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Classical theory of elliptic functions ( of Weierstrass )
Let A be a lattice in the complex plane C.

1 1 1
o=+ L }(w—f)z )

ueA-{0

0 (1) = 4pu)’ — g2 p(u) — g3,

Q=60 Y & m=10 Y -

e A-{0} e A-{0}

1 U 1
cw=1- [ (o= )
el y £+£%
o(u) = MeXP(fO jo‘ (E - SO(u))dudu) = u(el/jl{o} (1 - z)ef 22

where



The recursion in the (2,3)-case (Weierstrass’ work)

[Weierstrass 1882] Regarding ¢’? = 4¢3 + 4ayp + 4a¢ as a differential equation for o(u),
by highly technical feat he got the heat eq. of o(u) :

d 0 d
W1) | 4 + 6 —+1 =0,
(W1) ( Ags +bag o —um )a(u) .
d 4,9 17 1 B n
(W2) (6 6(9—4 ~ 3 I 29m + gau )a(u) =0. 1
(W1) shows
u (agut)" (ag)"s i
o) = ), bl 10) g o (1 +4ng + 616)! "

14,1620

By (W2) ( by rewriting m = ng, n = ng ),
b(m,n) = %(4111 +6n—-1)2m+3n—-1)b(m—1,n)— %(n +1)b(m—-2,n+1)

) +12(m+ 1) b(m +1,n - 1),
b(m,n)=0 if m<0 or n<O.

From this, we get
11

u® u’ u’ u
o(u)=u+2a4 — 5 +24a6 —36514 5—288a4a6ﬁ+~-.



Modern approach to elliptic functions (1)

However, we shall start at the (elliptic) curve :
& y2 = 23 + agx + ag.
Associating to ¢, we define

(27‘[)1/2A 1 eXp( w; 1”/142) [

o(u) = "

](a} ulw” /),

NI= =

where
A = —16(4 a4 + 27a4%) = the discriminant,

fal“’ fﬁlw
S Jym

and (a1, B1) is a symplectic basis of Hy(%¢,Z), and

9[2]@ ) = Y exp2ni(be(n+ b2 + (1 +b)z +a) (@ beR)
nez.

with w = 2 _ Mix
1—2y, n-1= 2y

is Jacobi’s theta series.



Modern approach to elliptic functions (2)

1
ATF exp( — %w’_ln'uz) . S[ % ](a)_lu | 0" [,
2

o) = (i—’f)m

d 9?
() = ~=-logo(u), 9(u) = -2 logau),
o(u+v)o(u—o)

9’ ()* = 4 p(u)® + day (u) + 4as, T eWRo0R = p(u) — p(v).

Kiepert’s n-plication formula :

o) 9w e e D)
’” 7 (n)

1y A2 (1 — 1)) o(nuz _| 9" 9" W) PG |
o(u)" : T 5

9 ) 9" o 9w

These are nicely generalized to higher genus case. (Motivation!)



Some remarks on the definition of o(u)

1/2 1 ~
a(u) = (%) A_sl'; eXp( _ %a)/—ln/uz) . 9|: i ](w—lu | it 10)//)
2

—. ltis not clear that o(u) is independent of the choice of a; and f;.

(This is obvious if we adapt the classical definition.)
—. However, eventually the changes of the factors cancel!
—. Using the Dedekind eta function

'T(T) — e% H(l _ e2ninT)l
n=1
the blue part above is explicitly written as
21\1/2 1 w’ -1 ,\-3
— A78 ’ 1 )
— Jacobi’s derivative formula.



Characterization of ¢ in genus 1 case

A= {96‘60}, where, w = d;c
2y

Foru e C, we define v/, u” e R by u=v'o’ +u"w".
For ¢ e A, we define ', " € Z by (=& +"w0".
Lu,v) =u@'n +v"n"), x({):=expmi(l’ +&" +'¢").

Proposition (Characterization of ¢ of genus 1)

The sigma function for ¢ is characterize by the following 5 properties :

(S1) o(u) is an entire odd function on C ;

(S2) o(u+¢€) = x(€)o(u)exp L(u + %5, ¢) forany ueC and €A ;

(S3) o(u) is expanded as a power series around the origin with coefficients in Q[a] of
homogeneous weight 1 ( = %); with wt(gj) = —j, wt(u) =1;

(S4) o(u)la=0 = u (the Schur polynomial s,3(u) = u for genus one) ;

(S5) o(u) =0 & u e A. Zeroes of order 1.

These properties might be not independent each other.
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1
BL-Theory finds A8
Genus 1 case:
3 1
2 bl —
g(u):(g)zA—% exp(— 1o ). [%](w, YW la o).
@ 2
Genus > 1 case: Expect also for a plane telescopic curve % of genus g,
1

o(u )— ((2n)q) exp( ; uw'” 17]’ u) [6/:](w’71u|w’71m”)

||

=: 6(u) =: A8 G(u).
Here, A is the discriminant of ¢ i.e. A € Z[a] which is irreducible and “A # 0 < ¥ is smooth”.

[‘;’,’] <(1z)* is determined by the Riemann constant vector of .

‘ Fact : o(u) is o(u) times a function independent of u. H Hope to show o(u) = &(u).

There is a proof for genus 2 case ( by D.Grant using Thomae’s formula)).

Theorem (Buchstaber-Leykin + EGOY)
If the (plane telescopic) curve is of genus 3 or smaller, we have up to non-zero multiplicative absolute
constant that

o(u) = 6(u).
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Work of Frobenius-Stickelberger

1

*4171 = gzzéoz (n’a)’+—

1

n,n

Vl”a)")‘ll

0

/ 1
oo = g3 =140 ) | L

7", 911\67
s )

_ 1 8 o & 4 827 6. '+ = C VAR
o) = ” + 2011 + 28” + 12[)[)11 + , Cu+n'o +n"0")=Cu)+n'n" +n"n",
and got the following :
Bgz 3g3
o & || G dwr || 4 683
mon ]| 98 98 || ~6gs —3g2’
Jdw”  Jdw”
A a)’i+a)"i 4¢, 4 —6g3i (former part of (W1),
o 22 Jdw’ dw"”’ a9 933
Multiplying , we have
¢ 9 2 =-6 9 129 (former part of (W2)
T Tow ™ Gar =~ %55, 3% og; P '
Analytic side ‘ = ‘ Algebraic side

—. Want similar fourmulae for ¢ > 1. But no such Eisenstein series!
—. Note that the RHSs of the operators are tangent to g% — 27g52.
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Plane Telescopic Curves
Lete < g, ged(e,q) =1, and

f(x, y) = ]/e + pl(x) ye_l +oeeet pe—l(x) U pe(x),
pi(x) = Z Big—ck x* (1<j<e-1), deg(p)= [%1, pe(x) = x7 + ag(q_l)xq_l + e g
k:jg—ek>0
For simplicity, we assume a; are constants in C over Q.

Definition
We denote by & the (non-singular) curve defined by f(x,y) =0 which is added unique point
oo at infinity, which is called (e, q)-curve, or plane telescopic curve.

We introduce a weight defined by
wi(@) = —j, Wx) =-e, wit(y) = —q.

Examples :

,3)-curve : f =12+ (a1x + a3)y — (X3 + @ax? + ag + ag).
23 y2 Y 3 2

,0)-Curve : = + (@1 x° +azx +as)y — (X~ + axx
25 y2 2 Y 5 4
(2,7)-curve : f =1+ (@1x° +asx® + asx + az)y — (7 + axx® + agx® + agx* + agx® + ayox® + apx + ay).
(3,4)-curve :  f =17+ (a1x + ag)y? + (ax® + asx + ag)y — (x* + azx® + agx? + agx + apy).

3 2

+ aux° + agX® + agx + ayg).-
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Discriminant of the Curve
A discriminant A of the curve % :
A € Z|a] is irreducible, and “A # 0 & ¥ is smooth”.
Conjecture
Supposing all g; indeterminates, we define

Ry = rslty(rslty(f(x, ), % f(x,y)), wslty(F(x,), % £ 1)),

Ry = rslty(rsltx(f(x, Y), %f(x, y)), rSltx(f(xl Y), %f(x, y)))f
rslt, : Sylvester’s resultant w. r. t. z.

Then R = AZ.

R =gcd(Ry,R2) in Z[a].

This is OK for our cases.

&&r



The first degree de Rham cohomology

We introduce
dx

h(x,y) — h(x,y) € Qla, x,yl/(f )}

@ x/]/)

Hl (g =
ar(¢/QlAa]) d(Q[a,x,y]/(f))

P
equipped with the inner product (w,n) ng_es(f w)n(P).
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Overview of [BL]

(1) The primary heat equation.
(2) Hypothesis o(u) z o(u) := AF T (clue is in genus one case).
(3) Find a basis Ly = Ly, , ... , Ly, of the tangent space of A =0.

using a method known in the singularity theory ( number theorists may not know ).
(4) Using the primary heat equation, we get algebraic heat operators :

Ly, — H™ = (Ly, log A).

(5) Solve them and show that the solution space is of dimension 1.

This implies the standard solution is no other than o(u) : o(u) = 6(u).

We express the whole theory in one breath : Weierstrass’ heat equation system

d d J 1 3
(4ﬂ4a—u4+6a6(9—%—H%—E‘FE)G(M)—O,

d 4 2 d 17> 1
(6%8_114 8a67§$+ —auu +O+O)a(u)

is generalized to the system (L; — HY + LL(log 4)) o(u) =
where (j runs certain 2g integersin {1, 2, ---, 4g—2}).

The {L;} form a basis of the tangent space of 4, and

the {H%} are determined by the action of Ljs on HlR(%”/Q[u]).

15l



Characterization of the Sigma Functions
Proposition (F.Klein, H.F.Baker, ... , Nakayashiki)

Assume all {g;}s are complex numbers, and A # 0.

There is unique function o(u) satisfying the following :

(S1) o(u) = cr(uwg, -+, ly,) is an entire, odd or even, function on C8;

(82) o(u+ ) = x(€)o(u)exp L(u+ %f, {) forany ue€ C® andany (€A ;

(S3) o(u) is expanded around the origin as a power series with coefficients in Q[a]
and is homoge. weight of (¢? — 1)(q> — 1)/24 ;

(S4) o(u)|a=0 = Seq(1) (the Schur polynomial) ;

(S5) o(u) =0 — u €« (@), and the order of zeroes along x1(©) is 1.

Here [0 0" ] € ( %Z )Zg gives the Riemann constant vector of %,
x(0) =exp(2mi (‘6" +'¢75' + 1'ee”)),  Lw,v)="u@n +v"y"),
where 1’ and 1" are period matices for n of a symplectic basis
(@ 1) = @y ) @y Ntogs T—y) OF Hip(%/Qlal).

: dx xdx
W = (W, W) (e.g. if (e,9) =(2,5), then w3 = ! , W1 = H \_ ), A= {56(0} c (8,

9 EY,
,mf il
© := Abel-Jacobi image of Sym$~!(%) with the base ©0, : C8 — Jac(%)(C) = C3/A,
3 11
- I e - us? w’us Ll = o = P e G
$23 = U1, Sp5 =Uz—2 3 So7 = UjUs — 2 2' 2 3 16 6' , S34 =Us—UjU" +6 1
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The Primary Heat Equation (1)

Forany L e (D, Q[“]a%’ which is an object of ,
we want to find the corresponding operator in .

However, it is sufficient to know only L(Q) for Q = [m/ @ ]
n

2

n

By a lemma due to Chevalley, the operator L acts on H}jR(?f/Q[a]).
Define T =T by L((w 1)) = (@ 1)'T.
Integrating this along closed paths, we have L(Q) =TQ, and operating L to the Legendre relation
1
tQJQ =2ni], where J= [ . 3],

g
we get ‘TT+JT = 0. This means that K := I is a symmetric matrix. Denoting

K:[; 5] (a, y is symmetric),

1 [
e, 7 )
/ [_13 y B

ro=|# i pe i ]:L(Q), (all the entries of a, B, y are € Q[a]).
7/a)/ — ﬁn/ Va)// — ﬁ’]//

we have
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The Primary Heat Equation (2) (fEF3%% L and H')

We have seen how to get L(Q). ‘ Analytic Side ‘M‘ Algebraic Side ‘
Taking the blue part Ly and L, of Weierstrass’ operators L as

J J J 1 3
Lo — HLo = 4a4£ + 6ﬂ6£—tl* :

814_§+£'
4,9 1
3™ S5 202

e} el )

The higher genus generalization of H & Hl2. 55lc L H 585N 7=1#{T5

K:[:;; i]:rw (a, y FSFRT), [‘8 _a])
[EH LT, EMA%R HL Z=ROKICEHZTS ([BL]) .

LZ—HL2:6a(,aa +lﬁ4u +0+0

t d 9
L_1(9 7 ||

H _2[314 u]K[&uu +2Tr(ﬂ) it

oo B

T 2| Jun, by, % Yt Ay,

ﬁ 7/ Uz,

Uy,

+ % Tr(B)
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The Primary Heat Equation (3)
Y8 (C characteristic b = [’ b”'] @ theta DIBEEH T /=R EEENS :

1
G(b, u, Q) = (ﬂ)ZeXp (_% ty w/—lnl M)'eXp (an( %tb"a)'_la)"b"+tb"(w'_1u+b') ))

det(w’)

ZNIE o) DEZRDEnIET ‘n+6" 8 =b="v" V'] £LEBHD.
ZNIEDWVWTERDEERHIKDIID.

([BL] ® Thm.13 DIEEAR )

Theorem (Primary heat equation)
For the function G(b, u, Q) above, one has
(L-HYGb,u,Q) =0.

ZNIFBBPTERLS, MEDDFHEEZET 3.
ZZTH, BE3A LQ)=TQ #FDOTHET 3.
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The Primary Heat Equation (4)

( Proof of the Primary Heat Equation )

SE L(G(b,u,Q)) & H(G(b,u,Q)) % straight forward (C5t8 L THEBAL T

J. Gibbons Eh'% 212, BBLDKWEBE%EZ LSALA, B-L HESPDTRIKRL

T HMEIABA. .

i L(G(,u, @)  HHG(b,u,Q))
G(b,u, Q) G(b,u, Q)

¢yt -1 36 -1 =i trt =1t -1 -1
il an'w' " u - 2ni'Y 0’ " a0’ " 2?0 Nl T %Zai/(r['w’ )ij

ZREINE, £55

+ 2nitb”a)’71ﬁu = tum’fln’ﬁu + 2trp + Ttuyu i
£1%. (QED)
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The Primary Heat Equation (6)

Therefore, for

((271) ) Ne p(__ nal™ 117/1/[) [(Z::I(a)—lu|wlflw//),

we have
(L - HYG(u) =

Hope to find a nice
d
Le @j Q[a]g

such that (some modification of) L — HL kills &(u).
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Algebraic Heat Operators L and H-
FROER SOIRIC Le @jQ[a]a% #ED H-Y %3,
WE @ & lg) OBD () [CfkELEL) BHETNIE,
L(®G(u) = (L) 5(u) + P-LG(w), H'®G(w) = &-H"Gw), (L-H")(G5w)=0.
DT, Oo(u) [EDWT
(L - HY(®5(w)) = (LD) 5(u) = %) O 5(u) = (Llog D) DT (u),
2%D (L-H" - L(log ®))(@5(u)) = 0.
BL Oo(u) DRDB o(u) € Qull[u]] THDE5(E, L(log @) ©o(u) € Qall[u]] TH>.
WRIC, o) = D-o(u) THDEHRFTBHS, Llogd) € Qa] BB L ZRINETH .
J® A ULELD,

L(logA) € Qla] 733 Le @j Q[a]% [CDWT
j

(L-HE - L(og A7%)) 6(u) = 0.

fEDT, L #FEI=HICIE A =0 O tangent vector fields ZFARIIE K.
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Modality, Weierstrass Form

(e,q)-curve OHERX f(x,y) =0 [EXFLT Q[a] LD Tschirnhaus Zik
T xl & ! OIEEELEFOBD%E Weierstrass form  EIES.
Weierstrass form [CE#L7cDE 4y DBRIZTDOMNITACRLIZHD
ZEEND.
BINE (e,9) = (3,4) BSIE

f= fMJr (@222 + asx + ag)y — (X FasC + agx® + agx + a1y).
ZDIERED 0 DIEHUE 2¢ LIT(CR2 21, TDZE%Z modality &IFS.
Modality (&

(e—3)(q—3)+EJ—l
TE5EABNS. HIC
modality =0 < (e,q) = (2,2¢+1), (3,4), (3,5).
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The Operator Space which is tangent to the Discriminant Variety (1)

How to find L?  (2,5)-case Z#l(C L CEBAT 3.
Qla] EONB Qlallx,yl/(%f, %f) (modality 0 DREEMIE 23 =4) HEEHEND
—eq-f(x,y) BEH ZENT,
BEE My =[x x> x 1] [CBATBRRTIIZE T=[T;] (2g=4REHTI) &HBH&
det(T) = “non-zero rational” - A.
LD\, 2D T &0, LT ORICHRICETESNDINITI V OADEDINCERTHS.
hey) —AGw)  flyy) - folzw)

1 xX-z xX—z J J
H:= ) filzy) -Axw)  fzy) - flw) | fAly) = gf(xr v, L&y = @f(xly),
y-w y-w

M=[x® 2% x 1] (4=29)
EBE, Q[x,y,z,w]/(fl(x,y), f(x,y), Ailz,w), fz(z,w)) DPT
t]\V/I(x, Y) V M(z, w) =f(x,y)H
T V =[Vy] € Mat(2g,Q[a]) ZEET 3.
COEEV @ TICEARBREL=ATIERIEHEDICHRD I EDNBHCHND,
det(V) = det(T) = “non-zero rational”- A
ERB.
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The Operator Space which is tangent to the Discriminant Variety (2)

d

d Aeq—v;

2
E50LT Ly=)Vy EB<.
j=1

TZI JP U F wtly)=-v ERBRBRICHBALEE.

NGO L, HTE A=0 ZBRENZKAEE T S operators DEEZERD.
( BRI KDER

BINEE (e,q9) = (2,3) DBE

4 6
[x 1][624 :{ljznﬂE((yz—(x3+a4x+a6))-6(x+z)
6 —304
’ mod (2y, 3x% + a4, 2w, 2% + a4z)
THD, det(V) =54 THD. Ffc 01=0, =2 THDIT, Ly & [ &
d 0
Lo —4u43—a4 +6a6a—u6,
_ d 4 ,0
Lz = 6(16a—a4 504 %
EEHRIND.
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Values Llog(4) = L(4)/A

Let (w 1) =M(x,y) w1 be the canonical symplectic basis of HéR(%/Q[u]).

For example, if ¢ is the (2,2¢ + 1)-curve, we have

- 1
M(x,y)=[1 x --- 81, w = @dx.
Then we have ([BL2005], proved by S. Yasuda )
Proposition
In the module Q[allx,yl/(Zf, %f), we have

M(x,y) ‘[Lo, -+ Loy I(4) = Hess f(x,) - A.

(TNEHDBOBALBAN ! ULHULHTRDHNSNTHERL ? HEFRSKDIBRICHSD ?)

ZDHEN S, BASHI(C
L(A
Ly (log A) = % € Qlal.
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One Dimesionality of the Heat Equations (Main Result)

Theorem (E-G-O-Y)
B o) € Qlall[ul]l (U= (tw,, -+, Uw,)) EDOVNTDHIERHR
(Lo, = H" = Ly(log A79)) p(w) =0 (j=0,---, 28)
DRZR(S, B 3 U T Di5E
€9 =23), 25), 27), (34
DINRTICBEWT 1RTT, DED 6(u) = A5 5(u) DIETEBISORAETHS.

Proof.

We can explicitly construct a recursion system on the coefficients, and check
uniqueness of the solution once the initial coefficient is given. It is easy to
check the solution is independent of the choice of such a recursion system. O

—. It would be very nice if one has find a general proof which reveals intrinsic
structure of the heat equations for any plane telescopic curve.
—. A generalization of Jacobi’s derivative formula.
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Sample calculation in the (2,3) case (1)
(e,9) =(2,3) DIBE : f(x,y) = y> — (x> + asx + ag).
M=[x 11 ko) = o0 = =3 —as, flsy) = 5 F0) =2
hy) —Alzw)  fxy) - fzw)

_1 x—2z o .
H:= 2| Ailzy) -filw) fizy) -fHExw) | 6(x + z)
y-—w y—w

ttﬂ:b, Q[a] [x/yrzrw] /(fl(x/y)/ f2(x/]/)/ fl(sz)' fZ(Z/ ZU)) DPT
tM(x, Y) V M(z, w) = f(x,y) H = 4asxz + 6a¢z + 6acx — §a42.

4 6
&DT 14 =[ o 4%2]
6a6 —3114

THD, BHIC det(V) = 54 TH3.
EICED Ly & L, (&
P 4 2 d

d d
Lo = 41148_614 + 6(168—616, L, 6616a - = 8616

28/37



Sample calculation in the (2,3) case (2)

Choose the differential forms and the local parameter by
dx - xdx ) P
20" 2y /) B

I=

(@ m) = (e, 1) = ,

and suppose a%,t = 0 for any j.

So, we have a%jx =0 for j =4, 6, and we compute the matrix I' as follows.

Using f(x,y) = y* = (> + asx + ), we see 2yz2y =x and 2y Ly =1, so that
d X d 1

Therefore, we have

d 1 d d X d x%
8_116w1 = —@dx, 8_a4w1 = 8—%17,1 = @dx, Q_IMTH = de
By computing d(%) d(i) d(%z) we get
Lo(w1) = —w1 + d(l), Lo(n-1) =m - d(x—z),
Y )
Ly(@1) = 71 - d(%z) - g d(:j), La(1) = 21 +ag d(i).
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Sample calculation in the (2,3) case (3)

We have got >

Lo(@r) = —w; + d(i) Lo(n-1) = 11 - d("?)

¥\ 2 (1 a 1
La(w1) =1-1— d(g) ~3 d(;) La(n-1) = 54 w1 +ag d(;)
Therefore, we have on HY(%¢/Qla]) that

=il 1
Lo (@1 1) = (@1 1:)'To, L2 (@1 1)) = (@1 9-)'Ts, where To=[ 7] Ta=[,, ']

Since Hessf = —12x, we have
[Lo L2](4) =[12 0]4,

we have arrived at

S d d d U
(Lo — Ho)o(u) = (4a48_a4 + 6%8_% S + 1)a(u) =0,

1 9%

o J 4 ,4d 1 5\
(Ly — Hp)6(u) = (6&7(,(9[14 3a4 % 2o + 6a4u )a(u) =0,

where H; = HY + {L;logA for j=0and 2.

g
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Explicit Expression of the Heat Operators (1)

For (2,5)-curve y? = x° + axx* + agx® + agx? + agx + azp, we have
dx xdx x2dx (3% + 2a,%% + agx)dx
w3 =—, W1 = ——, 1= =, 3 = ——
? 2y ! 2y e 2y e 2y

=4g,2 2 2 2
Ly = 4&149114 ar 6&169’26 TP Sﬂsaas ar 1011108[110,

7

Ly = 6a6% + %(1Oa8 - 3a42)% + %(25a10 - Ala(,cz‘;)aia8 - éaga‘;%,
Ly = Sag% + %(250110 - 4114:1(,)% + %(5a4a3 - 31162)% + g—’(5a4a10 - a(,ug)%,
= 101110% - %agm% + %(5a10u4 - ugaG)% + %(Salguﬁ - 2&82)%.
The action of these operators on the discriminant A is as follows:
[Lo Ly Ly Le]A=[40 0 12a4 4a4]A.
The representation matrices I; for L;'s acting on the space H}iR(%/Q[a]) are

-3 0 00 0 -1 0 0
0 -1 0 0 day 0 0 1
Ty = , Tp= 2 o
1o o 3 0| *|fa2-3as 0 0 -ta
0 0 01 0 s 10
—ay 0 0 1 0 0 1 0
¢a 0 1 0 2a 0 0 0
Ty=1, o 6, |- T6 35 ) 3
5114[16—6611() —ag a4 —5116 5”4“8 —2[110 0 —g[lg
—ag %as 0 0 —2a1[) %ﬂg 0 0

SIS



Explicit Expression of the Heat Operators (2)

Therefore, we have the operators H; = HY + %Lj log A as follows:

d d
Ho =3u3— +u1j=—+3,

dus uy
152 Jd 4 Jd 3 32
Hy=-— 2 Cauy— — = 2_(_ _2 2) 2
2= Dou Mgy, T5MBG, T 0™ T\ T e
O L Y T
‘e Juqdus 5a6u3(9141 s dusz 5a6u1 a1tz 5a4a6 a10 U3~ +ds,

—1a—2—§au——lau2+2a uu—iaauz—la
6= Doz | 5 8%g, 107" lotsthy = 75A804l3" = 506

By the first heat equation (Lo — Hp) o(u) = 0, where
L() = HO = (4&4% alx 6&69%6 r 8118% ar 10&10%) = (3143%{3 = Lﬂ% P 3),
the sigma function should be of the form

Uz \m Ny e ng 110
B8 4 6 8 10
i (u 3) (a4u1 ) (a6u1 ) (agu1 ) (ﬂloul )

i

m! (3 — 3m + 4ny + 6ng + 8ng + 10n10)!

o(uz, u1) = Z b(m, n1,n4, ns, ng, 110)
m,ny,ne,ns,n10=0
3-3m+4n4+6n6+8ng+10n19>0
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Recursion in the (2,5)-case [BL2005]

Let k =3 —3m + 4ny + 6n¢ + 8ng + 10n1.
Then the other heat equations (L; — H;) o(u) = 0 (j = 2, 4, 6) imply the following recursion
relations:
b(m, ng, ne, ns, n10)
20(ng + 1) b(m, ng, ne,ng + 1,70 — 1)
+16(ng + 1) b(m, ny, ne + 1,13 — 1, n19)
+12(ng + 1) b(m, ny + 1, n6 — 1, ng, n10)
—%(n(, + 1) b(m, ng — 2,16 + 1,ng,n10)
+2(=k + 3)(=k + 2) b(m, n4 — 1,16, ng, n10)
—g(mo +1)b(m,ng —1,n¢,ng — 1,n10 + 1)
= —%(ng +1)b(m,ng —1,n6 — 1,ng + 1, n19)
+2(=k +2) b(m + 1, n4, ne, ng, n19)
—3m(m — 1) b(m — 2, ng, ne,ng — 1, ny1p)

+Em(m — 1) b(m — 2, ns — 2, n6, 13, 110)

+8mb(m - 1,ny — 1, 16,18, 110 (if k>1 and m20),
10(ng + 1) b(m — 1,14, n6 + 1,018,170 — 1) + - - - (if k=1 and m>0),
—15—6(1+n10)b(m—2,n4,n6,n3—2,n10+1)+~~~ (if k=0 and m >1).
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The Expansion of (2,5)-Sigma Function

From these, we see the expansion of o(u) is Hurwitz integral over Zgs) :

u? Ny uzuy* uzin® uzu® | ug®
0(”3, Lll) = Uz — 3' - 4a4 7' —204——— 40 aF 64a6 9 — 8ag—— Al — 20— o131 +ag—— 30
11 28 3,2
2 U 2 3141 us~uq us~uq
alx (—408&4 ar 1600a8)ﬁ = (4&4 ar 32118) a1 — 8ag 215! — 2ag 301 ot o

34/37



The recursion in (3,4)-case
We have 6 heat equations (L; — Hj)o(u) =0 for j=0, 3, 4, 6, 7, 10.
Thus, 6 recursion relations.
The first equation (Lo — Hop)o(1) = 0 implies the sigma is of the form

o(us,uz, uy) = Z b(€, m, ny, ng, ng, 19, n12, M14)

C,mny,neng,
n10,M12,M14

C/ Ug \m n n n n n n
6f Us 3 4\"4 6\ 8\8 10\"10 12\"2 14\"4
> (1/[ 5) (u 3) ’ (04141 ) (aéul ) (ﬂgul ) (1110”1 ) (a12u1 ) (ﬂ141/l1 )

1 1

/ (6 —5¢ —3m + 4ny + 6ng + 8ng + 10n19 + 12n1p + 14nq4)! €' m! .

The set of rest 5 recursion relations indeed gives the sigma function.
However, we need a kind of “switch back” on weight.
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Expansion of the (3,4)-Sigma Function
ZZTE
e, y) =y + (a1x + ag)y? + (axx® + asx + ag)y — (x* + asx® + agx® + agx + a1p)
[T REDEENTHL . =y =m=a5=a3=0 ETNIL, SEODFERERD.
o) =C5+Cs+Cyr+Cg+Co+---

& u [CBET D weight & lCRFD E
B
C5 = Us — u1u22 ar 6L,

5!
Ca=2 u14 uz U
SR
3,2
udu
C7 =10(a” - 3ﬂ2)— +2a 2%2—2',
o u 2,3
w2 u
Cs = 2(a1® + 9a3 — 2111112)FF — 6a 3%%,
? Bl
Co = 14(a1> 3112)2_ +2(2a4 — 1% + a2ap + 601”13)_'F
Ui u1 Us
— 2(4maz + 4ag + ap )F 4' + 20— T
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Problem

We have a proof of the one-dimensionality of the solution space of the system of heat equations only

for any plane telescopic curves of genus 3 or smaller. Our proof of the one-dimensionality is a
consequence of expected good behalf of the recursion system. However, the (3, 4)-recursion is so
complicated. So, we shall pose the following

Problem

Can we prove one-dimensionality of the solution space of the system of heat equations
{ (Lo =Hy)ow =0]j=0,1, -, 2}

for any telescopic curve of modality one?

It might be a hint for this problem that

there is the following closed form of entries of the matrix V' for (2,4)-case, which is given by JCE.

Lemma
2ig=)
Vij = — qq ] A2i2; ar Z 2(] =dar 2711) A2(i—m) A2(j+m)
m=1
q g i—1 or j
2i(q - j) ' o
=- qq d apiazj + Z 2(i + j — 28) aze axivj-0),

=
where ag =1, a, = 0, mg = min{i, g — j}, and €y = max{0,i +j—q}.
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