4 should be called a Gaussian
congruent number.

(2) In the examples in [A] each one of the statements (1), (2), and (3) of Proposition
6.4 is satisfied if and only if egs(A) = 0.

(3) In the examples of [A] such that egs(\) = 0, except A\ = 4817 = 1 mod 16, we
can take «, § in the integer ring Z[]. See Example 6.7 below.

(4) We summarize the situation as follows:

A is of the form —a? + 324 —ob ot rank & (Q(2)) >0

BSD Coates-Wiles Asai

L(1,x)=0<= egs(\) =0.

(5) In the proof of (1) = (2), we show that &\(Q(%))/[1 + |&\(Q(2)) is generated by
(0,0) and at most one non-torsion point. Thus the Z[¢]-rank of &\(Q(%)) is at
most one. If egs(\) = 0, then &\ (Q(2)) has Z[i]-rank one, that is, MW-rank two.

Example 6.7. Take A =41+ 564, £ = A\ = 4817 = 1 mod 16. Then for
- Ti(2+1)(4+1) (1+14)5(3 4 24)(7 + 84)(6 + 114)

CO3(1+20)(2+34)° 32(1 + 24)2(2 + 34)2 ’

we see A = u* —v? and that P = (u?,uv) is a point of infinite order. This is given
by using MAGMA. It also says that the Mordell-Weil rank of &) is 2. We know another
rational point by MAGMA as follows. Let

i(1+2¢)(2 + 34) tT(1+2)(2+12)(4+1)

o= , B=
3 32

Then A\ = —a* + 3% and Q = (%4, af) isin &(Q(4)) and P = [1 + 4] Q. We do
not know the point () generates how much part of the MW-group.

7 Vanishing EGS and Kummer-type congruence

We rewrite the expansion (1.2) of cl(u). Namely, we define G,, in Z by

2 4 6 8 10

> u™ U U U U U
Cl(u)zZ}GnF:1—2§+12I—216a+7056§—3689281—0!+---

3

Of course G,, = n!D,,. We denote by H, the Hasse invariant of y?> = x> — z at

¢ (= 1 mod 4), namely,

-1
Hy=A+A=(—1)b/H (831 ) mod /.

1
Our main result is the following theorem.
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Theorem 7.1.  The following three statements are equivalent:

(1) egs(A) = 0;

(2) ¢ | Gs(—1); (This is a special case of (3).)

(3) For any integers a and n satisfying n>a > 0, n+a(l —1) <Ll — 1), and n =
3(¢—1) mod (¢ — 1), it holds that

“ Gotr(o—
Z <a>(—Hg)a_’”Jr €D — () mod £9H1,
,

— n+r(l—1)

Remark 7.2. (1) The conditions on a and n in Theorem 7.1(3) imply a < £—1.
(2) Since the least ¢ with egs(A) = 0 is 89, we need to calculate up to Grgi9, where
7810 = 2(89 — 1) + (89 — 1)2, in order to observe the case a > ¢ — 1, which is quite
difficult because of limitation of capacity of a computer.

8 [(-adic explicit formula of an elliptic Gauss sum

Recall our identification of Z[i], and Z,. As we treat a plenty of power series in Z,[[]]
in this paper, we summarize convention on notation here. Let f(z) and g(x) be power
series in Z[[z]]. For a rational number a in Q, we write

f(x) = g(x) mod \*

if all the coefficients of the terms in f(z) — g(x) have f-adic order at least a. For a
positive integer m, we write

f(x) = g(x) mod degm
if f(x) — g(x) belongs to ™ Z,[[x]]. Moreover, we write
f(z) = g(x) mod degm, mod \*

if all the coefficients of the terms of degree less than m in f(z) — g(z) have (-adic
order at least a. From now on, the number

3
=-(/-1
d=5-1)
appears frequently. Taking a primitive (¢ — 1)-th root ¢ of 1 in Z;, we define
1 -2
_ i A
(8.1) Cl(u) = 5 Zg i cl(Cu).
7=0
Then we have
(-1 ydta(t=1)
(u) = —— _ .
Cllw) = = it Grage-1) (d+ a(f —1))!

Thus Ggyaee—1)/(d+a(f—1)) is the coefficient of the term ™ /n! with n = d+a(/—1)—1
in the power series expansion of 2+ Cl(u)/u.
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For a proof of Theorem 7.1, we give an f-adic explicit formula of egs(\) by using
the Lubin-Tate formal group.

Let LT(x,y) be the Lubin-Tate formal group over Z, corresponding to the -
plication [A|rr(z) = Az+2z°. Then non-zero points of the group LT[)\] of the A-division
points are roots of A+ xf~1 = 0. Let fy(z) be the formal logarithm of LT(z,y). It
follows from [Nrr(z) = fo  *(Mfo(z)) = xf mod A that Afo(z) = fo(zf) mod X by
Lemma 4.2 of Honda [Ho|. Namely, LT(x,y) is of type A — T. Let sl(z,y) be the
formal group defined by

sl (2, y) = sl(s17" () + 517" ().
By the definition of sl (7,y), the A-plication [A]5(z) satisfies
[Alg osl(z) = Sl()\a:).

Thus [A]g(z) is equal to the A-plication of x = sl(u). We have

52 =11 (o~ /H (1-(3)7)

which is Example 2.6 in [A], p.101. Especially, A is a point of the group SAI[)\] of
A-division points. It is well-known (see for instance, Proposition 8.2 of [Le| or Theorem
1.28 in [O2] which gives another proof by using the relation p(u) = sl(u)™2), but is
shown also by using (8.2) that

Ag(z) = 2 mod A.

Hence, the formal group sl (x,y) is of type A — T as well. Since the formal group
LT (z,y) is of the same type A — T, there exists the unique strong isomorphism ¢ over
Zy from LT (x,y) to sl(x,y). Namely, there uniquely exists ¢(x) in Z[[x]] such that

L(LT(iI?,y)) = sl (L(x), L(y)), t(x) = x mod deg 2.
Then there exists n of the group LT[)\] of A-division points of LT(x,y) such that

A=(1/X) = u(n).
We recall that n°~! = —\ (see (2.2)). Since

[1— a2
cl(u) = posl(u), where ¢(z) = T2

(1/A) = ¢ ou(n).

We note that ¢(z) is in Z,[[z]].
Taking a primitive (¢ — 1)-th root ¢ of 1 in Z,, we define

=
=1 Z ¢ sl(¢u)
=0

we have
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Then we have
/-1
Sl(u) = Z Caraqe—nute=b
a=0

as well as P
Cl(u) = T Z;)Dd+a(g_1)ud+a(é_l).

Lemma 8.3. (1) If £ =5 mod 8, the equation egs(\) = (Slo fy)(n) holds.
(2) If £ =1mod 8, the equation egs(A) = (Clo fy)(n) holds.

Proof. It follows from [(]5(x) = sl(¢ sl™!(x)) € Zg[[x]] that Slosl™'(z) is in
Z[[z]], and from sl”ou(z) = fo(z) that Slo fo(x) is also in Z[[z]]. Since cl(u) =

posl(u) and ¢(x) is in Zg[[z]], we see cl(¢sl™(z)) = g o [C];l(a:).is in Zs[[x]]. Hence,
Clo fo(x) is in Z[[z]]. For a in Z[i] coprime to A, @ = ¢/ mod A for some j.
Then ¢(a/A) = [a]5(A) = [¢7]54(A). Since A = u(n) and sl™tou(z) = fQ(:L‘), we have
o(a/X) = (slo¢sl™ 1)( ) = (sloCﬂfO)(n) . We also have 9(a /) = (clo{? fo)(n). Since

xala) = xx(¢?) = ¥, we have

egs(A iZXA < ) (SLo fo)(n)

in the case of / =5 mod 8, and

egs(A EZ ( > (Clo fo)(n)

in the case of / =1 mod 8. This completes the proof of Lemma 8.3. U

Lemma 8.4. (1) If¢=5mod8, it holds that
E -1

egs(A) =

(2) If £ =1mod 8, it holds that

Cyn? mod n’.

(-1
egs(A) = TDd"r) mod n°.

Proof. Since Afo(z) = foo[Nrr = fo(Az+xt), we have Afy(z) = fo(Az) mod deg £.
Thus we have fy(z) =2 moddeg ¢ and

(-1
4

Slo fo(x) =Sl(z) = Cyqx% mod deg .

Similarly we have

Clo fo(z) = Cl(z) = E_Tlpd 2% mod deg /.

Since Slo fy(xz) and Clo fo(z) belong to Z|[[x]], the assertion follows. O
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~
|
-

Proof of Theorem 5.8. Because of A = Y(S)7L ] ¢(r/A) = T mod 77%“

and egs()\) = A\, Lemma 8.4 implies res

1 —1
Ay = —§Dd mod nZTH.

Since both sides belong to Z|[(g|, we have the assertion of Theorem 5.8. O

9 Application of the Hochschild formula

In this section, we use the following formula known as the Hochschild formula. For a
proof of this formula, see Matsumura [Mal, p.197, Theorem 25.5.

Lemma 9.1. Let R be a commutative ring of characteristic £. Let § be a
derivation over R. Then, for any element b in R, we have

(b0)" = b*6" + ((b8)* (1)) - 0.

We put u = fo(z). By the definition of Hy, we have A\—T)(A—T) = {— H,T+T?2.
Since A — T is a unit in Z[[T]], any formal group over Z, of type A —T is also of type
¢ — H,T+ T>.

Lemma 9.2.  Let ¢(x) be a power series in Zy[[x]]. Then
d\* d
9.3 ()= g ) ote) € 2l
Proof. Since du/dx = fo'(z) is in Z[[z]]*, &£ = 92 & 5 4 derivation on Zg[[z]].

Since LT (x,y) is of type £ — H,T + T?, there exists h(x) in Z,[[z]] such that

Cfo(z) — Hofolzb) + fo(z¥) = Ch(z).
This yields that
fo' (x) — Hefo' (252"~ = b/ () mod £.

Differentiating this ¢ —1 times by x, we have
FoPx) — Hofo (2°) (£ — 1) = b (z) mod ¢.
By (/—1)!'=—1mod ¢, fo'(x) in Z[[z]], and R (x) = 0 mod ¢, we have
(9.4) () + Hy(fo' () = 0 mod £.
Let ¢(x) be a power series in Zj|[[x]].

o= (LYoo= (24 oy mote.

By using the Hochschild formula (Lemma 9.1), we have
du\’® d* du d\“tdu d du\' d‘¢ du d
o= (G do  (dud)\ “du dp _ [du) d¢ du do .,
dr ) duf dx du dr du de ) dut dxt du
Thus we have

TOL () AU AP od b
du? dx dxt du 0 mo

dto . (du)‘f dlu  dg
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By (9.4) we have

d'p do
(95) du i —Hgd— —OmOdKZgHJJH
This completes the proof of Lemma 9.2. O

Let ¢ be a non-negative integer. Let ¢(z) be any element in ¢¢ Z,[[x]]. We define
the expansion of ¢ osl(u) by

sosi(u) = 3" Tuk (b e Q)

k>0

¢
d d
20=|—) —Hy—.
¢ (du> Cdu

For any non-negative integer a, we see (2,° ¢(x) in £%7¢Z,[[z]] by (9.5). Since

We denote

a b - a a—r uk a+c a+c
2 (Z ;j“k) :Z<Z (7,)(—H£) bk+a+r(e—1>) o7 €T Zulla]] € 07T Zi(w),
k>0 E>0 \r=0
we have
. /a
(9.6) Z (r) (—=He)* " bryasr(e—1) = 0mod ere,
r=0

10 Proof of the main theorem

We prove the implications (1) = (3) = (2) in Theorem 7.1.
Proof of (3) = (2) of Theorem 7.1.  Plugging a = 0 and n = d in (3) of Theorem
7.1, I
, we have G,
i = 0 mod /,

which is (2) in Theorem 7.1. O
Lemma 10.1.  If egs(A\) = 0, then (Clo fo)(x)/(\x + %) is in Zg[[z]].

Proof. Assume egs(\) = 0 and put (Clo fo)(z) = Y..° bpa™ with b, in Zj.
Then, (Clo fo)(n) =Y o bnn™ =0 by Lemma 8.3. Therefore,

(Clo fo)(x be ann Zb

because = —n divides z" —n". Similarly, any conjugate of = —n divides (Clo fy)(x)
and z divides (Clo fy)(z). Hence, the assertion follows. O

© e Zuln )

The following two lemmas are formulated little stronger than for use in the proof
of implication from (1) to (3) in Theorem 7.1.

Lemma 10.2.  Let v be a positive integer. Assume egs(\) =0. If n < vl ({—1),
then the coefficient in X ~1(Clo fo)(z)/fo(z) of x™ belongs to £ Zy.
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Proof. Since fy'(z) is in Z[[z]], it is seen that €71 fo(€x) is in Zg[€][[x]] for any
¢-adic algebraic integer ¢ with ord(§) = 1/(¢ — 1) by calculating the ¢-adic order of
each coeflicients of its expansion. We put

A\x + A\r + ot
90) = Sh@ ~ foba )
Since ord(A£* 1) =1—1/¢ and £ fo(¢x)/x is a unit in Z[€][[z],
2) = g(Ag%l—lx + at)
fo(€(AT ™ + 1))

Thus the /¢-adic order of the coefficient of z™ of g(x) is greater than or equal to

1

g(&?

Z[¢7][[z])-

- LML_I)J. Therefore, we see
N g(x) =0 mod deg v(¢ — 1), mod\.

Thus, each coefficient of the terms of degree less than v/(¢ —1) in

Cl(u) |,_; Clo fo(xz) Clo fo(z) .,
w0 1 folx) Az 4zt No@)

isin ¢Z, by Lemma 10.1. O

)\I/—l

Lemma 10.3.  Assume that egs(\) = 0. Let a, n, and v be integers such that
n>a>v—1>0,n+all —1) <vl(l—1) and n=dmod (¢ —1). Then it holds that

“\/a — Gogr—1) —v+2
—Hy)* " —————— =0 mod (",
; (r) (—H) n+r—1) o

Proof. We denote by ¢(z) the sum of the terms in 2 A\~ (Clo fo(z))/ fo(x) of
degree less than v¢(¢—1) with respect to x. From Lemma 10.2, we see ¢(x) in £ Zy[[z]].
Then the coefficient by of %’: in the expansion of ¢(z) with repect to u is given by

b )\z/—lfj_‘"i it k+1=dmod (£—1)and k < vl(f 1),
k:

0 if k+1#dmod ({—1)and k < vl(f—1),

whereas we do not concern the other bis. Now, the last argument in the previous
section is applied for this ¢(z) with ¢ = 1. By using (9.6), for the integers a and n in
the statement, we have

_ “ a _ Gn—|—r(€—1) 1
10.4 AVl —H)* T — " = (O mod £*"
(10.4) Z()( P < O mod 011
hence the desired congruence. O

Proof of (1) = (3) of Theorem 7.1.  Done by setting v = 1 in Lemma 10.3. [
Remark 10.5. (1) On the classical Bernoulli numbers, if b < d, then

Ba _ Baympip-)
d

d p°.
d+mp*~t(p—1) oty
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Here the condition b < d is essential. However, for any b, d, and m, it is known that

_1.Byg b1/ Byim b—1(p—1)
10. 1— d—1\—~a =(1-— d+mp (p—1)—1 4 p d b.
(10.6) (1=p"") P 1-p )d+mpb—l(p_1) moap

Of course, the extra factors are no other than Euler p-factors of the Riemann (-function.
this consideration we are interested in the following problem. Assuming egs(\) =
0, does the congruence

G6+méb(£71) = H me® . % £b+2

10. =
(10.7) e+mlb(l—1) ! e wod

hold for any non-gegative integers m, b, and e with e = d mod (¢ — 1) or not? Namely,
there might be required no additional condition on b and e, which is suggested by the
fact that the Euler A-factor of the Hecke L-function for &5, is 1.

(2) On Kubota-Leopoldt p-adic L-function, it is fundamental that the special values
of the corresponding complex L-function is given by (generalized) Bernoulli numbers
and they satisfy (10.6) involving Euler p-factor of the complex L-series. However the
congruence (10.7) is a relation on the numbers which are not exactly the special values
but only their residues modulo some power of /.

11 Central value of the Hecke L-function

In this section we refer to Koblitz [K]. We modify §5 and §6 of Chapter 2 in [K].

Put O = Z[i] and take § in O. Let X be a Hecke character of modulus () of
weight one. Namely, X((v)) = x1(v)7, where x; is a character form (O/(8))* to C*
satisfying y1(2) = 2. We define the Hecke L-function by

X(@)  1¢xaawp

Nas 4 = |v|*

1 v+ afb
_Z Z Z"Y—{—O[@PS

v mod 3 ac0

L(&%) =

where a runs over the non-zero integral ideals of O and Na = # O/a is the norm of a.
We use a method which obtains the following classically known fact.

Theorem 11.1.  The function defined by

2

W) I(s) L5 %)

AG,%) = ( =

satisfies _ _ _
A(S7X) = C(X) A(2 -5, X)7

where C(X) =181 3 x1(\) 2™ Re(V/A),
A mod 8

We do not need the result above itself but the following bi-product of its proof.



18 ONISHI AND SAIRAIJI

Lemma 11.2. We have the estimation
4

‘L(Li(v)l < em/16l — 1"

Proof. First of all, we note that (2m//4N(f) )_S = |B]°71~° because of |B| =
/N (B). We give an outline of proof which is divided into four steps.
(Step 1) We define

= 1 — —7t|v|?
F(taX):ZZX1<V)V€ el

veO
> dt
Then, by using / e_CttS? = ¢ °T'(s), we have
0
- > s dt
(11.3) T T(s)L(s, ¥) = / RS
0
(Step 2) The function F(t,x) is rewritten
=\ 1 a1~ —7t|Baty|?
F(t»X)—Z Z Xl(V)Zﬁa‘F’Y@ K
v mod 8 ac0
B ot L emmtlBllat 32
=7 ZXl(V)ZOH'Be P
v mod 3 ac0

By using a vector in R?, we write the inner sum. For a given -, we put % = uj + usl
with u = (u1,u2) in Q?, @ =my + mat with m = (my,mz) in Z2?. Then we have

> aLe PRl = N gy (1) e ARl
acO 6 meZ?

= 7 (et u)- (1, i) eI,

meZ?

where - stands for the inner product. For u in R? and w in C?, we define

0,(t) = Z (m + u) - we THmHu

meZ?

| 2

Setting w = (1, —i), we have, for u = (uy,us) € Q? defined before depending on ,

PR =5 3 am) e8P,

v mod 3

(Step 3) For u in R? and w in C?, we define
eu(t) _ Z m-w 627rim~u€—7rt\ m |2.
meZ?
Then, we have (cf. [K], p.85, (5.16))
' 1
(11.4) 0,(1) = — 9“(-).

t2
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By using the functional equation (11.4), we prove that of F(t,X).

F( %) = gmzwxm 0.5 =2 5 i,

v mod 8
By the definition of 6%(t), we calculate the right hand side.

F(ﬁ@ :g > xaM(=i?) Y0 me (1, —i)ermm el

~ mod 3 meZ2

(=it*) D me (L=)e ™ YT xa()etrim,

meZ?2 ~mod 3

N Ry

It follows from m - u = mjuy + moug = Re((m1 — moi)(ug + qu)) Re( %) that the
sum inside is essentially Gauss sum and

Y oxa et =xa(@) Y xa(ay) 2R/

v mod B v mod S
=xi@ > xaly) ™0 =i (@) if C(X).
v mod 8
Since
Z m-(l,— —7Tt|m|2 Z e —nt|a|? Z Oée_Wﬂa'Q
meZ?2 acO acO

and X(v) = Xi(v)v,

1 : o
(11.5) <|6|2t %) = Bﬁ t20(X %xl el = | BPEC(RF(LX),

(Step 4) From (11.3) we have

7 T(s) L(s, %) = /0 T e R ‘f

8T _dt o _dt
:/ tSF(t7X)_ +/ tsF(t=X)_7
0 t ﬁ t

in which the former integration is rewritten as

L

/Ow B F(t, ~) — 18] 25/1 _SF(ﬁ7%>%

18]

=15 [ re Y

E]l

by replacing t = Iﬁll% and % = —dv—”. In the case of s =1, we have

LT = O(F) /

181 181
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We put

im—m (b, € O).

m=1
Then we have

It follows from | b,, | = | by, | that

PSS b le™™, [FERS S (b e,

As |C(x)| =1, we see

_ —mTm - ’bm|—7rm
1yL(1Xy<2/ Zyb\ tdt—QZme /181,

81 m=1
Multiplying by 7 on both sides and by using |b,, | < oo(m)y/m < 2m, where oq(m)
denotes the number of positive divisors of m (cf. [K]|, p. 96, Prob. 4 of p. 97), we have

o) 46*7T/|/8‘ 4
. —mm/|B] — —
|L(1»X)|§4Z_:16 T 1 e /Bl en/IBl—1

as desired. O

12 Estimate of the coefficients of elliptic Gauss sums

In this section we show (2) implies (1) in Theorem 7.1. At first we prove Lemma 4.2
whose proof has been reserved.

Proof of Lemma 4.2.  Since 1/(e™18l —1) < |B|/m, we have |L(1,X)| < 4x|B|/m.
For / =1 mod 8 and the conductor (3) = ((1+2)3)), we see

2v/2 - ||
m

~ 1 _ 1
4. > L0, D) = 5 A AT A = @ g 4y o]

from Theorem 5.3, (5.2), and Lemma 11.2. So that we have |4,| < (16v/2/7 @) |A|5.
The right hand side is smaller than %6 for ¢ > 97 because 978 = 5.55--- > irz—‘f =
5.49.-.. For ¢ < 97, the inequality |Ax| < ¢/2 actually holds by the tables in [A]. O

Proof of (2) = (1) of Theorem 7.1. Assume that ¢|G4. Then by Lemma 8.4 we
have ¢|egs(\). By Theorem 5.2, we have Ao | Ay, where X is the prime defined in
Theorem 5.8, and we see {|ay. On the other hand, by Theorem 5.3 and Lemma 4.2,
we have |ay| < |Ax| < £/2. Thus we have a)y = Ay = 0 and egs(\) = 0. O
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