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1. The aim of this Talk

To generalize the following :

The original Frobenius-Stickelberger formula is the following equation satisfied
by the Weierstrass functions o (u#) and gp(u) = —dd—; logo(u):

O'(M(l) _|_ o oo _|_ u(n)) Hi<j O'(M(i) — u(]))
H?:l O-(u(]))n
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(n X n determinant).



(Modification)

For ¢ : y* + (u1x + u3)y = x> + uax® + pugx + pe, it holds that
O'(M(l) R u(")) Hi<j O'(M(i) — u(]))
;'1:1 O'(M(j))"
1 x(u®) y@®) 2@W) xy@®) @)
(_1)" 1 x(u®) y®) 2@®) xy(@®) 2*@®)

1 x(u®) y@®) 2@®) xy@) 2

(n X n determinant), where x(u), y(u) is just x, y determined by

/(x,y) dx
u = ]
0 2y + u1x + U3




2. Pair of integers

Through out this talk, we use
0<d<gq, gcd(d gq)=1

and

_(d—=1)(g—1)
s = 2

(this is the genus of the curve we consider)

We denote in decreasing order
{wgr We—1, *°° wl} :ZZO\{ad_I_bq‘a >0, b> O}
(the Weierstrass gap sequence w.r.t. (d,q)).
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3. The curves which we consider

¢y + ()Y paa()y = xT - -
where p;(x) is a polynom.of x of degree < [jg/d ]|

Example 1. (d,q) = (2,3)
2+ (mix+us)y = x° + ux x* + pg x + pe

Example 2. (d,q) = (2,5)
Y2+ (x> +pusx +us)y = x° + pa x> + - -+ + 110

Example 3. (d,q) = (3,4)
Y’ + (p1x+ ps)y* + (pax® + psx + pg)y
=x* +psx? +pex+ -+ po



1bis. Main Result

(Anyway, we look at the main result!)
Conjecture. Let n = 2 be an integer.

For u®» mod A € W1 (1 <4 <), the following euqality holds:

op (u® +u® - 4+u™) 11 ]  op@® 4+ [y]u?)

i<j yeGal(¢/P1)

v#id
H (aﬁ(u(’))("l 1)(n—j)+1 H aﬂ([,y]u(n)f 1)
j=1 vEGal(%/P)
y#id
| , d=2
— 4+ ‘(x“jybj)(u(t))H(x]—l)(u(z))’ ,
154,j<mn 154i,j<mn

where {da; + qb;} is the Weierstrass non-gap sequence at oo.
Theorem. This is OK for (d,q) = (2, “any”), (3,4), (3,5), (4,5), (5,6).
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4. Weight

wt(pj) = —j, wt(x) = —d, wt(y) = —¢q

Then, all the equations in this talk are of homogeneous

weight.
For example, the equation of %" in case of (d,q) = (3,4),

v+ (px+ ps)y> + (p2x® + ps x + ps)y

=x'+ps x>+ pex + -+ - + pa
is homogeneous of weight d-g =3 X 4 = 12.



5. Canonical Base of I'(%, Q')

Let f(x,y) =y '+ pr(x)y" 1+ + paa(x)y
_(xq_|_”dxq_1_|_...)

Example 1. y>+---=a%+4 ...

I'(%, Q') is spanned by
dx dx
fy(xy) 2y +px+ps

where t = —x / y (the arithmetic parameter)

c (1+tZ[ul[[t]])dt

w1



Example 2. y>+ - =x>+ -
['(¢, Q) is spanned by

dx dx
= = 24+ 137 t
w1 fy(x’y) 2y+ﬂ1x2—|—]/l3X—|—y5 S + [,u][[ ]]
xdx xdx
w2 € 1+t Z[u|[[t]]

- fy(x,y) - 2y + u1x% 4+ usx + s

where t = —x*/y (the arithmetic parameter)



Example 3. 3>+ ---=x*+.--

I'(%, Q') is spanned by
dx

T R (hy) € 1+t Z[u][[t]
xdx )

w2 = D) c t+ 2 Z[p][[t]]

w, = Y e '+ 2Z[][[t]]

B fy(x,y)

where t = x/y (the arithmetic parameter)
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6. Differentials of the 2nd kind
H° (%, dﬁ(*oo))
dHO (%, ﬁ’(*oo))

For any w and # in this space, we define
1 P

- P R P

W = Zm/% (] «)n®) = T Res ([ w)nr)

27 ; /,x, / /a].”/].“’

]_

H(¢, C) = (by Serre duality, etc.)

where {wj, -+, ag, B1, -+, Bg } is a symplectic base of H{(%, Z).

This product is just the transported one from the usual symplectic structure on
H.(¢,7Z) @ C under HY(¥,C) 2 H(¢,C)Y =2 H((¥¢,Z) Q C.

11



Note that w; x w; = 0. We extend {wi, -, wg} to a symplectic base

{wll **ty wg/ H1, =, ﬂg}
of HY (¢, C), namely w; *x1]j = &ij, i *1; =0, by requiring that

the 2-form (Klein's fundamental 2-form) defined by

g(xry; er) —

_ - g
w1 (x,y) ;Z G i 3 f(Z, y; — {U(Zr ) Z:Zdz — ].;1 w]-(x,y) 11]'(2, w),

is symmetric, i.e. ¢(x,vy;z,w) = ¢(z, w;x,y), and

2(vyi%, ) € oy + Z[p [t 1]

where t; and f, are the arithmetic local parameter of (x,y) and (z,w) on
¢, respectively.

Choice of {11]-} is not unique, but we chose the “simplest” one.
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Example 1. y? + (u1ix +u3)y = x> + upx® + ugx +ps, (g =1).

= £ oy € Azl

w1

F(x,vy;z, w)dxdz

S =2,y fy(zw)

where
F(x,y;z,w) =xz(x+z) + (,ul2 + 2u2)xz + p1(zy + xw)
+ (papr +pa) (x + 2) +2yw + 3 (y + w) + pus* + 2p6

Then
dx

m = 7,6 9) c (t* + 2 Z[u][[t]])dt.
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Example 2. For y2+ (mix +ps)y = x° +uox* + - - +uy0, (g =2),

y dx y xdx
1 — s — s
fy(xr]/) ? fy(x,y)
F(x,vy;z,w)dx1dz

where

we have ¢&(x,y;z,w) =

(z —x)? fy(x1, 1) fw(z, W)

F(x,y;z,w) = (2% + x°2%) + (p1® + 2p2) 2% 2% + (papn + pa) (¥2° + x°2)
+ p1(yz* + wx®) + (2pspr + ps® + 2pu6) ¥z + p3 (yz + wx)
+ (psps + ps) (z + %) + 2yw + ps(y + w) + (p5” + 2p10)

and

= xdx o (3%° + (p11® + 2p2)x* + (paps + pa) x + pay) dx
fy(xy)’ fo(x,v)
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7. Periods

We define matrices of periods

W = [/“iw,-], W' = [/iwj], = [/ai”"]' /.

and the period lattice
AN=7Z8w' +7Z8uw" € C8.
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8. The Sigma Function

Let ;j(u) be the function without constant term in power series expansion
w.r.t. u such that

g](u _I_Elwl _I_EI/w//) . g](u) — [E/”/ _I_Ellﬂll}
Then the differential equation for u = (11, -« ,uy)

dlogo(u) = C1(u)duys + - - - + To(u)du,

j-thentry’

has a solution o (). Namely, 7;(u) = Biu]- logo(u).

Let 8'w + 6w € %A be the Riemann constant for 4 w.r.t. base point oo,
x(8) = x(lw +"w") = exp(2i(€'6" + £ + 30'¢")), and
L(u,v) = L(u,v'w’ 4+ 0" ") = 'u(v’'w’ 4+ 0" w”). It is well-known that
(1) o(u+2€) = x(L)o(u)expL(u+ 1£,2),

(2) c(u) =0 <= u (mod A) € O, the “standard” theta divisor.
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8bis. Analytic construction of o (u)

Such function is realized by

_ 0" _ _
o(u) =cexp (— Ltuy ' 'u) 19[5,] (' u | " w")
N\ 1/2
where the theta series is usual one, ¢ = D1/8 (d(eztfr“))g)) with

discriminant D, 7t = 3.141592 - - -,
and &', 8" € (3Z/Z)8 corresponds the Rieman constant.

Note that this function is independent of choice of {«;, ,3]}

d d

Derivatives. We denote ()'i]-...k(u):a il
Uu; u]-

auk”(”)
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9. Precise Vanishing of o (u)

We will define special higher derivatives

op(u), op(u), ---, opga(u), (op(u)=c(u) for n > g).
which have the following nice properties: (Slightly rough description)

We change suffix as (w1, « -+, 11g) = (#(w,), = s U(wy))-

For each ¢ > n >0, let W be the image of Sym” (%) via Abelian map
sending oo to the origin and [—1]W !l is the set given by [—1]-plication of it,

and let W = {(0,0,---,0)}.
Let O = wllu[—1]wl.
Note the stratification : {0} =@l c el c...c ek~ coll =7
Then, for g —1>n >0 and u (modA) € @1
o1 () =0 <= u (modA) € O
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10. Table of T

(Each number in () indicates wt (u;) for j € ")

19

(dp) |g| =4 |b=¢| ¥ gt e e
(23) | 1 () () () O 107101010
25) |2 () () () O 10701010
(27) 13| (3 (1) () O 101071010
(29) | 4| (15) (3) H O 1O 101010
@) |5 &7 | L5 | & | M OO O]0
(213) | 6 | (1,59) | 37) | L5 | &) | M| O | OO
(2,15) | 7 | 3,7,11) | (1,59) | 3,7) | (L,5) | &) | () | () | )
3,4) | 3| (2 (1) () O 10101010
(3,5) | 4| (4) (2) LH OO0 10]0
37) 16| L6 | (L5 | 4 | 2 [ M| O OO
3,9 | 7| 410) | 27) | L5 | 4 |2 | D | OO




11a. Definition of ["
We explain by an example : (d,q) = (3,7), g = 6.
Write a ¢ X ¢ = 6 X 6 table as follows.

We first write the Weierstrass gap sequence with respect to (d,q) on the last

column, namely,

11

= N | = | U1 | QO
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11b. Definition of % for (d,q) = (3,7), g = 6. (continuation)

Then, put into other boxes naturally increasing non-negative integers as follows:

6|7 8|9 10|11
3/4|5,6 |7 8
01|23 |45
012|334
0 1| 2
0| 1
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11c. Definition of % for (d,q) = (3,7), ¢ = 6. (Continuation)

If we wish to get " = B, extract (¢ —n) X (g —n) = 4 X 4 minor on the

lower right corner. and Remove all rows and columns including 0.

6|7 8|9 10 |11
34|56 |78
01|23 |4]|5 2|13 4|5 215
012|334 1123 |4 1 (4
0 1] 2 0 1|2
0 | 1 01
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11d. Definition of > for (d,q) = (3,7), ¢ = 6. (continuation)

6| 7| 8|9 10 11
314 |56 |7 |8
0| 1|23 |4|5 21 3|1 4|5 2 |5
0 1,23 |4 11234 1| 4
0| 1] 2 0| 1] 2
0| 1 0| 1
Finally, by reading the numbers on the off-diagonal, we have
2= (1,5) and op(u) = o) = ——a(u).
’ 0 (1) U 5)

Note that Uy = U and U5y = U3 in old notation.
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12. Galois group Gal(¢ /IP') and Its action

Consider the projection to the x-coordinate ¢ — P!, (x,y) — x.
Denote by Gal(% /IP') the Galois group of this covering.
Take a generic point (x,vy) on the curve %.

Then all the points with the same x-coordinate (thers are d such points) are
given by {(x,v(y)) ’ v € Gal(¢/P')}.

Since the whole space C8 is the pull back of Sym$ (%) with respect to mod A,
this action of Gal(% /IP') extends to the whole space. We denote this action
by

v:iu— [ylu for v € Gal(¢ /Pl).

Then we see

Z [v]u = 0.

YEGal(% /P1)
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13. Properties of higher derivatives of o (u)

Notation (revisited):
ol =wllu[—1]wl, Wl isimage of Sym” (%) via Abelian map.
Let I be a multi-index.
(1) If wt(I) < wt(f"), then or(u) = 0 for u mod A € B,
(2) If wt(I) = wt("), then o7(u) is an integer times oy« () on @],

(3) If umod A € ®l", then
oy (u—+€) = x(£) oy (u) expL(u+ 2£,£) (€ € A).
(4) Let v, u (modA) € W For u=u® 4+ ... +u® (modA) € W
v Oput1(u + 0) v = [y]u” (modA)
<

for some j and v € Gal(¢ /P'), # id.

(5) O'un+1 (u —+ 7)) — Oyn (u)v<1>w8—"_g+"+1 -+ O(Z)<1>w8_"+(g_n)+2)
for umod A € W'l and v mod A € WU,

25
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Example.

14. Original Frobenius-Stickelberger Formula

y? 4+ (u1x + u3)y = x° + pox® + pgx + us.

Original Frobenius-Stickelberger formula:

(-1 |

o(u® 4o u®) [T o (u® —u)) B
1—[;7:1(7(“(1'))"

1 x(@®) y@®) 2E®) xy@®) 2 uo)

1 x(u®) y@®) 2@?®) xy@?®) »Bu?)

1 x(u®) y@®) 2u®) xy@) D)

(n X n determinant).
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15. Frob.-Stickel.-Type Formula for a Hyperell.-Curve ([0,2005])
Example. y? = x?811 + ppx®8 4 .. ..
Let uU)(modA) € O, Then (assuming 1 > g for simplicity )

o'(u(l) + .4 u(n)) Hi<j oy (u(i) — u(]))
H?:l O-ﬂ (u(]))l’l

1 x(u(l)) « o xg(u(l)) y(u(l)) xg_l'l(u(l)) xy(u(l))
1 x(u(z)) « o xg(u(z)) y(u(z)) xg+1(u(2)) xy(u(z))
1 x(u(”)) « o xg(u(n)) y(u(")) xg+1(u(n)) xy(u("))

(n X n determinants)
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16. New Frobenius-Stickelberger-Type Formula ([0,2009])
Example. vy°> = x* 4+ u3x® + -+ - (purely trigonal case).
{ = exp(2mil3) acts as [{](u1, uz, us) = (Quy, Qua, (Pu3).

New Frobenius-Stickelberger-type formula:

Let #)(modA) € W, Then (for simplicity, assuming 1 = 3)

oc(u® 4 ..o 4 u) [Ti<; o, (u®D + [uD) oy (uD + [72]u())
[Tf—q oy (ul) )21

1 x(u(l)) y(u(l)) xz(u(l)) xy(u(l)) yz(u(l)) ool |1 x(u(l)) xz(u(l)) “ o xn_l(u(l))
1 x(u(z)) y(u(z)) xz(u(z)) xy(u(z)) yz(u(z)) eeo| |1 x(u(z)) xz(u(z)) oo xn_l(u(z))
1 x(u(n)) y(u(”)) xz(u(n)) xy(u(n)) yz(u(n)) eeol |1 x(u(n)) xz(u(n)) oo xn_l (u(n))

(n X n determinants)

We can give similar formula for any weightable plane curve.
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17. Most general Frobenius-Stickelberger-Type Formula ([0])

Conjecture (General case)

Let 7 = 2 be an integer. For u” mod A € Wl (1 <i <), the following
euqality holds:

op (u® +u® - 4+um) 11 ]  op@® 4+ [y]u?)

i<j yeGal(¢/P1)

v#id
H (aﬁ(u(’))(d 1)(n—j)+1 H O-Ij([,),]u(]))] 1)
j=1 vEGal(¢/P)
y#id
| , d—2
p— :t ‘(xajybf)(u(l))‘.‘(x]_l)(u(l))’ p
154,j<mn 154,j<mn

where {da; + qbj} is the Weierstrass non-gap sequence.
Theorem. This is OK for (d,q) = (2, “any”), (3,4), (3,5), (4,5), (5,6).
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18. Idea of proof of vanishing properties
If v mod A € O js a variable,
U(1) = Ug is a local parameter at (0,0,---,0) along olll = .
Example: (d,q) = (3,7), g = 6. For umod A € Wls—2,
vmod A € W1,
0=c(u+7v)
= o1y () o1y + oy () o0y + oy (w) Goay> + -0 ) + - -

Hence, 0'<1>(u) = 0, 0'<11>(u) = —0'<2>(u) on W[g—Z]

For umod A € W3 v mod A € Wit
0= 0'<1> (u —|— 7))
= 011y (#) 01y + o) (”)%71(1)2 T 0(12) (”)(%Umz o) e

Therefore, we see o1y () =0, opa1y(u) = —0o1y(u) on Wis—3]

Repeating such argument, we arrive the desired properties for oy ().
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Remarks.
| do not have some unified proof for all cases.

Note that we never used Riemann's singularity theorem and similar results.
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19. Proof of the first step of Frob.-Stick. Formula
Exmple (d,q) = (3,5), g = 4; Gal(¢/P') = {id, v, 7*}.
Let v/ = [y]v and "/ = [¢?]v

For u, v mod A € WU our claim is

c,(u+9o)o,(u+v)o,(u+9") |1 x(u) B B
oy (3o () oy (e (0") |1 x(o) (8= (4). b =(1)).

We regard the two sides as functions of #. They are periodic with respect to A.
—. The LHS has zeroes at v, v’, v"’ of order 2 because v + v' + v”/ =0,
and it has poles only at # = 0 of order 4 X 3 — 6 = 6.

—. The RHS has the same zeroes and poles.

Comparing the two sides on the coefficient of leading terms of power series

expansions w. r. t. uqy show the desired formula.
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Thank you very much!
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