Current STatus on the Theory of
Abelian Functions
as ca\mpa’reo\ w th

That of Elliptic Functions

Yoshihiro aNlS HI

at Meijo University  Nagoya
7 +h Feb. 2026

at
« : >
Nagoy@‘ Kahsat, Zeta WOrkS“qu For %uhg [Reseapchers
[ (G th You.hj MaThemaT}cfahS/Conf\e_y—eonfn Xeta Func"ﬁcms]

& T0th Kansa, Xeta Seminayr



Definition oF plane telescopic curves ((e,94)-curve)
X a c,om]oac"\f Riemann surfacs.

cO €K : a fixed point,
Weierstrass nen ca&vrf at OO

e = min (Weier ()\{0} ).
2= min § me Weier (O Mot | gect (e, m)=11} geal(®, 9 ) =1

Then there are functions XL and ‘¢ on £ s.T, 1 Qocal param. at 0O
)

div(x)> —e00, K= et e, amd div(y) >—F e, SR
and satisTying FatiTs3%3
- e g1 €2 R ) — ‘/?F;fdtl,*cxmk.
(x) Y& ;o%@a)‘«j Pz?r(;c.)g quﬁh%tx)j Peq 0 = 0, Brpn

phune ﬂ(ﬂ.‘) Ls a fotﬂwi&laﬁ X with o(e_ﬁ Pk(xjét_%.J an ol

. % e I+ we take a curre
Pez (=)= X’t 3 of this type, 1”1:;. theory
, of ellipt. fets. is
MDY‘BDUE’/V‘ (k) cowm be VQ,QCINM &S G W‘OM d_f K , geﬂeraliged unE%ueLj)

C Pogs\;b[j fas Simgu[ar]ﬂe S.) WQ call it om [th'))_.c‘mfve _ Lh the naive sense.




Examples of (€, {)-wuryes |g|=

= — 7= ~ 2
= 2[% D= the gerws 1F SWIUO'\'](]’

(%) Y& F%(“'*)dehl _.\oz%(,:)gc‘zﬁ---—Pg%ﬁgﬁxw“%fﬁloj deg Pk(x)ét%J
(Y Y+ o P, X~ X =) fog (F) = Bt e,

el +|J Stx )

5 |z |1 Yo — (2 + Hex + M) («— ot =e gl .0

2 NS U= (\*4334— fAsDCl+)A@x+ I‘/‘“ﬁ)

304 | 3] Y (PR X+ MY — (T + Mg XMyt 14,

Note ot #{}Ajpﬁ = 2% (For these caabs ).

We demoTe

=

T curve oveyr Spec Qr_ﬁ:\.

W ith Y‘eﬁay‘d-fnj {V‘j} inoeTerminate <.

(SOW\-@.T{M We switeh Hi's to being consTemTs In @)



Soma advantage. of pim telescopic curves (example)

[ YFom Yomg] “Defining equahions for modulan curves?”’
He choose a model of Xo(N) as a qum.o_ telescopic curve
which way Rave singularities.

Then, Weil pavametyizations (modular correspondends ) are
expressed very simplW by using the coordinades of such

models. F=%LHS” —“RHS"
Example, | Xo(37) 0 Y34 T(X=3T)Y = 7X(X~37)Y=X*(X-34)(Xx~37)
v Y - A L
KGR V= v Xelan)ip o ey =x v 250 —tp
f( A )z(x-w)a()( Zf*( A )_ (X—=Y)d X
I \ 29+ fY ERNV j:Y

3% veduction theory : to describe Abeliom s, for the “ upper curve”
viee those of “Qower curves”



(D Solution To the Basler(Basel) problem
z’ l i | I B
fenz, (-7 TR 2n  @n-2)\
| > < Cam you 5]'10W 'Hqu w’d‘h oul™ Trigonom, Fets ?
A D> E :..4 W__ — "Z ete.

=i

E?(M:ples on copnecTion betwerm Abelfows Tets. amd L~-Fts.
(-t

2 E 2°E, _ 2Es (
4 Z =0 = tea (— A__wzrl:’

1.
‘ | g, u* 6933 ut 39, u N
( = u)= 2 M- fJa W, 83, M 2443, u
GZOr— fk\f;f’?l?&zaf pe-.-‘:_? u'z % U 2+ 5 2'1 i 4," 5 &\ ¥ | 8! t

Z ‘1.2 —-4V1 o o Eq-nb We ca Hrowm
AeZi] )\ ?\ezm/m(N)‘)% WM Bemwm“HWWm (BH)numbers,
A=wZ[i] . a
( ) gPQC‘-Tﬁ'L values ob a el e L-Fot‘-rhﬂ pery d D‘F U \:]__xﬁt__x

2% - Kumvnev coNgr. Fa s P—QO\TC Rfema.hw 3, }O“QOIFC Hecke }__ﬁl’?,



@’_For inS\TCVY\(JL/ m e:2 ('{,e \jq—z 12-31-1 + “Aq.’xlﬁ-]—}-'_‘-rl‘]-j-f-o_.)

(%, %) g - e
omd. W= H\!:S ! dx /WV"’&E"‘#JM@ B-H numbers

23 -
]‘ﬂVek:e_ff'gr/ _ o 2N—2
Thew X=x(u)= L . S  Con U (define |Can |)

U= n=1 2 (2n—-2)!

Tha yadius chomvewﬂmq oF this series is pesitive.
“=x>— 1
S?m{[a%lj7 we hase g,P/YUUV‘&“}Ld( BH-numbers fov each (e, ) -curve /

“ﬂ&j sq'r?g-ﬁl)/ vorn Staudt- Clauseyy omd Kummer <ongr, as well

However the [ o dulus FD Ffor tha Kummer congr. seems to be come
smaller as geing away fromy CM-Type .

2 | ,
( P — FL ) L(‘ﬁavma .Qt‘llrgw 9/»“,1,9_'(%7)

(seems to be no research evem for §=1 cal )



¥ The core of Invesﬂgrﬂ‘?om onn Abeliom ks 18
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Selected Fornwlas and properties on 0= and §I-Tcks,
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Examples of the powey ALries expomsiwm of O(un) at the origin,
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Another addtion formula. (FE.Klein, H.F. Baker)
For wmstance , on the (2 5)-curve (genus=2)
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G(uw) in the Theory of Gauss~Manin connecﬁans_(BuchsTaber-Le.jkin)
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| = {the vector Fields on {A=0}; liftable w.r.t. & —> Spec@Lp1}
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The theovy of Gauss~- Manin connections Stavted ot Manin's worle.
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Recent Result (Tmorj ot “heat equations™ for O(U) )

| <= { the vectar Rreldd on {A= 0}; liftable w.r.t. & —>Spec®LpP1}
R__ Pro\m\,\,j “«__ 9
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Conclusion Q@
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Construct «a ﬂneory over ZZIp] (—> application to Numb. Th.)

Al

A2

A3

Constructims of O (4). (Using a O-Fck./Find & systewm of PDES)
(vemarkable example of Gauss-Manin connect ons )<

Addition formulae, ( There anv Two types)

Geneyalization of the M-division polymomials, ( D.G. Camter’s)

(Analytic expression by using O- fet. )

(A4] Generalization of Bernoulli-Hurwits numbers (V. S~ C., Kummer)

=

B2

B3

A vealizaTion of (oble's theorem on vechr bundles. -2“’02’1'
A
Explicit expression of global feight on T V. by o= furt q_kEou‘t
. . h
Express O(u) a5 4 determinant of o matvix of size N=N, P

N " 'todadj.
K

Fama/; Dreams <

C1

c2
C3
c4

Weierstrass’ infinite product expression of Op(u)

Partiak Fractionol expansion (—s yelation with the periods)
Genevalization of the Dedekind ’77—&;:.

Genevalization of the yelaTion between Fcto, [,(U) amel O(U).



