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EFE 1.5. LOES S, Z2HEE S ERICANT LT n KAFHRE &S
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BE 1.6. S, DEFDMENE n! THDZ LEZRY,
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ky ks ki oo Ky
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ZEDL S HKEEWRTH 5. KIS, BED (4 3) BHETH .

WL ODD n Kl oy 09, -+, 04 ITDWT, ﬁ015ﬂ< BF (A B 28N DB
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fEiRE 1.9. FALERRY, EOICELKREROE THRE 5.
CAUIBITEHIH L 7250300 h 5o,
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INBBITHEL 250300 ) Zwens, SEMEE LTl EF 3.
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1.15. O EODE#EZ AAOE TR I IIMGED H D, Z DRI 5 IO S 4
ThHdZEr2H%EHTTRE.

Do W& 1.16 225 1.19 13— ZolETH 5.

1.16. n HDOXF: 21, 29, -, 2, ZHET S, 2NO6DXLFD 6% 5 (FREDITXRTC, fil~IF
Q BT 2) BIER f(21, 00, ,20) £ 0 €Sy ITDOWT, HiBBHR of %
(0f)(w1, 09, 1) = f(To() To(2), "+ To(n))
TEDS. ZOLEE UTOZNZFNUIOWT of ZRdD XK.
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(2) f= (21 —x2)(x1 —23)(22 —3), 0=(12).
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1.17. fFED 7,0 € S, LERDLEHX f X2V T (ro)f =7(0f) BEHIOI L%
N

1.18. V¥,
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EBLL ZOLE MIEOHEM o IOV T oA=—A L5 E2AHYE K.
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ZHHADETERL, 55 sgn(o) 2R k.
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BINE =4 %5 A(x1, 29,23, 24) = (21 — x2) (@1 — z3) (21 — 24)
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(3) TEZER L LT, 0 o FHED2E Q.
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AYA AN R R e ol

25. GzHLT5 acGZEETE. ROBHITLHNTH S I L 2EHE L.
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{o€8,|sgn(c) =—1} BETRETHENLI L 2RE.

3.13. 3 RWFREE S3 DFDEEEZRTHERIT L. (AR S DETOWIREE 12.13 TRD )
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4 MEEE

G DILa TN LT, aa=d? (aa)a =alaa) =a® FLFT. £ a OHIG ot ITHL
Ta'lat=a?atata =02 BELEET. ZHUTKD, 4EEGEA]”
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EREDET S oML G 2 KBRS 208G e ® G O ERIT EWY, G
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D 4.3 (1) ICETZI01 & Bl (2) ICBT 570 3 BAEIERTH 5. (72D IR O K RIHE X

HEPRKRIEE & XN 5. EIRKFEC B LTI, df=d" < k=F DD IO (k*).

HE 4.2. Lo (%) & (k) ZAEHE L.

Bl 4.3. KEFEOHIZZET S .
) IECBELTZ 31 THERENAKERETH 5.

(1)

(2) FEEICBIL T3 ={3"kecZ} 133 CHERINIKREFTHS.

(3) BHHEEWROHT1 D 3 FROAE {228 =1} FTEICBE L TERI#FTH 5.

(4) MUK, 1 D4FROEME {224 =1} ={1,4, —1, —i } ZKEFTH 3.

(5) WL, 1D 5 FRDOEAE {2]2° =1} = {cos ZE +isin 22 |k =0,1,2,3,4 } 1ZKMIHE
0 1 0 O

(6) Azg 8 (1) (1) B COEE B {I A A% A A0 L T A TR
1 0 0 O

SNBKIBECH B, 7272 L TIRMAATH (A =T L5 5Z LEMELD L)

#E 4.4. K[AEEZ Abel FETH 5. ZNE R,
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BIRE 4.5. KD L ZFHE X

(1) KmFEDOE TR EN S KEFETH 5.

(2) BIRAE n OKEIEE (o) DFAREZENS, n DFIE m 12X D (o) EFEINS.

(3) MEMRAZBOKRIRE (o) DETHEE, END, HARB m 12X D (o) EHFITT, m B3R Aan
EZDETHED e 5. T o b TR THRMEDOKNEETH 5.

BE (1) HZ% (o) DIEBOHARLEE L. bEAA H O END of OICHITS. b
LY H={1} ol itHIXEATHSE 6, HA{1} L L,d* € H £7% % k D TIETH
NG D% m EBL. ZOE m ZFET S, ¥k 0 of e H L 288 k(£0) 23D 5
B adbeH%olda*ecH THEDE. ST, TRICFeH ZWNS. ZDEE k=mqg+r
0Sr<m) E%2%E q & r DEET S LBICa" =ad ™ =d(am™) 1 THY H IF
WIRECTH 5026, a" € H BEDPNSL. m DFEDTDH r=0 THRIFNUIH LB, D% D
k=mq. 25T H DIEREDIGIE a™ = (a™)! DIBITEDLNS. 2% D H=(a™).

2) (1) &9 (a) DIEBOFHIHIZ E DK (o) LFHDPNE. ZDEE o™ HEFRITLED T,
HLBm<0%&S,am"Za ™ ERDBEANZZILEEL, m>0 ERETS. WE, . n=ml+s
0<s<m) £ I L s 2L, a®* =a"a ™ e H "D Ts=0%1G%. 2% m
i3 n ORETH 2.

(3) FEBRKIEIEE (a) D 2 DDEIHE (™) & (™) DFE—THO/ k. ZDLEE g™ = (a™)F
EEPNDDS m=m'k THRITFIWI RS2 (- (o) FEILKWIHE). m & m/ OR%HE] % 2
T m =mk’ EFEDPNLZUTNERS . ZNED m=mk=mkk' T, kk' =1. @
2llm=4m TH5.

WE 4.6. (1) KODTRTEBTH B 5 ROIEATTH %MD T, FTHIOR % HE L T 501
B 5 DKL &, £/, ZOEKIGHIBXR K.

(2) i E U <, RODITRTERTH 2 5 KD IESF751% 62T, £kl 6 DK aIRE% R
L, Z04onzib X,

(3) X5, WADTRTHEHTH 2 2 KD EHTHIT, BB LT, M8 6 D&% iR
L, ZOEBIt2 BN L.

SEERE

4.7. #l 3.2 TEL L 728 QF 3K EFETHR . T NEHFHY k.

A8. 40@2ﬁﬁﬁﬁﬂ[l ] ﬂ,ﬁ* | [ ”}uﬁﬂw%m%ufﬁm
1 1 —1 —1

HIERMEPO L IS5, ZOHNKREETR W EEHHE L.

4.9. n ZHABETZ. BB ETHEETH % 2 RO ZEE, S 40, HEZTS
DT E T 20780 n OKIEIFEZHELAE XK. (Hint : ZABBEMLS)
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5 Euler Q& n — o(n)
£0, ROMEPSIHD 5.
Y 5.1. 7% 30 OIi @ ZEBIGE T 2KEEE (o) DEBITEETHE LT X,
AR n LT, 8BE {1,2,- ,n} OFTn LELRDDDHEEE p(n) TEL, B
n— ¢(n)
% Buler @ BB & 05, (1) =1 IR XK. PN, Fp IS LT o(p) =p—-1T

BN, T, FBp DRFEIZONWT

(5.2) ) =p —p"
THHIEIEIRBICODE. 61T, HAE L m & n it LT
(5.3) ged(m,n) =1 = p(mn) = p(m)e(n)
DI D LR b ET (BB O.T) THHT 3.

8 54. (1) L& (5.2) DI OHEBHZ R K.

(2) ©(9), ©(5), p(45) ZHNZICEIHE L, ZDOEHAEIC (5.3) BHILL Th B 2 & 2R X.

KEBEDERTTICDOWT
mRE 5.5. G ZXKFAEEE T 5.

(1) G DR n PERD & =13, EFITEOMEEIZ o(n) HTHY, 1 DDERTTE o £Th

X, Ao 2T {a™ | ged(m,n) =1} TH 5.

(2) G DEBDERAD & 5%, BHTEE 2 O Lal, 201 5% a L3I, 1 o

ThH 5.

§EEH (1) B L (a) = (a™) THNIZE, 5 jIZOWTa™ =a 7206 mj — 113 n DEFET
H5H (INz mj=1modn EFHL). ®2IT ged(m,n) = 1. I, ged(m,n) =1 T3 L&,
em+dn =1 %288 c, d FET S, ZDOLEE, (a™)° = a™ = a(a")? = o™ = ¢

%DT, (a) = (a™) 213 5.
(2) 12DV TE, TTICHIE 4.5(3) THRINTH .
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ER 5.6. (Euclid OFHRRE) 2 20 a, b O (IED) mALKIEE ged(a,b) EFHL. 2
DEZE ar+ by = ged(a,b) L2 BHE v, y BFAET 5 Z &1 Euclid O A FREZ {42 CTHEH
TE2. 2D L%MmEDLS5 (1) DFFHTHES7. Hl~IX a =893, b =237 25 1F

893 = 237x3 + 182, (711) 3893|237 |1
237 = 182x1 + 55, (182) 711 | 182
182 = 55%3 + 17, (165) 311821 553
165 | 51
55 =17x3 +4, (51) Retamsl
17 = 4x4 +1, (16) 06
4=1x4+0, (4) 1
ZOFEZ T2 SIS T,
1=17—4x4
=17 —4x (55 — 17x3)
= 13x17 — 4x55

= 13x(182 — 55x3) — 4x55

= 13x182 — 4355

= 13x182 — 43% (237 — 182x1)
= 56x182 — 43x237

— 56 (893 — 237x3) — 43x237
= 56x893 — 211x237

Tx=56y=-211 BERMND»ZLVSEATHS.
8 5.7. a=9841,b=1234 £ T 5. ged(a,b) =1 ZWEPO XK. ax +by=1 28K 2
Eyz ko k.

Y 5.8. V#9841 DIL a ARSI NLKNBE G 3D 5. ZDEE, o' 1T G DER
TETHZH. bL, 1551 (B = ER2BE m BPIET2ETH . 20 m
TOSm< 9841 5 bD%RD k.

EEME

5.9. 13z+Ty+ 11z =1 Zim7z TEHOM (v,y,2) DIXRTERDL (DF D, FDOTXRT
% {2 A5 Chdide k).

13



14 § 6

6 FHAREEF

M2 1 DOHBEZ AT 2D TH D703, WIAEE 2 fif ~ 7B, L, REUL DL
ZABTIMEE LT EREVSDLDLH S,

ERE 6.1. JELMIN S (a,0) — a+b &R EWITN B (a,b) — ab DIERE

SNBSS RV AHER ThH 5 LIE RDPRD 5 DO5M%I-TIETHD : (72721

a,b, cld R DEBDILZERT)

R1 R IZMEICBIL CAHARECH 5. (HAZILISER 0 TRT)

R2 FEDFEEGIER] : (ab)e = a(be).

R3 EADITEER % a(b+ ¢) = ab+ ac, (b+ c¢)a = ba + ca.

R4 HATOFAE  IBEDHAIL 0 L3R4 25H 5701 € R DBIFEL T, R DEEDIG
r XX LT lz =0l =2 i3I N5.

R5 FEDAHEA] : ab = ba

Bl 6.2. Z, Q, Z[i ={a+bila,beZ}, Z[V2] = {a+b/2|a, be Z} IZENDAHABET
H5.

T 6.3, WIE R T, 0 LSO EOTEL RT3 WA O 512, R Ik T
AEWEINA5.

Bl6.4. QR C,paHREL L E BIAT 2 Z/pZ GEHIZHE 9.4), Qi) = {a+bi|a, be
Q}. QV2]={a+b0v/2]a, bcQ} BTRTHETH 2.

HE 6.5. Lito Qfi] & QW2 WMEkTH S Z LETRE.

EE6.6. LELOEF 6.1 ICBWVT, 5 DO5MD I L ORBEDEN R6 2 I R 0EAE
R@ﬁﬁ%f@%k?ﬁﬁé.§6Kﬁ%R@M%@ﬁﬁﬁ%%@ﬁﬁEh%%&K%bf
Wtz >EE R IZFMEATH B L vidins

Bl~IF, Mat(2,C) = “ RODVBEERD 2 RIEHTTHIDO4E” 3B Th 5. -,

H:{{ a-+ b c+di]
—c+di a—bi

aandeR}CM%@C)(%%%Aiﬁ@ﬁ%ﬁ)

EBL EE [THIOMEHF OME & FRICBI L T HIZRHAIC 2 % (#). H 1% Hamilton @ PY7CEA
EMEEND.

#E 6.7. Lo & ZAWE L.

R zfliE, =T DITELER Sl D Z ST 5.

14
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7 BHOMHE
RECETRIC, FI, R OMED R Z % 5. 207 HI2, ideal OBEZIZATE < .

EE 7.1, AMHEER R OFNEA M C R I
Il acM,beM %51 a+be M,

I2 aeM,zeR%6IX2zaeM
DD EE R D ideal EMEIXNS.

Bl 7.2. (1) {0} 1% Z ® ideal TH 3.

(2) a,beZ ZEETS. {ax+by|z,y€Z} 1T Z D ideal TH 5.

(3) ai, as, -+, a, €Z ZWEET 5. {a1z1 + aswo + -+ + apty |11, X9y -+, X, EL}IF T D
ideal TH 5.

(4) "B Z[V/=5] = {a+V-By|lz, y €L} ZHE~DL. ZDLZE

M = {2z + (1+vV-5)y|z, y € Z}

i Z[V-5] @ ideal TH Y, M & {26+ (1+v=5)n |, n € Z[V-5]} €—FT 3. Z1d
WHE (2,14v/-5) EMEEIN .

W8 7.3. ROEAZ Z[) ZMECHETIBEE AL L E oM THLD. £ Z[6) ZRE
ATz &, ZOHT ideal TH 502150, Bl Z 1T TEN L.
(1) Z. (2){a+bi|a & biFEbIBEPLEBICHE}. (3) {a+2bi|a, beZ}.

BB 7.4 Bl72(4)ICBVT M ={2+1+V-b)n| & neZly=5]} it k. 35
12, M %3 Z[\/=5] @ ideal TH 5 Z L ZRE.

HE 75 W R=7Z[V/-5]} ICBVWT1+V/-5 £3%2LbIcET ideal [ IF R &
£ o R Ol

EET76. MCZ%ZZDideal THDLTS. ZDLEDHD deZ BFELT,
M=dZ
E7%%. 22T, 356I0d20 EVSEEEMTNUL, 208K d DFEIZ—ENTH 5.

SEEA M = {0} THIUITRIZHL DT, ITTIE M £ {0} £9 5. M DIEOHER TR/
"bDE AdETLHE, ZUPRDZLDTHS. FEE TED ke M ITHLT, 2% d T
HOKDZr E L, k=dg+r,05Sr<d, LtES L, ideal DEEDPS r=k—dgec M &
%503, d@a‘%dvl‘élz# r=0TRTWEEsRV. 2F0 k=dqedZ 2’bh» Y, M C dZ
Th 5. HOUEGEBERIZHILTSH 5. O

FE 77, EHT6 D Z EH6212H D Zi) P Z[V2] TESHATH, FkR I DD

D (HET, EM16.12 &£ L TR 2). Lo L Z[V-5 2EIKEVTIE, &) TrOEH fy
BT B, BINE B 7.2 (3) D M = (2,1++/-5) \& dZ[v/=5] (AL d € Z[/=5]) DI
FF o, (HEEFR ETO M ORLEEZ ZEAUTD»5).

15



16 § 7

DIFTIE, B a & biZOoWnT, addb DR THE L%
alb
THRY.

ﬁg 7.8. {@J 7.2 (3) DM = {alxl + Q9o + - - - —|—ana‘;n\x1, To, *++, Ty € Z} 22V T
M=dZ 7% dcZ (d=0) % ay, ay, - ap DITRXTEEDY) 2 IEABEEDOHTRAD D
DTH 5 ELuRE. (RRANBEOHEMEDGH) (Hint : & 2% ay, -+, a, DIEREDOAKIE
ThHHrLEEd|dERDIEL, dAE a1, -, a, DRI TH AL LZ2REITL.)
EFE 7.9. (RALKE, the greatest common divisor of ...) {#HEH 7.8 D d %

ng(ala ag,: - ,Cln)
E#EC CORKIZTER 5.6 DRLE EPE L.
il 7.10. (1) ged(a,b) =1 2> albc 72 513 alc.
(2) ged(a,z) = ged(a,y) =1 D& F, ged(a, zy) = 1.
(3) ged(a,z1) = ged(a, xg) = - -+ = ged(a, z,) =1 D E F | ged(a, x129 -+ x,) = 1.

SEEA (1) ged(a,b) =1 %o F ar +by =1 LB 28 v,y DEETS. Tz cf5T5 L
c=acx +bey BD T, RE albe £V, alc Db 5.

) IREDPS ap+ag=1,ar+ys=1 % 28E p, q, r, s WEAETS. 2D 2 XDAd% %
HMI T alapr + pys +rzq) + xy(gs) =1 285026, ged(a,zy) =1 TH 5.

(3) T (2) ZREDIRLENTRINS. O

16
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8 REHIBRO—EM

Z 2T, TILEBHFRADIRRE IO —BIEICOWTHERS.

I 8.1. (RN E 20— TRICER n 5otk ZOEE n i3 M
R 2HRMWED (IED) T pr, po, -+, pg ITEX D,

g

n=d= Hpjej (e; IFERE)
j=1

DIGICENBORIND. 2 OEDRIE BN THS. 222, BHOFTFFIE n DIEA
2k 3.

AR 8.2, wiHl, LEOEH A IS THAMLELES, ZNebIbIEME L TR D
1%, TNDIRD LT R WAHEBR OB DIEEIC H DT (T O 8.6), 2D Z & MR DEEEGN
DMFEDEED —IRIZ D6 TH B.

SEEA n >0 DEFIIREIETTOTHS . n T 2EMNETRYT. n=1 1T L TEHED
FIRIFHSICIEL W, WE pZ n D 1 DOFEREEL L. ZDEE n=p THIUIAEH
FHEATHL. TRITNUE, 2> 1 BEETH LD, n X H/AS0OT, EEOREICLD &
F—BICERBESEI NS, Lo Tn B —RENICERNESEINS. O

EEK 83, HABI R D2 29DIL a, b IZ2WT, HB cec RICED, b=ac EtEFBLE, q
E o DKL THLECDM b IFa DL THDEVS, Foald b ZEOYL bidaT
#HOUINg, 2EE WS INLFET ap EERT. INOEEE afb LEL.

EFE S84 WHIER R EZDJigec RIZOWVT, MEED ac R, bc RIZXL, glab =513
dla £7213 glb THB ) BRI DOEZF qIF RDEILTHB L5
¥7,qg=ab (a, b€ R T afl,b)f1) LF T RWEEZ ¢% R DKL &S,

Bl 8.5. R = Z[V-5] IZBWVT, 3| (2+V=5)(2—V-5) = 9 TH 523, 3} (2+vV/-5) 2>
3)(2—v/=5) DT (MHEZZELZTIUIDDS), 3 IFFILTIER V. BRAIC3IZID R
DEEFRIILTH 5.

EE 8.6. R=7Z[V/-5] ITBWTII,
21 = 3.7 = (4+v—-5)(4—v—5)
L 23D ORI X B EDEET 5.

HE 8.7. 85 LHl86ICBILT, 3, 7, 4+V/—5, 4—/—5 DwINb Z[/—5] DEEK
TLTH B I EBRE.

17



18 § 8

EEE
8.8. n ZHARE, p ZFE LT L. ZDEE, pV ! ZEDYZ09 BRI KOEH N 13

n n n
N=|=-|+|=|+|=|+
L?J L?QJ Lf”J
THAGNS Z L zmE. (ZOMIFENIZEROMNTSH 5. )

8.9. a, mnliFTRTHAREMT, m#An £T25. TDLEE > +1 & o> +1 DRROKIENE
a DWAIIEL T, 1 £7213 2 THH I E2ME. Hint: n>m DEE (@ +1)|(a®™ —1)
THHIELZRLTHATS. ) 2O o, MRICEH CERDEET 5 2 L 25EHE L.

8.10. a* -0 DREEVSTBMTHL L E ged(a—b,a+b) 1F 122 THEILEZRE. 35
WCZDEZE a+b,a—bl3EBITEREFHBTHIDEL S LELVHBED 25 THE L
N

8.11. HAK I n = 2 ITDOWT, Z% FEEETIE RN T & BRI k.
k=1

8.12.° n % pEIETHRR L L EIC, TRCONOEDT% S,(n) €953 2oL & M#E
8.8 D N 22T,

TH 5 I %I L.

Sl 516 % 5 HEEFIRT 2 & 4031(5) DT 95(516) =4+0+3+1=38.

18
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9 RREOEH
B o, y,nlco0Tallzr—y) LD IL%E
r=y modn
ELRT. COR,a Ly kn THOLEFORDIHIFELVE VAT EEEKLTHS,
LHETE S,
MRE 9.1. BE 2y, 2o, Y1, Yo ITDOWVT
1 =y mod m, Xy =y, modm

= 1+ T2 =y +ys modm, x1T9 = Y1y, mod m

ThH 5.

WE 9.2. M 9.1 ZFEHE kL.
22T, K0S <m—1122WT, Z DETHES
j+mZ=A{--,—m+j, j, j+m, j+2m, -}
=“m THDE ZITRD D j 1Tk 2B DA

ZZNZN (jmodm) £IFEHIC § L LRl

(9.3)

ZDEE, LD (91) kD

(x mod m) + (y mod m) = (z + y mod m),
(z mod m)(y mod m) = (zy mod m)
LEHTIUE (U CEHADHE R ERT 3), (9.3) DKOESETET2HES, DD
{(0 mod m), (1 mod m), (2mod m), -+, (m—1 mod m) }
DHRICBROWEZFFOZ L bh 5. Ik
Z/mZ
LY. Ik i m ISP 2 B (RIREE) LS
HE 9.4. RED LD -
(1) pEBETHLE, Z/pZ \3METH S,
Hint : ged(a,p) =1 % oE, 7.6 £V, ar+py=1 &R 28 v,y BFET 5. )

(
(2) m DIERE 2 51X Z/mZ 1ZETIE R0,
(Hint : ¢|m (0<l<m) ® & Z, ({ mod m)(z mod m) = (1 mod m) &% % x IFFAEL )

AZHTH +£1 THRVWED I &,

19



20 §9

DEzfEdTEL

EE 9.5. m ZIEOEHKLE T 5. Em BT 2RIRBEORMEK Z/mZ 1ZHALZ RO H]
BBz a9, 72, m ERLFREOLME (Z/mZ)* (FREICB U TR (BEOREIAERE) %
B LML DRI DIE m BEBDEZTHD, 2D L ZILRS.

RE 9.6. x,y, 2z XBHETE. 22+ =22%61F, 2yz=0mod 60 TH S Z L 2+,
EE 9.7. HOICER 220K m £ nit20T,
p(mn) = o(m)p(n)
N AVRVASS
REER (Z/mZ)* x (Z/nZ)* %6 (Z/mnZ)* ~DER % ((a mod m), (bmod n)) IZxf LT
r=amodm, r=bmodn

Zii7ed v ZMNIBI VLI ETEDD. ZORBERIIFIEZR S EHREI NS (well-defined).
¥, SO x BHEAET S, BE¥ES tm+sn=17%%1t s ICNHLTz=asn+btm &
FTIUTRWV. L, 2200z & o/ 3D 5 L, m|(x — a), m|(z' — a), n|(z —b), n|(z' —b) T
HHD, TNSD6 ml(x — '), n|(z—x) W&, Lrb, TOKE z 131E mn T-HINTH
5. mnl(z—2). 2F0, TOBRIIMELRCERLI NS, LdIC, & v e Z/mnZ ITHL
T, ((z mod m), (x mod n)) ZMIGI UL, ZHFd LDEROUERTHZ. £OT, 2
DHBRIZZFGTH 5. ZNZNDILDMEBUT p(m)p(n) & o(mn) TH B0 6, FTEDER
DIK D L. O

HE 9.8. mneZ tl,d=ged(m,n) L& k. z DHENAEFRZ
{xzamodm

z=bmodn

DREZFFO7-DICE, a=bmodd THE I EDRESTTHLILZRE. £, mEn D
BANAMERZ (LT, RE RO %A, I3 modl TAHIUIHE 1 D TH 532 E.

g
BE 9.9. B n>0 DRNBDWEE n = Hpjej 95 HL, p1, -+, py 13RS FHEET,

J=1
e, ey FHRBTHS. TDLZE, RO VD T & 2RE.

j=1 j=1
8 9.10. p Z2FTHULT 5. 2 KIEHTHIDERITIC Z/pZ DILEMRT
=1l
c d
BHEEERENDL. ZOELEE, GIETAEED 2 TLIZOWTHEHE DITH DR DO 5 T
DERTELILRZRL, 51T, ZOMET G BRHICR 2 2 L2 X.

a, b, ¢, d € Z/pZ, ad—bc%ﬁ} (20U, JHE GL(2,Z/pZ) LEH»1NnSD.)

20



21

10 Fermat DNEE, Euler DEE
ROEHITER 13.2 OFFH TSNS,

EE 10.1. n ZIFOEKLETE. CDL X

> p(d) =n.

din

EEE WEEE 4% 1 DD T,
]_’ 27 SCI 1)

DHIZ ged(x,n) =d THD 2 B DHEDEA 5. bEAHA,d D n DRETRITNUL, &
FOMTHS. 22 Tdn &L T, o=da/,n=dn EBIZE ged(z,n) =d 1F ged(2/,n') =1
EFRICZETHD. Z2OME o OIEEUE o(n') = p(n/d) THD. 2 Tao=1,2,--,n %
ged(x,n) O d THETIUL, d = 1 ITHIET 2D DD p(n) M, d = dy IZHIET 2 S DD
o(n/dy) i, d =dy ICHIET2HDD p(n/dy) M, FTH Y, IRIRIC d=n ITHIET 2 DDA
o) =1Md 2. ZNSIZEEIEL LOTRTOEERL T2

o) +o(7) +e(g)+ e =n
IRtz & 2. O

CITHAREREZ 1 DHFHL TEL

EE 10.2. (Fermat OAVEH) p 2FBEL L. TDLE p ERLEK 2 12OV T

27! =1 mod p.

iEEA ¥,

(10.3) 1,2 -, p—1
2% mod p DEIRDOEMEKRTHS. DL E

(10.4) 1z, 2z, -+, (p— Dz

b modp DRERDOEEKRTHS. FEE DL kr=/lrmodp %51 (k— {0z =0modp DT
k—(=0modp THRIFIUIHR LT, ZNW 2 k=/Cmod p & 7% 250, WR7IJuDMEED p—1
flThH 2056, (104) 1& (10.3) DRFIC—BEI 2 2/HB50». 2O L LD

1-2---(p—1)=lz-2z---(p—Daz=2P"-12---(p—1) mod p.

T
(zP'—1)-12---(p—1) =0 mod p
&z
2?71 —1=0mod p
2135, O

21



29 § 10

EM 102 ZHRIC—MILL 725 DR D Euler DEHTH 5 -

EIE 10.5. (Euler DEM) n ZIEOELLEE L. ged(z,n) =1 DEZ

2% =1 mod n

NS A RYASR

SEBA £ mod n DEEFIRIAREE WA T, @8 10.2 DI & FRkIC Z 06 kD o 5 (DOF
) AL, 205 IFHOPHIEABEE &0, HF 2 EE0 T TN TOMRIEREZ
WRZHDIZ—HT 2. IOTENSDMEIE KT S, 2D 2 ODFDENME ¢ 545D T

27" _1=0 modn

2135, O

& 10.6. FH 105 OIWE n— 15, 2 = 2 2oV Tl

22
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11 ZEXOEXRRIEE

MHEO HEIZEM 132 THD. 2D-DDHE|%E T 5.
T B XF (AET EWEND) £ T3, 0 DEZHATRED TR K IET 2 b 02k%

Klz]
EET. ZHUIBERLIE L FEEICOWTHHABRIC R 3 2 E RS ICHE»O 5L 5.

g 11.1. 2 2XTFET 5. f(x), g(x) € Klx] D& ZE, LK q(x), r(v) € K[z] DFEL
T, degr(x) < degg(x) 2 f(x) = g(x)q(x) +r(z) &7 5. HL, degh(x) 1 h(z) DX

G CHIE K=QF K=RDLEZIIL, ARTEALLD LK THS. AL, f(z) 2
g(z) THRLALEE (HEELRETRDLND) DD q(z) TRV r(x) TH 5. O

F11.2. ce K DEE, q(z) € Klz] BIHEL T, f(z) = (z —¢)q(z) + fc) L% 5.
F*11.3. K LOZHEHA f(z) € K[X] 1220V T, deg f(X)=n %561 f(X)=01FHm~% n
DS 2R ZFFD.

BEEA o MRTHNUL, R 112 XD f(z)=(r—a)fi(z),deg fi(z) =n—1 L&D, ay DI
Thiu, 20t fi(z) DRTH 206, B, R 112 XD, fi(z) = (r — o) folz) £%5. Z
NZEDIRTEE, ROMED n L LETHORSIX, 0 RADPWREREOZ LITR DT,
FETH 5. O

’ﬁ% 11.4. Klx] = (Z/5Z)[x] I2BWT, f(z) =223+ 2> +3x+ 1, g(zv) =22 +20+3 DL
2, i 111 IR 6NTh S g(x) & r(z) 2K K.

ﬁ%]is.(z5mu] IBOT, flo) =22+ 42+ 32+ 1T DL E, f(x) =0 DRETXRT
B, f(z) 2B L X

HE 11.6. (Z/5Z)[x] I2BWT, o' +1 ZAMBEZA R D B iR XK. (G 1 RT3 fig
TERW)

23



24 § 12

12 Lagrange DEE
HEEDOEM 13.2 ZAEHT % 72912, Lagrange OEHL & MEIN 2 A4 72 E B2 GE-H L 72\,
BGotr ERDHEE ACGIZOVT sA={zalac A} EFLT.

8 12.1. G ZHLT2. 2,y G Bold 2G =G, 2(yG) = (ayh)G =G THHZ Lt %
N

BWE 12.2. #H G LEZ2DOHDHH 2E~5. 2, yc G DL E, ycaH < x7'yc HT
HbIEERYE.
WRE123. 202Gt yeGItoVT, eHNYyH =0 4% ¥ cH=yH TH 5.

SEER & L zHNyH # 0 %2 olX, Aot ch = yh' (h, W € H) D3H 503, 2Nk v =yh'h!
BT, ME 1211k ), oH=y(Wh YH =yH TH 5. O

COMIE 123 12X, G X xH DIROWIHES (G D HIZX 3 ERRE LWENns) O
MCAEITES. WE, 202 g L LT, ZN5DHITHEADTNTR

(12.4) {xH, ©aH, -+, 2 ,H} (INhz G/H LigELd %)
EFHSZEITTNUL (DFD, i) %6l v Hx;H),
9
G:UZL']H
j=1

tERINDG. ZORRIRE LRREGR EWR 22T (124) 3 —BUKEZ 200 E D,
(21,9, 0} EREINCIEEE 5\ T LIRS0, ZORWT {2y, 20, -+ 15} %
CDORERRE RO RER LTS

ER 12.5. DLEORA Z ERERVEOBTOIME oND. EHE G =7 ZINERH LA L
&, Z/mZ %, R H = mZ 12 X 2 ERAHES R 5 200

m—1
Z=\JG+mz) (HL,i#j %551 (i(+2)N (j+Z) = 0).
j=0

BS. RIC, A A QBRI (BE) % [A] £k 1A TRT

HE 12.6. ARKEG L 20T H 25, fLED 2,y € G IZDWT |[zH| = |yH| T
H5HIZEZRAHY L. Hint: B8R 2H — yH, xh— yh DEHEFITH 5 2 & 2R+,

DEDZ s GHBRCHEBOEEZFSL, B OICHSETS 2 R 7 5 Wl Ea (12.4) OF
EHTRINDZ LB Ok. ZHREERIETHD. ZDIEDLLRDIEBHLIPD.

EIE 12.7. (Lagrange OFEM) HIREE G OO H O |H| 13 |G| DFIETH %.

SXHRIC K D TRARRBEERINTHILANDH 5.
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* 12.8. G AWK LTS, G DILONMEIL |G| DIIETH 5.

BEEA = € G DOEUFTTHE (2) < G DRI & e\ 23, Z 31 Lagrange DEBL X D
|G| DKIETH 5. O

% 129. GZMNEBnOERBEEL, 26G ET5. ZDEE 2" =1.

SEEA R 128 KD, 2 DN (0 £T2) IE n DRBTHS. WAL 2" = (29 =17 =1
THb. O

&Y 12.10. #1133 122WT, ROMIZE L.

(1) Sy &ZDEITHE S5, V12DV, Lagrange DEBDIEIL L Th 5 T L Z2HERT XK.
(2) Sy & Ss ICBL THERIRBUCHM L, S AR 2 B3R 2550 L Chdidy K.

(3) Sy VICBHL TAERRBICHM L, S ARREZ ER 255 L Chidd+ X.

WE 12.11. M 15 OJG a TERSNZKEEE G = (a) &, ZDOEAH H = (a®) 1220
T, ERISHES R Z b k. 7R FF% 1 2% X,

EEERE
12.12. EDFELHOFILKRFEICR S 2 & 2R,
12.13. Lagrange DEMZHifEIC LT, Sy DO EEZ 2 TRD L.

12.14. G%#BEL H<G LTS 2,ycGIINLTaolyc H TR~y ZEDS L
&, COBMRIIAMERIRCTH 5 2 L 2o &k HIL, X2, fERD 2,y, 2 € G ITRL T,
(i) z~=x

i) e~y = y~z
(i

) o~y PO y~vz = o~z

25



2 §13

13 [RIR

WY 13.1. MV n OARKEHE G = () ITBW T, n=dl tT5LE {zecCG|2zt=1}=
(a®) T, ZOILDOMEINE d IZFEL W I & Z2RY.

ROEHITHAMTH 5.

EE 13.2. G Z2HERHEETS. @ 2KEHETH 2720121, EEOEARE m 1I22o»T
HzeGlzm=1}=m

THdIEPRETTTHS.

BEEA G Dfifiz n LT 5.

(M) G=(a) £FTS. ged(n,m) =d LFH L, 2" =1<=27=1THs5H»56 " {fH
131 &0, H{zeGlam=1}=t{zeG|lz¢t=1}=d<m TH53.

(Totk) G D Em DILOEEZ G, EHSC LTS, G, #0 %5613, G, DILHHAL
Bom DITREDER I NS DD 6| Lagrange DEBIC XD, min TH 5. D21,

(13.3) n=|Gl=> |Gnl

mln

WEmn %5 mzED |G >08ET5 ZDEZFaeG, ITDOVT
(a) ={1, a,a* ---,a™ "'}

DILIEFEND 2™ =1 DETH 206, IREICKD (a) = {2z € Glam =1} ThRIFI%
S5\, K2 G, C {a). 2FD G, & (a) HOME m DIGOREKICZDOTh S, M b
5 |Gul =0 £7213 |G| = o(m) THS. 2O EZZVUTE LT, (13.3) EEH 101 £ %
32U, $XTD mn 1IZ20T |G| = o(m) THRFNER SRV L35, R
Gol=p(n) £0 THE06, G 3B n DzHi>. 201 2% b ETUE, G=(b) &%k
%. O

Y 13.4. KEFETIERWHR Abel B Ofl%Z 1 D281, ZHDNEM 13.2 D272 S
B2 EEBARNIORE. (Hint : #1 3.3 )6 2 0kk%6 2 Fiie. )

% 135. n ZIEOBELTE. K 2hEd2. ZOLE {zeK|2"=1} 3 n DRNEZL
BETHKEREE LT

A A (e K|2" =1} D TH 2 LEBRBICHERTES. o O n KGR 2" =1 12
K O T4 n L xRz w (R 11.3). ko, @132 X0 #H{reK|z"=1}
FKEHETDH 5. O

* 13.6. K K OFEEH KX O EALERETHLERFTH 5. fE>T, BRE Z/pZ (p
EEE) DFIERE (Z/pZ)* 1 FKRFETH 5.

S(«) EHGD. (=)d=sn+tm LELER 129 LREDS 2? = (27)%(a™) = 1.
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SEEA K> OFRKEEESHRE G 25 ~%. 2O L E LREOARE m 1220w T
{zeG|a2m=1} C {zeK*|[a2m=1}
S t{reG|am=1} £ HrxeK 2" =1}<m
TH206, EH 13212k0, G IZKEFHTH 3. O

EIE13.7. p2ERLTE. 20L&, (Z/p2) \ZKMEETH 2. 2 DEFILEE p O FIHR
ENER. HIL ) ROMEREEE g DSFET S 2 1, g, ¢%, -+, ¢P 2 ZAM ORI, i p ICBHL T,
L2 - p—1ICAMFTH 3.

SEBA Fermat O/NEBR {1,2, -+, p—1} 2T a1 =1 DR TH 2. F1351CkD, Tn
Y ES Y EIFit A O

Bl 13.8. 3137 DFBIRTHS. OF D,
(2)77)* = (3) = {(3 mod 7), (3* mod 7), ---, (3° mod 7)}.

=3 LN TTHDEDERIZR S -
6 7 &8 9 10 11 12 13 14 15 16

5 11 16 14 8 7 4 12 2 6 1

Bl 13.9. p=17 DL =, FIARIZ
j 1 2 3 4
(3mod17) | 3 9 10 13

oy ot Q

5 AT 2 IXFEIEIR TR,
Y 13.10. 2131 11 OFABRTH 0. 72 2 131 7 DJFEIRRE D

Y 13.11. A% 2/17Z Ol E2 T XTRD K. 2D 1 22T 2z DS
z* =1 mod 17

i RS (2 mod 17) 2 TRTRD &,

#3 13.12. (Wilson OEH) p BEHLD L &

(p—1!'=—-1modp
ThsbILzitHE &,
8 13.13. p BHEBLETHOT, > +1 D THL L. ZDEE
p=1mod 2"
TH5 I E%ERZY. Hint: (amodp) D (Z/pZ)* \ZEB BH8%ERD X

Y 13.14. n ZEHARKT, p=2"+1 BEKTHB L L.
(1) 2 137 p DFEHMWTII RV & Z2RE.
(2) @) 313k p DFIHRTH % 2 & ZAEHE X 8

"Z DKk p 1% Fermat FBE EMEIEN S

SHint : ¥ p T -1 FHIGTH 2 2 L2 RE. L, 3 BEHMTHVDLESFEHIGTH S I LERE. 2
Wz, —3=a’modp %% a WHEHETS. ZDEEu=—-14+amodp TEES u FNEN3 THEI L%
. Z4E Fermat O/NEHD G 3p—1 AL, FELZELT. )
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28 § 14

14 FEFRER
EE 14.1. p 2HRKETS. p EFRLEE o 13, AFEX 22 = a mod p DEZFFODED

WZEOT, p ZIEE LTRSS 20 FHIEFS TH S Lwvnidn,
(g> _{ 1 (a FTRRD L F),
-1 (@ 2CEHEREAO b E)

() |

o PHRARE LITE. bbAA a=bmodp % 53 (%) _ (;) <53

p

=

EEDD. ZDEE

TE 14.2. p#&EM o % p LERBKLETZ. COLEdST BiEp Tl EH1E -1 &
ARTHY, ZNZFNDHEAIIEL T a 1335 p DFHERD 2 I EAERRTH 5. ML,

o' = (ﬂ) mod p.
p

SEBH b=a"r &8 L, Fermat O/NEMED 2= e =1 mod p 5D,
(b—1)(b+1)=0mod p

%Elnlodp

LhD HPEAVRENG. Wi p OBUAIRE g L LT a=¢ ¥ gt =a
O

IF 2t =0mod (p—1) LFAMET, T4Ud 2t ZRKT 20 SfamE 2.

E 14.3. p 2 WEKET S, ged(a,p) =1 DEE, BE 2 1IZOVWTDOHER ax® +br+c =
2 _y4 :
b “C> — 1,0, —1 IZfEDT, ZNZEN 2 ODMR, 1 DDIR, fR% b 17\, &

0 mod p &
p
7%, Izt
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15 FAREROMBEZEA

p=2n+1Z2&EHMET D n MOBEDES {r, ro, -+, 10 } 13,
e {0, =1y, =1, e, —rn ) EERABEREADTE, K p OFKRERICRD LE

p D Gauss fRER TH 2 L widns.

8 15.1. (Gauss D) p=2n+1 Z&WEHEL, {r, 1o, -+, 1 } Z¥E p D Gauss fX
KHREF L a % gedla,p) =1 2L L EREID, KFi=1,---, nlZOVT

(15.2) ar; = e;r; mod p
L% e;e{l, -1} & r; P—EINICHFET 2. DL E,

(4)-1I~

R, a,2a -+, na lZ20WT, TN6% p THOZRD DI n LD BREVHODEZ N &

ERQUES
G-

GERA i =156 n 1T T (15.2) DL HUE

n

n
=110
=1

n
r; mod p.
= i=1 =1

ITr lEnb p EETHINS,
a" = Hei mod p.
i=1

T 142 X O R eSS, O

B HEROER 16.13 £ ClE, U T OV RROM LR (EB 15.3 LER 15.4) D) B,
B 15.3 (2) LHEZ o, @B 15.4 ZHAMRIE L THHEIEZ 2\,

EE 15.3. p VEETa & bDged(ab,p) =1 B BEEED L E, ROYIKD LD,

v (5)=()G)

(2) <_—1):<—1>”? (45 1 WliFaikH),

(3) <3)=(—1)"2‘ Y 2 HiFSHEH).

EEEEH (1) *ﬁ%ﬁ 152 T a, b IZDOWThH €; %%ﬁ?ﬂ €14, €25 &%07‘0;&‘, ab IZD2WTD €; B8

€1:€2; Iz Z;C %) 7\')) 6 s
a - a - ab -
— = €14, — )= €2i, — | = €1i€2i
(p) 11 ' <p) 11 ’ <p) 11 e

ERODOTHTEDO RN D 7.
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30 § 15

(2) Gauss &R % {1,2,- B2} ICE B L E MHE 152D ey, e, BT -1 IZHZD
<, FIRIZHS 2.
(3) MU { Gauss fRFH% {1,2,--- B} ICL2LE, Thoo 2 f513

2a4767"' ap_l
Th2. TORTHIE 152 1205 {¢;} PWRIKRZDIEEE D EObDT, ZOMB N 31
b e T OAEOMBICEFE LY. N OMEFEZNODOM 1+3+5+--- Offiars —
T5. Lz, B o&FIBIES T, ZoMoMais

p—1 1 p—1 p+1_p2—1

142 4 = _ =
F24+3 4445+ o = 5 2

—HT % )

—1
NEp mod 2.

HifE 152 12k D, 20T (3) BRI, O

B 15.4. (EARIROMEAIER]) p & g ZHREL2HFREL L. ZDLE

DIOREES

BEEE ([FK], pp.78-79 K DEIM.) M3 oy BEFHIZER L Th S, o FEEEL y FEEEHIIL I #
BCTHHIRZEETREVS o il HICOA=(p+1)/2 %, £/ yfilEICOB=(¢+1)/2 %
> TR OACB OWNEDIEFRZEZT 5. WE, L(p/2,¢/2) 2D, FHH O & L %
i 5 ER %:% 25, oI v i EO—DH M(x,0) IZXNL, P(x,qz/p) Z2&EN5.

i AV RYASR

Q2 F-mmmmmm /
e

e
o
e : X
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r=1,23 - (p—-1))/2T5LZE qvZp TEHOLERDV p/2 XD BRKRZEVDIZ, qz/p
DB 1/2 LD b REVEET, Z4UE, P Z2HAHE ET P 206 1/2 DINDHHEEIC

@a%?ﬁﬁOLmimmﬁaa%m@aJ&m(%):@nnmzwanuOLa%m%

Y BOF 12 1/2 2RI 7 GG L IcH 4 FAIBIIY OGG'L DI b 3 1T

HOKTH .
ﬁ@m(B):@nmmxwamMOLa%m%x%@ﬁ%m1pﬁw¥ﬁﬁﬁtk

HH' & 123t 412 AP OHH'L 0 PRI A 31 T oMch 5.

w%< )(2)=@¢mm SBU B mtn IS 2 SO TTIBIHBONIIC S 3 H T

wﬁzf%%# USRI T3 C((p+1)/2, (¢ +1)/2) 2 1 [HA T3 134531/2 T
b H/NEFE CG'LH %M I~T 6 Al OGG'CH'H Z{EUL, Z DNERIZE T 2181 R D
I3 m4+n THS.
ETOCDHE (p+1)/4,(g+1)/4) 122D 6 ATONHEOHLT, B RIZZ DML
T 2O MINIETH S 2 EIIMERICEDOTHEATH 5. #US m +n DEETH % D,
BECTH 20130 (p+1)/4,(g+1)/4) ZUHEDME TR TH 20, LKL TROD
WL DOTRESINS.
WS (p+1)/4, (q+1)/4 D3 HITEEHL HIG p, g BWEDIT 45— 1 DIBDOFELRTH S L EZIZ

BROT, m+n 13FE 2FD
2
q p

TH3. Wb, EBOTRIFIIFHS L.

HDVIFROKICHFAZINS . 3 A GG'B, HH'A ZABOKBFHEz&0L»6, 20 %
k&30, K5 OACB OWNH DI T ROMBEIE m+n+2k THD. L»sICEAED
IR IZHA & 12

p—1 g—1
g -1 -
5 5 flél

DIET DD DD 5

p q m+n m+n+2k p—l.g-1

— — | = 1 1 1) 2 "z

(q>(p) (—1)m = (<1) (1)
L7 O
$l 15.5. ZZFT ATEEZESOT <%> ZRDTHS.

8- (2 (HR)-
() ()@ )

) &
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32 § 16

16 Gauss B#¥

BHREE C OES EHIERICOWTIZBER L T 5.

z=a4+yi €C (r,y e R) DEFEHLEZE L IX, z2=20—yi DI L TH 5.

B 2 —» 2 TENONEERC - ClIC OMWAEHE ZRFET 5. 2FD 2, e C DL E,

21

2Nt 2 =721+722, 21— 22 =721 —Z2, Z1Z2 = Z1%2, <z_>__z_ (20 #0)
2 2

WD LD, DR K 2o T, WHREEZRF 258 K - K 2 K © HAFRM &«
S bBEAAMEEGGS HARMGHRTH 5.
BHFEE z2=2+yi€C (z,y€R) ITXHLT
Nz = N(z) = 2% + ¢

EFHOWT, INZ 2 D norm EWEE. JHE O HGHE 2] 13 norm DV TH %

|z2| = VNz.
BE 16.1. 2, 2 € Z[i] ISOWT, KD 2 D X
(16.2) |21] < |22] <= Nz; < Nz.
(163) 21 ‘ zg — Nz | Nzs.

F72 (16.3) OMIIAT L O L 2\ T & & Kl %2281 TRt

INEDOMWEIFDH K CHIEND. FINE N +i) =2 DT, 1+ 2H28%701% Z[] 1%
+(144) BAMTIZFEL 2w 2 Ed3br 5. FEB, a=a+bi|1+i (a, b€ Z) %5 (X norm %
WNOTa?+?=Na<2%DTaec{l,—1,i,—i,1+i,1—i,—1+i,—1—i} TH5.

ER 16.4. HELE C DT HEE

Zli]={a+bila, beZ}
13 C DETETH 5 (fEDrd K). Tz Gauss BEBIR LS. Gauss BHEEDILZ Gauss
Ewns 51

Qli|={a+bila, beQ}
IR TH 5 (FRE 6.5) 23, TNz Gauss BE LIPS
JITEHKIPEE 84 2HOMT. #L, ffog, Y2, b UIns, Foo, DL & &
D HFE.
EE 16.5. Z[i]| DFEILZ Gauss B LW, VI 28HED Z OFE Bz Zn X4l T
EMFBEBH LRI LD S,
Bl16.6. &»&T,FEL CEEIZNT 205 144, 3, 1424, 244, 7 7% E1F Gauss RETH 5.

EE 16.7. HHABR R ICE VT, FTEOHAIL 1 DYtz BE L \ws Zi) 2B TE, H
Bk 1, —1,i, —i ® 42 TH5 (grd k).
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EE 16.8. HHABR R D 2 DOyl a, b IZOWT, — MG OMELETH B L X, 2D 2 6l
A HPE (b5 0 FEE) TH 2 Ewnidins.

Bl 16.9. Z[i] ICBWTIE, 1 —d=(—i)(1+4),2—-3i =i(-3—2) ZDT1—i & 1+4,
2-3i & —3-2 1%, ZnEFNn, EOICHEETH S.

EE 16.10. o=z +yi DREEEIZ, CNEHEZEDT
o= —y+ir, —a=-—r—yYi, —Iiq=7Y —IiT

DA4DOTHD. 2oz, FEPIETHETVBEA TR WL DM 1 DOFEET 5.
Zinz IEAALE 7z Gauss £ & FES.

W 16.11. o, beZ[] b#£0 L¥ k. COLE, B2 qe Ll BEELT
N(a —bg) < 5 N(b)
LB

SRR RO bZ[] FEBBFH ETO L b 2SO %E 1T 5 1 DOIEHEEREIC L
T, 2EFEHCFRZHOR L Lk b EOEEDIEADER O (2T 2B T 2 53)
E—HT2. ZOKTRDIE a ITROIFEVEZ bg & T1UL, 5D V2. O

EE 16.12. M C Z[i] % Gauss BHIR Z[i] D 1 DD ideal LT 2. ZOLE b2
deZli]ickoT
M = dZ][i]

LEPNS. Lb, Ok dIZZ DR ZRITIE—ENICES 5.

A M — {0} D)L, I —FENDD (DF D norm BRI D R) & d ¥ K AT
BIZae M ZHld. il 16.11 12X D, N(a—bg) S sN(b) &% % g€ Zi] WHET 2. L
PAHIZ M 1Eideal 2206 a—bg € M 72D T,a—bg =0 THRWROFEBELS. 2FD
a=bge M XDTMCUL[| 215, FOWUEBR M D bZ[i] BW o 07206, FIROHTF
DNEHE . B b &V MRS TR EZ R ZIE Y = ub (v € Z[i]) &£ b=vb (v Z])
DO ww=1¢,522DTud v bHEETHS. O

COEH 16.12 12 & D, Gauss BEHEIRICE WL TH KL, ALK, RAAEEDS (R
ZATUR) EF 5. W6, a1, g, -, EZ[I]) DEE,
{onz) + awxg + - + apay | 1, o, -+, T, € Z[1] }
23 Z[i] @ ideal TH % Z LIIBEBICHODPHDT,
SZ[i) = {oqzy + agxe + -+ - + x| 21, Xo, -+, T, € Z[1] }
Y3 S B, SNERMEALORBRTIUE, ME L DIKEFS. 22T
ged(ag, g, -+ o) =0

EFHOVT, IND ay, ag, -, an D RRBTIE EWEERZIHDTH 5.
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34 § 16

EE 16.13. (Gauss BHEIRITE T 2 RNBI RO — BT EME)

0 THRWVWEAZ Gauss BHD, 1 DOHE L WL DD Gauss ZEDOBEIEHE»NS. L
Py, ZOEARTEICHNS Gauss FEUE, 2415 Gauss BRDOFEETH 5 2 L ZFRITIX,
N Al ZADT—EINTH 5.

SEBH  Z4uid norm ICBYT B AmANTE T, BB 8.1 DFEH L FRRICTIR I NS, O
Bl 16.14. Gauss BEIRICE T 2 B RNED BB % 55 -
17190 + 439200 DFERE T EZ21G 5 7D, £ DHFRIET

ged(17190,43920) = 2- 325
2R CEL. SIS X D EEBBOREE LTI L3 TET

17190 + 439206 = 2 - 3% - 5 - (191 + 488i)
ENMARZIINDG. RIT 191 +488i DfE%Z T 5. £, 2ND norm % KRB RS % &
N(191 + 4884) = (191 + 488i)(191 — 488i) = 27625 = 5°.13°

7255 191 +488i 13 5 £ 13 2EH 2 Gauss RHZREIK O Lbh 3. 22T
5= (1+2i)(1—2i) ODERE 142 & 2431 ICX2RELERS L

1167 106
(101 +488) /(1 + 20) = —— + —~i, (191 +488)/(1 — 2i) = ~157 + 174i

6 1—-2i DAZRFICEDI b5, I 6ICREZT UL
(191 + 488i) /(1 — 2i)* = —9 — 464
Do, T RIE 1 - 20 TRENG . 2T, SR 13 = (24 30)(2 — 3i) DRREEK
2+ 3 I K BBREERASLZEICTKD,
(—9 —46i)/(2 + 3i)®> =i
Bonrsd. LEhzfEodT,
17190 + 439200 = 2 - 32 - 5 - (191 + 488i)
=2-3%.5(1 — 2i)3(—9 — 461)
=2-3%-5(1— 2032+ 3i)%
= —i(1+1)%- 3% (14 2i)(1 — 2i)(1 — 20)*(2 + 3i)%
= (1+44)%-3%- (1 +20)(1 — 20)*(2 + 30)*
&SRB RDTET LTz
HE 16.15. Gauss B 270578 + 74759300 % Gauss EDICHEE L. TEB721F,
TEBE® computer Z X2\ TR O TAHATHL .
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R 16.16. p ZARME T 5. p 1T Gauss FETH 5D, £713H 5 Gauss B g D
norm TH 5. BEDLE, p=qqg THY,q & g IZFAEETIIR , pld ¢ £7id g &
215 DR D A 72 KB HE .

SEBA  p 2% Gauss FHTHWVER L. STUL, atbi|p %% a, b€ Z (b#0, ged(a,b) = 1)
DEET 2. DL E BHHEIEEFZANL a—bi|p TR TEARS RV, LD 5IC ged(a +
bi,a — bi)| ged(2a,20) = 2 TH 50 p BERIZ DT, ged(a + biya—bi) =1 TH5BH. 2T
A+ =(a+bi)(a—bi)|p. 2T, bL P+ =p TRVETEL pDBRBATHE I LI
KT 5. 2T a®>+b2=p tksd ZORWIFROEFDIHST¢g=a+bi THH, ZN
HBIRINThS. O

EE 16.17. p ZHAFMULET D CDEE
p=1mod4 %5l p ¥ Gauss FTHD norm TH D,
p=3mod4 Z56IX p 1F Gauss B TH 5.

SERA R 153 XD, p=1mod4 %561E, 22 = —1mod p MF o ZFKfD. DF D 224+ 1 =py
b yeZBHs. ZOLEE pl(x+i)(x—1) BDT, L pd’ Gauss BHELS pl| (2 +1)
Flldpl(x—i) THB. LaL, HEezEZ~u, 20 2 DRI D D L oI pld
WEZDOTplz THRTFNEES 20, TNUEFETHS. XOT p iE Gauss FETIE R\,
i 16.16 12X b, Z4d Gauss FED norm TH 5. O

DEZzg Db ERDMRICES.

% 16.18. Gauss EHI3
(144, 10, —1+4i, —1—i}
U{p, —p, ip, —ip | p 1 p=3mod 4 % 5FEL}
U{a+bi|a,b€Z Tp=a®>+b* 13 =1mod4 %% 5FHK}
TREIN .

INT, ZOHED 1 DOBBETH D7 Gauss BEIR Z[i] DFEARBHD MG KD 72

EE RS

16.19. #En 232 DO WMIE L VFABONEITHEEZ, n DTXRXRTONHUDLI ) TH
%2 &R,

16.20. HAEZ n?a (HU o B VPHREBZEZLG) ERLALLEEZ, 0 DITXNTOTHFHDFE
HKE p 2p=1mod4d THBLEE, OZFDEEZIZRD, nalF 2 DDEEDFITTOME L
TREZ. INZAHE L. £ a D3 r HORBDFTHZ L &, a 2 2 BHDVFHNTET
513 D 2.

COHBDOEITIX, 22 TOFHDH LN REHEZE DR S
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36 § 17

17 RIRE

12 @i THBANZERARBEEARICARRE L WSDDZEANDL LN TE S,

E&E171. B G L H<GIZOWTHa (a €G) DIBOHDESE GILBTS HOD
ARIRE X RS Hl=1H=H %DTHHES 1 DOLFRKETH 5.

R 17.2. RO LZEAHE X,

(17.3) Ha=Hb <= ab™' € H.

(17.3) WMifi7=SNTH B EZF, a L b IZIAERE THZ L i, Z3UE, o & b 23E U ARG
WIET 5 2 Ltz o .

BEG LZDEOREH ICHLT, G % HICHETAERSEHOMEARICETZE, DD

G:UHCL,\

AEA

DIVICHSZEZ2 G D HICkD H0R Lvss £, H£E
{Hayx| A e A}
% H\G &<
Bl 17.4. G 2% Abel BECRWEE, —#IC H < G 12DV, H IZBYT 3 fioyfig & 4o fdid—3

Lz, L2 L, Abel TRWEATOEDRELEDEN KT E I LED3H 5.
Fl~IE B 3.3 THEAL 72 S, @D Klein @ 4 Julf & FEIXN 5 5501

V= {1, (12)(34), (13)(24), (14)(23) }
DEFFEELFIREZ T CTH S, LRRBIE
(12)V'={(12), (1 )( 2)(34), (12)(13)(24), (12)(14)(23) }

(13)V = {(13), 13)( 2)(34), (13)(1 )( 4), (13)(14)(23) }

24), (1432) },

, (24)
14), (14)(12)(34), (14)(13)(24), (14)(14)(23) }
1243), (1342), (23) },

),

)(12)(34), (123)(13)(24), (123)(14)(23) }
134), (243), (142) },

)

)

(12)(34), (132)(13)(24), (132)(14)(23) }
, (124), (143) },
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AT AR

V(12) = {(12), (12)(34)(12), (13)(24)(12), (14)(23)(12) }
= {(12), (34), (1423), (1324) },
V(13) = {(13), (12)(34)(13), (13)(24)(13), (14)(23)(13) }
= {(13), (1432), (24), (1234) },
V(14) = {(14), (12)(34)(14), (13)(24)(14), (14)(23)(14) }
V(123) = { (123), (243), (142), (134) },
V(132) = { (132), (12)(34)(132), (13)(24)(132), (14)(23)(132) }
= {(132), (143), (234), (124)}

LD, (12)V =V (12), (13)V = V(13) %, WICARRE L AR RENL—H L Th 5.

w8 17.5. Hl 3.3 ORRIC Sy % Sy DEDREERSEE, S, D Sy 12X 260 % # 17.4
DRI BARIIZELR. Sy D S5 I X B EATRIE—3T 2B~ K.

18 1EMERDEE L RIRERS

EE18.1. MG EH<GIZOWT,G D HIZKZENREADREP—KT B L E,
HZ G O EHEOEE EWEN, H < G LEDPNS.

GZMEL HAG 5. COLE, LR EREIGEN—ET 506 oH =Hx (xr € G) T
b, FRFEDOLE G/H=H\G={x,H|NEc A} E~SL. ZDLE,

inl 18.2. HF (zH)(yH) = ayH MNFIL 2, y € G DFEOITITHK S TEKZ RO,

GEEA DIT by 13 H OmzRIBDET S, o/ =xhy € xH,y =yhy € yH DEE, hyy €
Hy=yH £V hyy=yhy EEFTE06, 2y = (xhy)(yhe) = 2(h1y)hy = x(yhy)he € zyH T
b2%. (zH)(yH) = (x(Hy))H = (z(yH))H = ((zy)H)H = (zy)(HH) = (zy)H EHE~TH
F. O

% 183. H<GDLZE G/H Z3HA (2H)(yH) = ayH IZDOWTHICR 5.
Witk H(=1H) T zH Otk +'H TH 5.
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38 § 19

19 FEOHRFREE

2T HEOESREM (Chinese Remeinder Theorem) &ML 2 HE L ER 2IBR 5.

EE 19.1. (PEOFRER) g HOBEE my, mo, -+, my 13, ED 2 DB HOIHETH
5ET5. DEY, TRTD 4, j (i £ ) 1220 T ged(my,my) =1 £ T 5. 512 g fH
DL by, by, -, by DIEANSNIET S 2D L E TN

x = by mod my, x = by mod my, ---, x = b, mod m,

272 T DFET 5. Lod 2 3T RTD my OB mymy---m, 2EE L T—E
IZEE 5.

BEEA M =mimy---my EBZ, K jICOT n;=M/m; B ARELD ged(mj,n;)=1
THEDPS, EHT6 XD t;mj+smn;=1E%5 t;,s; BFET S, ZDEE, e;=5n; &
B
[ 1 mod my
ej_{Omodmi if i

DD LD, 2w 2,

g

r = Zblez

i=1
EBITITTEDRBO E OB o 5.
— B o PMUDIETH UL my|(x — o) DITXTD jIZDOWTKD D05,
RE ged(mi,m;) =112k 0D, Ml{(x —2'), 2ED 2 =2'mod M &% 5T L3brs. O
WY 19.2. XD 3 DOEFNZ FIRFICH 72 T8 » Z2EH 19.1 OFEFICIH>TRD XK.

r=2modb, z=3mod7, x=1mod1ll.
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